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PREFACE. 


This  is,  I  imagine,  the  first  time  that  any  attempt  has 
been  made  to  adapt  the  subject  of  geometrical  optics 
to  the  reading  of  the  higher  classes  in  our  good  schools. 
That  this  should  be  so  is  the  more  a  matter  for  remark, 
since  the  subject  would  appear  to  be  peculiarly  fitted 
w    for  such  an  adaptation.     The  great  simplicity  of  its 
J   primary  laws,  in  the  first  place,  and  the  very  small 
^   amount  of  analysis  which,  generally  speaking,  they 
^    involve,  render  the  commencement  not  so  unattractive 
^    as  that  of  many  subjects  which  are  usually  taken  as 
J    the  beginning  of  the  second  course  of  mathematical 
reading:  whilst  the  new  ideas  and  trains  of  thought 
which  are  introduced  at  every  stage  appear  to  me  to 
^    be  at  once  interesting  and  valuable.     The  conception 
]1    of  a  virtual  image,  to  take  an  early  instance,  is  pro- 
bably an  entirely  new  one  to  the  reader's  mind.     So 
^   also  is  the  idea  of  a  caustic  curve,  and  the  subject 
"    abounds  with  similar  new  considerations. 
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VI  PREFA  CE, 

But  the  chief  advantage  that  this  subject  possesses 
appears  to  me  to  be  the   middle  position  which  it 
holds  between  the  purely  theoretical  and  the  purely 
experimental.     It  contains  sufficient  of  physical  in- 
terest   to    give  reality,    and    the  easy  and   certain, 
experiments  by  which  it  can  be  illustrated  are  con- 
vincing evidences  of  the  correctness  of  the   results ^ 
whilst  the  analysis  which  is  requisite  to  obtain  thes^ 
results  is  sufficient  to  afford  the  reader,  who  up  tiLl 
iiow  has  been  studying  Algebra  and  Euclid,  a  proo  ^ 
that  the  said  Algebra  and  Euclid  have  really  som 
distinct  use  in  explaining  the  phaenomena  of  commo 
life. 

When  the  idea  of  writing  such  a  book  was  firs 
suggested  to  me  by  my  old  master,  Professor  Drev^^-^ 
of  King's  College,  I  was  afraid  that  there  was  hardl)>^ 
room,  under  the  present  system,  for  the  subject  ir^ 
the  course  of  a  boy's  school-work :  I  therefore,  aftecr^ 
making   some   progress  in   it,   wrote   to   obtain   th 
opinion  of  the  head  mathematical  masters  of  two  o 
three  of  our  best  schools;  and   I  cannot  sufficiently^^ 
acknowledge   the  courtesy  with  which  these  gentle^ 
men   gave   me   the   information    I    required.     While 
acknowledging  that  the  doubt  which  I  had  expressed 
existed  in  their  own  minds,  they  urged  me  strongly 
to  continue  my  work,  as  they  fully  agreed  in  recog- 
nizing the   great    use   of   introducing  a  subject  into 
school-work  which  should   combine    new  ideas  with 
practice  in  former  knowledge. 


PREFACE,  VI 1 

The  familiar  use  of  the   subject  of  Geometrical 

^    Optics  by  all  who  have  received  any  but  a  very  slight 

\    mathematical    training   precludes   the  possibility  of 

;     originality  in  the   facts   themselves,  and   admits  of 

but   small   originality   in   their  treatment.      At   the 

same  time   it   is  hoped  that  it  will  be   found   that 

^is  book  is  not  merely  a  rescript  of  any  existing 

work. 

It  might  be  thought  that  it  would  be  an  easy  task 
to  adapt  a  subject  of  simple  principles  to  the  compre- 
hension of  boys  possessing  mathematical  knowledge 
of  the  standard  usually  found  in  the  higher  classes  of 
our.  schools.     I  imagined  so  myself,  and  during  the 
cotirse  of  my  working  I  have  been  gradually  learning 
my    error.     I  can  only  wish  that  what  I  consider  to 
be     an  object   of  the   highest  importance  had  been 
approached  by  some  one  more  fitted  both  by  mathe- 
matical knowledge  and  experience  than  by  one  whose 
sole  qualifications   are   considerable  fondness  of  the 
subject  and  a  great  desire  to  afford  to  beginners  some 
glimpse  of  one  of  the  steps  to  science  to  which  their 
daily  mathematics  are  leading.     I  have  endeavoured 
as  much  as  possible  to  avoid  the  example  of  those 
popular  lecturers  who  explain  difficulties  by  ignoring 
them.    But  as  the  nature  of  my  design  necessitated 
brevity,  I  have  omitted  entirely  one  or  two  portions 
of  the  subject  which  I  considered  unnecessary  to  a 
clear  understanding  of  the  rest,   and  which  appear 
to  me  better  learnt  at  a  more  advanced  stage, — such 
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are  the  subjects  of  Illumination    of  Surfaces  2 
Achromatism, 

I  need  not  say  that  I  shall  feel  most  thanl 
for  notices  of  corrections  that  are  needed,  and 
any  suggestions  as  to  the  improvement  of  the  bo 
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ERRATA. 


Page  17,  fig.  II,  lowest  line  from  Q  is  unnecessary. 

37,   fig.  24  (ii),  ^/  should  be  ^1  )  ,    •    -i    1 

o     -r  V  /7  zx  A  ,  and  similarly  on  page  39. 

40,  fig.  25  (3  and  4),  cross  line  of  arrow  slightly  too  long. 
46,  line  7,  /or  0  read  Q. 

—  line  5  fi"om  iooXyfor  fig.  29  read  fig.  28. 
54,  line  7  from  foot,  insert  radius  of  bowl  —  a, 
57,  line  I,  for  Art.  39  (i)  read  Art,  35  (i). 

....  Oi?  ,      OR 

—  line  6,  /br  -ttt — r  r.^^  -j z-z.. 

•^      AQ-AO  Aq-AO 

—  line  4  from  footifor  AQ  read  Aq. 

59,  line  2  below  fig.,  yi^r  fig.  38  read  fig.  37  ;  and  in  fig.  insert  (i) 
to  the  upper,  (ii)  to  the  lower  portion, 

65,  fig.  40  (ii),  for  S  read  S', 

—  —    (iii),  for  S  read  S'\ 

66,  (iii)  line  2,  for  T  read  V  11116.  for  N  read  V. 
73,  line  5,  for  49  read  48. 

—  line  2  from  foot,  for  52  read  51. 
83,  line  12,  for  AO  read  A  O^. 

—  line  18,  for  O  read  o. 

I  .     / 


85,  line  I,  for 


read 


/+  CQ         /+  CQ  ' 
90,  line  lOi  for  PCPi  read  PC^Px- 

94,  line  5,  for  fig.  53  read  fig.  54. 

95,  line  6  from  foot,  for  Cg  read  C^. 
1 20,  line  2,  /&r  5!£  r^o^  VE. 
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CHAPTER  I. 

INTRODUCTION. 

There  are  certain  ideas  connected  with  light  and 
vision  which  are  famiHar  to  us  all  from  the  moment  that 
our  powers  of  observation  exist  We  know,  for  instance, 
that  some  bodies  send  out  light  of  their  own,  such  as  the 
sun,  or  a  gas-flame,  or  a  red-hot  coal  \  whereas  others  send 
out  only  light  which  they  have  received  from  something  else, 
as,  for  instance,  the  bright  spots  on  the  polished  back  of 
a  chair  which  come  from  the  light  of  the  gas-flame,  or  the 
fire,  or  the  moon,  who  sends  us  the  light  which  she  gets 
from  the  sun.  Then  again,  we  cannot  but  feel  sure  that 
light  comes  from  the  object  to  our  eye  in  straight  lines. 
As  aji  illustration  of  this  there  is  the  fact  that  if  a  small 
round  hole  be  made  in  a  sheet  of  paper,  and  a  steady  candle- 
flame  held  before  it,  the  light  which  passes  through  the 
hole  will  make  an  image  of  the  flame  upside  down  on  an- 
other sheet  of  paper  held  parallel  to  the  first.  But  this  is 
only  true  so  long  as  we  suppose  the  light  to  be  passing 
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tln-'ii  h  tlu'  ^aiiic  '' iiu-tliuni,"  as  it  is  railed,  that  is,  for 
in^l.uKi",  so  long  as  it  is  |)assing  through  the  same  kind  of 
ail.  ir  in  its  ( oiirsc  it  come  to  a  surface  of  water,  the  same 
thin;;  would  hai)|)cn  to  it  as  happens  to  a  ball  passing 
tlu(»u;^li  tlu*  air  which  is  suddenly  stnick  by  another  boll 
thrnwn  IVoui  the  side;  i.e.  its  course  is  instantly  changed 
liom  the  straight  line  in  which  it  7cas  travelling  to  another 
straight  line. 

lulore   going   any  further  we  will  give   the   defi- 
nition of  st)nje  terms  wliich  we  shall  often  have  to  use  : — 

(i)  .Any  |»oint  of  a  luminous  bo<ly  is  sending  out  light 
in  every  direction  in  .straight  lines.  It  is  therefore 
<  ailed  a  'urntrc  of  li^^htl^  or  a  ^^  luminous  point ^^ 

(ii)    Antl  any  one  of  such  straight  lines  is  called  a  ^^  Ray^^ 

(iii)  Any  nund)er  of  consecutive  Rays  form  a  ^^ pencil^ 
The  most  convenient  form  in  which  to  imagine  a 
pencil  is  a  solid  cone  of  rays,  of  which  the  centre 

of  light  is  the  vertex. 

(iv)  The  middle  ray,  or  axis  of  the  cone  of  rays,  is  called 
the  *'-7.v/V"  of  the  pencil*. 

(v)  When  the  rays  forming  a  pencil  of  light  cova^from 
a  i)oint,  or  as  if  from  a  point,  the  pencil  is  called 
a  "  diver^cnf'  pencil.  When  they  come  to  a  point, 
or  as  if  to  2,  point,  it  is  called  ^^  convergent^ 


ir 


*  The  ancients  used  to  assume  that  the  ra3rs  of  a  pencil  were  not 
close  together,  but  separated  like  the  fingers  of  the  hand  spread.  By 
this  they  accounted  for  the  fact  that  occasionally,  in  looking  for  a  smaU 
object,  like  a  needle,  we  cannot  see  it  when  it  is  under  our  nose. 
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Thus  if  MM*  were  a  mirror,  it  is  possible  to  see  that 
rays  might  come  off  that  mirror  as  if  from  0\  or  to  fall 
on  the  screen  SS  as  if  they  were  going  to  O,  Such  pen- 
cils are  respectively  divergent  and  convergent,  as  much 
as  if  the  rays  really  started  from  O  or  met  at  0'. 


ir— ^ 


525 


O'^--^ 

"**•>«. 

^^^-~-. 


'^je 


We  shall  often  have  occasion  to  talk  about  pencils  of 
light  falling  upon  plane  surfaces  and  others :  in  all  such 
cases,  unless  expressly  mentioned,  we  shall  suppose  that 
the  axis  of  the  pencil  falls  perpendicularly  on  the  sur- 
i^ce. 

(vi)  Any  substance  through  which  light  passes,  such 
as  air,  water,  &c.,  is  called  a  " medium^'*  and  it  is 
called  ^^uniform^^  when  its  density,  upon  which 
depends  the  amount  of  bending  that  a  ray  suffers 
(Art  2),  is  the  same  at  every  point.  All  media 
at  present  are  to  be  considered  uniform. 

3.  The  following  example  may  serve  to  familiarize  the 
reader  with  the  idea  of  a  ray  and  a  pencil  of  light  "  Light 
emanating  from  a  luminous  circular  disc  placed  in  the 
ceiling  of  a  room,  passes  through  a  rectangular  aperture 
in  the  floor.  Ascertain  the  form  of  the  luminous  patch 
on  the  floor  of  the  room  below." 
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(i) 


I^t  O  be  the  centre  of  the  disc ;  and  let  a  straight 
line  of  light  from  O  travel  round  the  hole  ABCD\ 
let  abed  be  the  limit  of  light  traced  out  by  it  upon 
the  floor  below. 

Fig.  1. 


*« -» 


(ii) 


(iii) 


Take  any  point  P  on  the  boundary  of  the  hole, 
and  think  of  all  the  rays  which  come  from  the 
disc  and  pass  through  P,  They  will  make  a  cir- 
cular patch  at/  on  the  boundary  found  in  (i). 

Let  /*  travel  all  round  ABCD\  then  the  circular   | 
patch  travels  all  round  abcd^  and  radius  of  circular 
patch  :  radius  of  disc  =  Pp  :  PO. 

Tf  the  hole  be  large  compared  with  the  disc,  the 
travelling  circle  will  be  small,  and  the  patch  will  therefore 

■ 

be  similar  in  shape  to  that  of  the  aperture,  but  with  rounded 
comers. 

If  the  disc  be  large  compared  with  the  hole,  the  general  ' 
appearance  will  be  a  circle,  whatever  the  shape  of  the  aper- 
ture. 

This  example  has  an  historical  interest  of  its  own.  The 
first  explanation  was  given  by  Maurolicus  of  Messina^  in 
1575,  in  words  tantamount  to  our  explanation.    The  fol-" 
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lowing  IS  translated  from    Monteucla's  History  of  Mathe- 
matics (Part  iii.  Bk.  v.  2) : 

"Why,  asked  Aristotle,  does  a  ray  of  the  sun,  after 
passing  through  a  hole  of  any  shape,  triangular  for  instance, 
or  even  a  mere  straight  slit,  if  it  is  intercepted  at  a  certain 
distance,  always  form  a  circle  ?  and,  still  more  strange, 
why,  when  the  sun  is  partly  eclipsed,  does  this  ray  in 
passing  through  the  same  hole  as  before,  form  an  image 
precisely  similar  to  the  part  of  the  sun's  disc  which  is 
not  yet  hidden?  This  problem,  which  had  been  up  to 
that  time  the  despair  of  philosophers,  had  compelled  them 
to  say  with  Aristotle,  that  apparently  the  light  took  a 
certain  curvature,  or  a  similarity  to  the  luminous  body, 
which  it  regained  immediately  on  freeing  itself  from  the 
obstacle  which  had  forced  it  from  its  shape To  ex- 
plain this  phenomenon,  we  will  first  notice,  with  Mauro- 
licus,  that  each  point  of  the  aperture  is  the  vertex  of  two 
opposite  cones,  one  of  which  has  the  sun  for  its  base, 
and  the  other,  if  cut  by  a  plane  perpendicular  to  its  axis, 
will  produce  a  luminous  circle,  the  size  of  which  varies 
as  the  plane  of  intersection  is  removed  fmther  from  the 
opening.  Thus  there  are  depicted  on  the  plane  as  many 
equal  circles  of  light  as  there  are  points  in  the  opening. 
And  thus,  if  we  draw  on  this  plane  a  figure  equal  and 
similarly  placed  to  that  of  the  aperture,  and  at  each  of  its 
points  or  only  at  those  on  its  boundary  describe  a  multi- 
tude of  circles,  the  figure  which  they  will  form  will  be 
precisely  that  of  the  image  of  the  sun,  received  at  a  distance 
proportional  to  the  size  of  these  circles.  But  in  propor- 
tion as  we  increase  the  size  of  our  circles,  we  shall  see 
that  the  figure  which  results  firom  them  will  approach  nearer 

to  a  plain  circle,  and  this  is  easy  of  demonstration. 

But  why  does  the  sun,  in  a  partial  eclipse,  form  in  a  dark 
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room  the  figure  of  a  crescent,  whatever  is  the  shape  of  tl 
opening?    The  explanation  is  the  same  as  that  just  givei 
If  wc  liave  a  figure  of  any  shape  on  a  plane,  and  if  froi 
each  of  the  points  of  its  boundary  we  describe  a  successioi 
of  other  figures  similar  to  each  other,  and  similarly  placed, 
(he  resulting  figure  will  approach  nearer  to  that  of  those 
which  are  the  greatest.     If  these  are  triangles,  the  whole 
figure  will  be  a  triangle ;  if  a  crescent,  the  figure  formed 
will  resemble  a  crescent." 


'. 


I. 
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CHAPTER  II. 

PLANE  REFLEXION, 

4.  When  rays  of  light  fall  upon  any  surface,  they  are 
ither  sent  back  from  the  surface,  or  else  they  enter  the 
urface :  in  the  first  case  they  are  said  to  be  ''^reflected'' 
rom  the  surface,  in  the  latter  case  they  are  said  to.  be 
^refradeiT^  into  the  surface.  At  present  we  will  only  con- 
ider  the  laws  and  some  of  the  phenomena  of  re- 
lexion. 

Some  surfaces,  such  as  polished  metal,  do  not  refract 
Lt  all  :  others,  like  water,  partly  reflect  and  partly  refract, 
he  amoifnt  reflected  bearing  a  proportion  to  the  amount 
efracted,  depending  on  the  angle  at  which  the  rays  meet 
he  surface.  Thus,  if  a  number  of  rays  fall  perpendicularly 
)n  to  the  water  they  are  nearly  all  refracted  :  if  they  fall  at 
.n  angle  to  the  water,  some  of  them  are  reflected,  and  the 
Qore  their  direction  slopes  to  the  water  the  more  rays  are 
eflected,  until  at  last  none  are  refracted  at  all. 

5.  Suppose  a  single  ray  falls  upon  any  reflecting  sur^ 
ice ;  then 

(i)  The  incident  and  reflected  rays  lie  in  one  and 
the  same  plane  with  the  normal  to  the  surface 
at  the  point  of  incidence,  and  on  opposite  sides 
of  it. 
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(ii)    The  angles  which  the  incident  and  reflected^l 

make  with  the  nonnal  arc  equal  to  one  anolher.  ] 

Thus,  if  OP  be  a  normal  to  ABCD  at  O,  and  if  a  r 

of  light  EO  fall  upon  the  surface  at  0,  and  is  reflected] 

Fig.  3. 
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in  the  direction  OF,  then  EO,  OP,  and  OF  are  all  in  the 
same  plane,  and  the  angle  FOP^^n^z  EOP. 

Thus  the  action  of  a  reflecting  surface  upon  a  ray  of 
light  is  precisely  the  same  as  that  of  a  wall  upon  a  very 
elastic  ball  thrown  obliquely  against  it.  In  playing  racquets, 
for  instance,  one  naturally,  without  thinking  of  it,  places 
oneself  so  as  to  receive  the  ball  after  coming  off  the  wall 
at  about  the  same  angle  as  it  went  on ;  and  the  more 
elastic  the  ball  is,  the  more  nearly  is  this  true ;  and  if  the 
ball  is  very  elastic  indeed,  it  is  very  nearly  true  ;  and  when 
instead  of  a  ball  we  tliink  of  a  ray  of  tight,  which  is  quite 
elastic,  this  is  absolutely  true. 

From  these  two  properties,  which  were  known  by  the 
ancients  as  well  as  by  ourselves,  ail  the  phenomena  of 
reflexion  can  be  explained.  We  will  consider  a  few  of 
the  simplest — at  present  supposing  the  reflecting  surface  to 
be  quite  plane. 

6.  The  simplest  and  at  the  same  time  the  most  com- 
mon instance  of  plane  reflexion  is  that  of  a  looking-glass ; 
in  which  we  appear  to  see  the  image  of  any  object,  placed 
in  front  of  the  mirror,  just  as  far  behind  the  mirror  as 
the  object  itself  is  in  front. 
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Let  M^M^  be  a  mirror,  edgeways  to  us.     Let  ^  be  a 
point  of  an  object  in  front  of  the  mirror:   Q  is  sending  out 

Fig.  4. 
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rays  in  all  directions.  E  is  an  eye  looking  into  the  mirror. 
Draw  QA  perpendicular  to  the  mirror.  Let  any  ray 
QR  strike  the  mirror  at  -^ :  it  will  be  reflected  back  in 
the  line  Rr^  where  ^  M^Rr=M^Q,  Produce  Rr  back- 
wards through  the  mirror,  to  meet  QA  produced  in  q. 
Then  the  angle  J/"j-^r=  angle  M^Q  and  also  =  angle  qRA ; 
.*.  qRA^MjRQ^  and  the  right  angle  qAR^RAQ,  and  the 
side  RA  is  common.  Therefore,  by  Euchd  i.  26,  the 
other  sides,  &c.  of  the  triangles  are  equal ;  ,\  qA=  QA. 

So  if  we  take  any  other  rays  QS,  ^T^.-.they  will  be 
reflected  as  Ss,  Tt,  and  these  lines  when  produced  backwards 
will  all  pass  through  q. 

Now  another  way  of  saying  this  is  to  say  that  the  eye  at 
JS  will  be  affected  by  these  rays  in  just  the  same  way  as  if 
they  all  started  from  q.  That  is  the  eye  will  see  an  image 
of  Q  at  q,  just  as  far  behind  the  mirror  as  Q  is  in  front, 
since  Aq  ^AQ, 

In  this  we  have  taken  only  a  small  piece  of  the  divergent 
pencil  from  Q,  of  which  QA  is  the  axis.  After  striking  the 
mirror  it  becomes  a  divergent  pencil  from  q,  according  to 
our  definition  of  a  divergent  pencil  in  Art.  3  (v),  for  the 
rays  meet  the  eye  as  if  they  came  from  one  point. 

An  image  through  which  the  rays  do  not  really  pass,  as  q, 
is  called  ^''virtual''  Those  through  which  the  rays  really  pass 
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•  I'  i.illi.l  **/..//."  'Iluis  all  the  imaj:c.s  formed  by  plane 
irllruinii  iiM*  viilual.  It  should  he  noticed  that  if  we  are 
<  onnidriiii^;  llic  r.iys  after  reflexion,  we  may  practically  con- 
Midri  t'  iind  llu'  Miirror  to  be  entirely  removed,  and  the 
|in)iit  //  lo  W  a  rral  point  sending  out  luminous  rays. 

Miippnfic  that  .7//  was  a  tower  on  some  high  ground  on 
01111  Midi'  111  a  pi(*re  of  water,  and  that  E  was  ao  eye  on  the 
fillirt  hidr  JooklnK  into  the  water:  will  the  eye  see  the  whole 
i)f  tliii  towrr  by  reflexion? 

Kig.  5. 
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Till'  \^^^  Mt  A'  will  clearly  see  just  as  much  as  an  eye  at 

/^wh4thi  Mr:^Mh:. 

'/i  If  It  In  wished  to  trace  the  course  of  the  rays  which 
foino  \\{%\\\  till*  object  to  the  eye,  before  and  after  reflexion, 
w»  I  Mil  Mt  01  ire  obtain  the  construction  from  Fig.  4.  It  is 
IIiIa.  '*Joiii  the  image  with  the  eye,  by  straight  lines,  and 
mIimiIo  btHwecn  thcHe  lines  from  the  mirror  up  to  the  eye. 
Kroiii  th«  pointM  where  these  lines  cut  the  mirror,  draw 
Mtniighi  lineH  to  the  original  point,  and  shade.  The  shaded 
part  will  rcprcHcnt  the  required  rays." 

'J*hu8,  using  the  same  letters  as  before,  join  q  the  image 
with  the  eye  E :  and  shade  from  R  and  S  to  the  eye.  Join 
R  and  SX.o  Q  and  shade.  The  shaded  part  represents  the 
rays  which  fall  from  Q  on  the  mirror,  and  thence  come  to 
the  eye. 
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Whenever,  in  future  investigations,  we  require  to  trace 
the  course  of  a  pencil  of  rays  from  an  object  to  the  eye, 

Fig.  6. 


after  any  number  of  reflexions,  we  shall  make  use  of  an  ex- 
tension of  this  rule — ^viz. : 

(i)  Join  the  eye  to  last  image,  and  shade  to  the  eye 
from  the  points  where  these  lines  cut  the  last  surfaice. 

(2)  Join  these  points  to  last  image  but  one,  and  shade 
from  them  up  to  last  surface  but  one. 

(3)  Join  the  points  last  found  to  last  image  but  two,  and 
shade  from  them  up  to  last  surface  but  two,  and 
proceed  in  this  manner,  until  we  come  to  the  first 
surface,  when  we  join  the  points  found  in  it  to  the 
object,  and  shade  as  before. 

We  thus,  in  fact,  trace  the  rays  back  from  the  eye  to  the 
object 

8.  The  result  of  Article  6  applies,  of  course,  to  any 
point  of  an  object  Thus  every  point  of  an  object  has  an 
image  of  itself  formed  just  as  far  behind  the  mirror  as  the 
point  itself  is  in  front  of  the  mirror. 

Thus,  if  QiQQ^  be  any  object  placed  in  any  position  in 
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front  of  ihc  mirror  M,M^,  it  will  have  i 
C9,=  CQ,. 


a  image  (tf  tbClTl 


The  images  jr,,  ?,  and  ?,  all  being  virtual. 

g.     I,ct  jW,;!/,  be  a  mirror,  Q^Q,  any  object  in  i 
it,  the  image  of  which  is  at  q,. 

l^t  A'i'V,  be  another  mirror,  exactly  facing  the  for 
but  let  there  be  a  screen  S^S,  so  placed  that  no  rays 
come  from  Q^Q,  on  to  ^.A^,  i  i-e.  so  that  no  image  of  < 
can  be  formed  by  direct  reflexion  at  ^,-^,. 
FiB-  8. 


Consider  any  point  Q,.  Rays  of  light  Q,J^,  Q,S,  c 
from  Qi  on  lo  the  mirror  M^Af^  and  are  reflected  from 
if  they  came  from  y,,  v/hcrs  A^j  =  AQ^.  They  then  fel 
JV,^t  as  JiT,  SV.     Now  since  they  may  be  considerei 
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^ys  diverging /r(£7»«  the  point  q^y  SV  and  RT  will  of  course 
*^iiii  an  image  of  ^j  at  ^„  where  Bq^  =  Bq^^  which  will  be 
^^en  by  an  eye  looking  into  ^j-A^. 

Thus  the  rays  which  reach  the  eye  come  as  if  from  ^^, 
'•^.  the  eye  E  sees  an  image  q^  of  Q^.  And  similarly  for  ail 
^^e  other  points  of  Q^Q^. 

The  shaded  part  represents  the  rays  traced  from  Q^  to 
the  eye  E^  by  means  of  the  rule  in  Art  8. 

We  can  easily  find  the  distance  of  q^  from  either  mirror. 

FoTAq.^AQ,;    .'.  q^B  =  2AQ^-\- Q^B; 

.\  also  q^B  =  2^C,  +  Q^B 

^2AQ^-¥AB^AQ^ 
^AQ^-^ABi 
.'.  q^  =  AQ^-h2.AB. 
10.     If  the  rays  were  again  allowed  to  fall  on  the  mirror 
M^M^  before  coming  to  an  eye,  the  eye  would  see  an 
image  q^  behind  the  mirror  M^M^^  such  that 

Aq^^Aq,^AQ^^2AB. 

If  again  they  fell  upon  N^N^  before  coming  to  the  eye, 
a  fourth  image  q^  would  be  formed  as  far  behind  N^N^  as  q^ 
is  in  front;  whence  q^^A  ^AQ^-r ^B,  and  so  on. 

In  this  investigation  we  have  carefully  considered  only 
a  i)encil  of  rays  which  fall  first  on  the  mirror  M^M^,  in 
order  to  save  confusion :  but  it  is  easy  to  see  that  in  pre- 
cisely the  same  manner  there  will  be  a  series  of  images 
formed  by  a  pencil  of  rays  which  fall  first  on  iV'i-A^,  of  which 
s^s^  would  be  the  first 

It  is  perhaps  necessary  to  remark  that  difficulty  may  be 
felt  at  the  phrase  "the  imdigQ  formed  by  reflexion."  It  will 
be  felt  that  this  is  a  wrong  word  to  use,  since  the  rays  do 
not  actually  pass  through  ^,,  q^,  &c.     Of  course  there  is  no 
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image  formed — but  if  an  eye  is  placed  so  as  to  catch  t 
rays  which  come  as  if  from  one  of  the  points  ^,,  ^,,  &c.  a 
image  \s  practically  formed  there. 

Explanation  of  the  Kaleidoscope. 

II.  (i)  An  object  is  placed  between  two  mirrors  in- 
clined to  one  another  at  any  angle.  To  find  the  number 
and  positions  of  the  images. 

Let  OA  and  OB  be  the  mirrors.  Let  Q  be  the  object, 
])laced  between  them.  Let  us  consider  only  light  falling 
first  on  OB. 

Fig.  9. 


Then,  of  course,  Q  has  an  image  ^,,  where  q^  is  as  far 
behind  OB  as  Q  is  in  front,  i,e.  after  being  reflected  at  OB 
the  rays  will  appear  to  diverge  from  q^ (i). 

Next,  these  rays  will  now  fall  on  OA^  and,  since  they 
practically  come  from  ^^  they  will,  after  reflexion  at  AO^ 
appear  to  diverge  from  q^^  where  q^  is  as  far  behind  OA  as 
q^  is  in  front  of  it (2). 

Lastly^  these  rays  will  now  fall  on  OB,  and,  since  they 
practically  come  from  q^y  they  will,  after  reflexion  at  OB, 
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appear  to  diverge  from  ^3,  where  q^  is  as  far  behind  OB  as 
q^  is  in  front  of  it. 

We  say  lastly^  because  it  is  clear  that  no  rays  which  come 
off  OB  as  if  from  q^  can  possibly  fall  on  OAy  and  there  will 
therefore  be  no  more  images. 

The  figure  shews  the  course  of  a  small  pencil  which 
comes  to  the  eye  after  suffering  the  greatest  number  of 
reflexions  possible.  On  entering  the  eye  the  rays  seem  to 
diverge  from  ^3,  ue,  the  eye  sees  an  image  there. 

The  eye  will,  of  course,  see  all  the  images,  although 
we  have  traced  only  the  course  of  the  pencil  by  which  it 
sees  the  last  one.  Rays,  for  instance,  will  fall  from  Q  on 
OB  and  be  reflected  directly  to  the  eye,  which  will  thus 
see  q^.  Similarly  rays  will  come  to  the  eye  after  two  re- 
flexions, and  the  eye  will  therefore  see  ^,.  The  student 
should  draw  figures  for  himself  of  these  pencils,  using  the 
rules  given  in  Article  8. 

(2)     We  will  now  shew  that  all  these  images  lie  upon 
a  circle  whose  centre  is  0  and  radius  OQ. 

Fig.  10. 


For  QM^^q^M^  and  M^O  is  common;  .-. 
Mfi^q^M^yMfi^  each  to  each,  and  the  angle  QM^O 
q^M^O ;  .'.the  base  QO  =  the  base  q^  O. 


angle 
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In  just  the  same  way,  since  ?,jV,  =  ^,J/,  and  t 
common,  anj  the  angle  q^Mfi  =  angle  ^^,0, 

Thus  y.OcpjO"?,^,  that  is  the  points  y,  ^,  y,  i 
on  a  cirtk,  centre  0,  and  radius  OQ. 

It  rnuHt  l>c  observed  that  hitherto  we  have  only.fl 
lidercd  rays  which  fall  upon  OB  first  If  we  now  j 
lider  those  which  full  first  on  OA  we  shall  obtain  three  l| 
imogCH  Z',  /',  J\-  It  can  be  shewn  that  if  the  : 
are  inclined  to  one  another  at  any  submultiple  of  two  i 
anglex,  30°,  60°,  for  example,  the  last  images  of  thej 
»)'iHemH  of  rays  will  coincide.  Thus  if  our  mirron 
inclined  at  60*  the  eye  will  see  five  images  and  not  sbtfl 
figure  in  next  article). 

la.     The   positions   of  these  images  can  be   I 
generally,  supposing  that  we  know  the  angles   QOA  \ 
QOJI. 

For  Q09,  =  2.QOB  (i)i^ 

.■.  g^0A  =  3.Q0J}  +  Q0A; 
.•.g,0A'.2.Q0B  +  Q0A; 

.:Q0g,=  2.Q0B+2.Q0A (ii^.j 

ftiniilarly 

Q0?,»2.Q0B  +  2.Q0A  +  2.Q0B   (iuj;  J 

Q0f,-i.Q0S+2.QOA  +  2.QOS  +  2.QOA, 
so  that  the  angular  distances  of  g^g^g^q^... 
are  found  each  from  the  one  before  it,  by  adding  alter 
a.  QOA  and  2.  QOB. 

The  figures  which  we  have  drawn  are  of  course  sec 
of  the  mirrors  perpendicular  to  the   line   in   which  1 
meet      Although   these  images   exist  for  an  eye  io  j 
^me  plane  as  the  section,  yet  in  order  that  they  i 
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be  seen  by  an  eye  out  of  the  plane,  the  mirrors  would  have 
to  be  prolonged,  so  that  rays,  after  striking  them,  might 
meet  the  eye. 

So  that  a  virtual  image  may  be  described  as  an  image 
that   does  not  exist  until  there  is  an   eye  to  receive  the 

Fig.  II. 


rays.      The  eye  calls  the  image,  though  not  the  rays,  into 
existence. 

13.  We  can  explain  the  reason  why,  when  looking 
into  a  glass  mirror,  we  very  often  see  a  double  image  of  an 
object,  one  image  being  very  faint. 

Fig.  11, 


•Let  ABCD  be  the  mirror.      Let  QNM  be  perpen- 
dicular to  the  mirror.     AB  is  the  silvered  back. 

The  strong  image  is  formed  by  the  light  which,  passing 


• 
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into  tlic  glass,  is  reflected  from  AB.      But  a  very  little 

of  this  light   never  gets  to  AB  through  CD  at  all,  butj 

is  reflected  from  CD.    Thus  we  obtain  another  very  faiat| 

image  /,  where  q'q  -  iMN.  \ 

For  Mq-MQ^MN'^NQ,  ' 

Nq  ^NQ;  .:  Mq  =  A'G  -  MN ; 

.'.  q^,  which  =  iW?'-A5?'=2-l/'jV", 

i.e.  g^  =  twice  thickness  of  the  plate. 

But  at  present  in  talking  of  glass  mirrors  we  shall  always 

neglect  the  thickness  of  the  plate.     The  shaded  port 

of  this  figure  is  intended  to  represent  the  rays  fonniDg  t 

faint  image. 

Note.  We  have  here,  for  convenience  of  explanatioiu 
neglected  the  refraction  which  the  light  suffers  on  enterii^ 
and  emerging  from,  the  glass.  '1 
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REFLEXION  AT  A   CURVED  SURFACE, 


■I. 


[..  We  have  hitherto  thought  only  of  the  images 
d  by  rays  which  fall  upon  and  are  reflected  from  plane 
rs,  and  have  seen  that  in  all  such  cases  we  shall  have 
age  of  any  object  just  as  far  behind  the  mirror  as  the 
t  itself  is  in  front ;  and  the  only  rule  which  we  used  to 
:his  was  that  after  a  ray  of  light  struck  the  mirror  it 
off  it  again,  making  the  same  angle  with  the  mirror  or 
1  line  perpendicular  to  the  wall  as  it  did  on  striking  it. 

ow  precisely  the  same  thing  happens  to  a  ray  when  it 
s  a  curved  surface;  but  the  result  is  not  the  same, 
le  image  is  not  seen  just  as  far  behind  as  the  object  is 
nt. 

Fig.  13. 


bus  let  A  OB  be  the  section  of  any  curved  surface, 
J  by  the  plane  of  the  paper,  and  let  a  ray  from  P  strike 
urface  at  O :   draw  a  plane  of  which  the  section  is 
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ST  touching  the  curved  surface  in  O.  aod  let  MOm 
line  jiorpcndicular  to  ST:  then  if  OQ  be  the  ran 
(lection  QbAf=  p6M;  and  the  direction  of  oA 
foru  Juxt  the  tmmc  as  if  the  cy  had  struck  the  \ 
initeaO  of  the  curved  surface. 

(It  will  he  very  useful  sometimes  when  we  have  ^^. 
striking  11  curved  surface,  to  treat  it  as  if  it  struck  the  pitM 
nurfacc  which  touches  the  curved  surface  at  the  poinu) 


15.  (i)  The  simplest  case  of  a  curved  surface  is 
iphtre.  Suppose  a  light  placed  in  tlie  centre  ^ 
uplicrc.  A  line  from  llie  centre  to  any  pW 
on  the  inrcumfcrence  is  perpendicular  to,  that 
mnkcK  equal  angles  with,  the  tangent  at  thatpoii 
But  the  iucident  and  reflected  rays  also  made  eql 
angles  with  the  tangent,  whence  it  follows  that  I 
reflecLeti  my  returns  along  the  incident  ray,  i.e. 
the  reflected  rays  pass  through  the  centre. 

(ii)  Take  an  elliptiaU  surface  with  a  light  in  one  foe 
and  suppose  a  ray  to  fall  on  the  reflecting  suifc 
Now  we  know  by  Optics  that  the  incident  and 


fleeted  rays  make  equal  angles  with  the  tangf 
Also  we  know  by  Geometry  that  the  lines  from 
foci  make  equal  angles  with  the  tangent;  whei 
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it  follows  that  a  ray  incident  from  one  focus  is  re- 
flected to  the  other — and  similarly  for  all  the  rays. 

An  interesting  experimental  proof  is  the  following.  If  a 
candle  flame  be  placed  in  one  focus  and  a  piece  of  phos- 
phorus in  the  other,  the  concentrated  reflected  rays  of  heat, 
which  follow  the  same  law  as  light  as  regards  reflexion, 
will  ignite  the  phosphorus,  although  the  direct  light  of  the 
candle  be  kept  away  by  a  screen. 

(iii)  Consider  a  parabolic  mirror  with  a  light  in  the 
focus.  By  precisely  similar  reasoning  it  may  be 
seen  that  all  the  reflected  rays  will  go  off"  in  a  beam 
parallel  to  the  axis,  the  breadth  of  the  beam  of 
course  depending  on  the  size  of  the  parabola. 

Upon  this  principle  the  construction  of  one  kind  of 
lighthouse  is  based.  A  mirror  very  nearly  in  the  form  of  a 
paraboloid  of  revolution,  /'.<?.  the  surface  formed  by  a  para- 
bola revolving  about  its  axis,  has  a  very  strong  light  in  the 
focus.  The  rays,  therefore,  after  reflexion  go  off"  in  a  very 
strong  beam  of  rays  very  nearly  parallel.  When  this  beam 
has  travelled  a  long  distance,  its  rays,  though  still  much 
condensed,  have  spread  sufficiently  to  form  a  broad  beam 
of  strong  light :  when  a  ship  passes  through  this  beam,  it 
sees  the  light  at  the  lighthouse,  which  it  would  never  do, 
if  there  was  merely  the  light  burning  and  no  mirror  behind 
to  reflect  its  rays. 

It  should  be  noticed  that,  just  as  light  from  the  focus  on 
reflexion  goes  off*  parallel  to  the  axis,  so  light  entering 
parallel  to  the  axis  would,  after  reflexion,  make  a  beam  con- 
verging to  the  focus.  So  that  if  we  wish  to  collect  a  number 
of  rays  from  the  Sun  for  instance  on  to  one  spot,  we  can 
do  it  by  placing  a  parabolic  mirror  behind  the  spot,  the 
laiger  the  better,  having  the  spot  for  focus. 
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SupiKJsc  that  we  have,  as  before,  a  candle  in  .V, 
piece  of  phosphorus  in  S\  but  that  the  direct  heat  from^l 


€ 


IK  kept  off'  by  a  screen.  Place  a  parabolic  miiror 
l)ehind  S,  with  its  focus  in  S  and  its  axis  in  the  line  SS. 
Place  another  parabolic  mirror  AB  with  its  focus  in  S  and 
iU  axis  in  SS.  The  rays  from  S  will  come  qS  A'ff  and 
on  to  AB  parallel  to  the  axis ;  they  will  therefore  converge 
to  S,  ami  will  light  the  phosphorus. 

if).     A  sjiherical  surface  is  the  only  one  of  those  which 

wc  have  named  which  is  easily  made,  and  is  constantly  used. 
We  will  therefore  now  consider  the  phenomena  connected, 
with  reflexion  at  a  spherical  surface. 

In  doing  this  it  will  be  found  better  to  consider  a  pencil 
ijf  rays  as  a  series  of  conical  shells  of  rays,  one  within  the 
other,  all  the  vertices  coinciding  at  the  luminous  point. 

Let  Q  be  a  luminous  point  inside  the  sphere  r  let  £P  be 
the  centre  of  the  sphere,  and  let  QO  produced  meet  the 
surface  in  A.  Let  the  figure  be  a  section  made  by  the 
]i!ane  of  the  paper,  in  which  both  Q  and  O  are  supposed  to 


(i)   Consider   now   a  pencil  of  light  of  which   f^OA,  J 
which   falls   perpendicularly  on   the   mirror,  is    the 
middle  line  or  axis;  then,  since  QOA  is  the  only 
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ray  of  the  pencil  which  falls  perpendicularly,  it  is  the 
only  ray  which  will  be  reflected  off  perpendicularly, 

Fig.  16. 


and  all  the  other  rays  will  be  reflected  symmetrically 
round  it,  and  it  will  therefore  be  the  axis  of  the 
reflected  pencil. 

(ii)  Of  that  pencil  consider  only  one    of  the  conical 
shells  of  rays,  viz.  that  whose  vertical  angle  is  RQ.B!, 

(iii)  Of  that  shell  consider  only  the  ray  QR, 

Join  OR :  then  since  BAC  is  part  of  a  circle  ROls  the 
ormal  at  R.  Therefore  the  ray  QR  is  reflected  back  in 
irection  Rg'\  where  angle  Oj^/'  =  angle  ORQ; 


(i). 


.-.  by(Euc.vi.3)-^  =  -^ 

Similarly  QR^  will  be  reflected  to  /',  and  so  will  every 
ly  of  the  shell  whose  vertical  angle  is  RQR!.  So  that  the 
wergent  conical  shell  from  Q  forms,  after  reflexion,  a  cofi- 
ergent  conical  shell  to  /'.  The  point  /'  is  called  the 
Focus  "  of  the  shell. 

Now  consider  another  conical  shell  whose  vertical  angle 
;  SQS.  This  will  in  like  manner  have  a  focus  /  near  to 
",  and  thus  each  shell  will  have  its  own  particular  focus  on 
he  line  QA. 


.1 
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17.     It  can  be  proved  that  the  nearer  to  A  tl 
ray<  from  Q  fall,  /.  e.  the  smaller  we  lake  the  vertical  d 
of  our  BhcU,  the  more  nearly  do  the  foci  coincide.  ' 
I'T'  is  Icsa  tlian  q'lf';  q'lf  is  less  than  q'q"',  and  SO  OH. 


The  point  where  the  reflected  rays  of  the  shell  n 
leut  iina({irmt)lu  angle  cut  the  axis  is  called  the  " 
trical  Fmii  "  of  the  pencil.     Close  to  it  then  the  points  j 
&c.  lie  thickest,  that  is,  more  reflected  rays  pass  dose 
that  point,     That  is,  an  eye  looking  into  the  mirror  w 
sec  the  strongest  light  if  it  happened  to  be  placed  so  a 
catch  the  rays  which  before  reflexion  fall  on  the  11 
close  to  the  axis.     This  point  is  therefore  usually  takets 
the  image  of  Q.    If  we  agree  to  think  only  of  rays  w 
fall  not  far  away  from  the  axis  we  can  say  that,  approximM 
after  reflexion  they  will  converge  to  the  point  called  I 
"  Geometrical  Focus,"  and  an  eye  will  therefore  set 
of  Q  at  that  point.     This  image  then  is  different  from  \ 
formed  by  plane  reflexion,  in  that  it  is  real,  whereas  h 
reflexion  it  was  virtual.     But  it  is  not  distinct,  since  the  i 
by  which  it  is  seen  do  not  pass  accurately  through  a  pdl 
as  they  appeared  to  do  in  plane  reflexion. 

18.     If  the  student  will  apply  precisely  the  same  reasqj 
g  to  the  case  of  a  convex  mirror,  he  will  see  that  precisely  J 
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the  same  results  follow,  with  this  exception — the  image  will 
be  virtual  and  not  real. 

The  following  figures  will  serve  to  shew  the  course  of 

rays  to  the  eye. 

Fig.  1 8. 


Fig.  19. 


19.  To  find  the  position  of  the  "  Geometrical  Focus  "  for 
the  concave  mirror. 

Since  the  Geometrical  Focus  is  a  point  of  such  import- 
ance, it  is  of  great  consequence  to  know  exactly  where  it 
lies  relatively  to  the  object. 

In  Art  16  it  was  proved  that  ^r-  =  ^^r-,  where  OR  is 

Rq      Oq 

any  ray  from  Q, 

Suppose  now  that  QR  is  taken  close  to  the  axis.  Then 
QR  may  be  regarded  as  equal  to  QA ;  since  by  bringing 
the  ray  closer  and  closer  to  the  axis,  the  difference  between 
QA  and  QR  may  be  made  as  small  as  we  please.  Similarly 
Rq  becomes  Aq^  where  q  is  now  the  G.  f. 
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Thus 
QA      QO       OA  QO 

A,i  '  0.1  "^  Aq      {AO-Aqy 

whence 


Ay   - 


'  AQ     Aq     AO' 
I'roc<rcding  in  a  similar  way  for  the  convex  r 

would  be  found  that  -,-=  +  -^  =  — -rp,  • 
AQ      Aq        AO 

JO.  Thus  finally  the  image  of  any  point  of  >: 
lies  on  the  normal  to  the  mirror  from  that  point,  a' 
Aq  from  the  point  where  this  normal  cuts  the  min 

that  ^'    +    ! 
AQ     Aq 


This,  as  we  say,  applies  for  any  and  every  point  of  tl 
object.  Thus  an  image  of  any  object  PXQ  will  be  formi 
smaller,  and  inverted. 

Thus,  in  the  figure,  _^'^.+  ;^^=^'^, 


BP     Bp     AO' 
'CQ^'Cq^'AO' 
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Similarly  it  will  be  seen  that  in  the  convex  mirror  the 
image  is  smaller  and  erect. 

21.  The  Geometrical  Focus  of  a  pencil  of  rays  from  an 
infinite  distance — i,e,  a  pencil  of  parallel  rays,  is  called  the 
"  I^fincipal  Focus  "  of  the  mirror. 

Now  when  ^^  is  infinitely  large,  -jjz  is  indefinitely 

small  and    may  be  left  out,  and  therefore  the  formula 

-J    +  J_  =  /    becomes  J-^-  ^  ,  where  F  is  the  prin- 
^Q     Aq     AO  AF    AO  ^ 

^ipal  focus.     That  is,  F  is  midway  between  A  and  Oy  or 

the   image  of  a  star  would  be  seen  there,  since  a  star  is  a 

^'ery  long  way  off. 

22.  There  is  now  one  point  to  notice  to  which  we 

*5hall  often  again  refer,  regarding  the  sigtis  of  lines.     We 

Will  always  make  use  of  the  following  convention.    All  lines 

Measured  in  the  direction  opposite  to  that  of  the  incident 

*^l?ht  are  to  be  regarded  as  positive  lines,  and  vice  versa. 

ih.us  in  Fig.  \(i  A0\^  positive,  and  therefore  that  is  taken 
^s  the  standard  case.  AQ  must,  of  course,  always  be  posi- 
^^v^e  for  divergent  pencils.  Now  consider  the  case  of  a 
^nvex  mirror  with  a  divergent  pencil.  A0'\%  then  measured 
1^  the  same  direction  as  the  incident  light  and  is  therefore 
^^gative.     The  formula,  therefore,  which  for  the  concave 

mirror  was  -  -  +  ---    «  -—  will  now  be  -r  +  -i->i  =  -  -  .>». 
Aq     AQ     AO  Aq     AQ         AO 

(Compare  Art  47.) 

This  point  will  present  no  difficulty  to  those  readers 
who  are  familiar  with  the  elements  of  Analytical  Geometry. 

Suppose  now  that  we  wish  to  find  the  position  of  the 
Principal  Focus,    This  is  the  Geometrical  Focus  of  a  pencil 
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of  my*  from  an  infinite  disuncc.    Thw  if  ^b  the 

?»<:».,  ^j,.*  Jg-^.      ft..  ;j^  -  o.   since  ^e  - 

,".  -fp^  ^Tq  !   '■ '■  the  Principal  Focus  lies  halfwajr 

the  mirror  and  its  centre — or  the  light  from  a  star 
nmkc  a  bright  spot  there. 

ti.    Thus,  finally,  we  have  the  rollowing  facts  ronnee 
inn  Q  and  q. 

(l)  Q  und  1/  lie  on  the  s.-ime  normal.  For  all  raj 
from  Q  when  reflected  ])ass  through  ^,  anH  sine 
the  normal  ray  is  reflected  along  itself,  y 
upon  it. 

(i)  If  A  he  the  exiremity  of  the  axis,  and  the  penc 
be  divergent,  ,-  +  -tq  =  *  jq'  according  as  flu 
mirror  is  concave  or  convex. 

(3)  Since  >,,■  constant  quantity,  a.s  AQ  increase 
or  dccrcBHCs,  j4f  does  just  the  opposite,  m  concav 
mirrwrb;  i.c.  ^  and  y  move  in  opposite  directions 
In  the  convex  mirror  they  move  in  the  sam 
direction. 

(4)  Since,  in  the  concave  mirror,  when  Q  goes  farthe 
from  A,  q  comes  nearer,  and,  since,  when  ^  is  a 
its  farthest,  q  comes  to  F  the  principal  focus,  there 
fore  Q  and  q  must  lie  on  the  same  side  of  ^always 
Similar  reasoning  proves  the  same  fact  for  the  oait 
vex  mirror. 

By  a  principle  which  we  have  used  before  (Art.  15), 
light  can  travel  from  any  luminous  point  Q  to  any  othot 
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point  q^  by  any  number  of  reflexions,  then  if  a  light  be 

placed  at  q  its  rays  will  go  to  Q  by  precisely  the  same  path 

that  it  used  before.    This  would  be  the  case  in  fig.  16.     Or 

n         y  .112 

we   can  see  it  at  once  from  the  equation  -r-  +  —rp.  =  -r-^, 

Aq     AQ     AO 

where  it  makes  no  difference  if  we  interchange  AQ  and  Ag, 

24.     We  will  investigate  the  motion  of  Q  and  q  still 
further. 

Fig.  21. 

(i )  Let  F  be  the  principal 
focus  of  the  concave 
mirror.  Then  rays  from 
a  point  very  far  from 
A,  that  is  parallel  to 
the  axis,  converge  very 
nearly  to  I^  (fig.  i). 

(2)  Let  Q  come  nearer 
the  mirror  from  the 
right  The  rays  from 
Q  then  converge  very 
nearly  to  some  point  q 
to  the  right  of  i^,  since 
U  AQ  decrease,  Aq  must  increase  (fig.  ii). 

(3)  Let  Q  come  to  O  the  centre.  The  reflected  rays  all 
converge  to  O.  Q  and  q  meet  (for  if  AQ  =  AO 
so  does  Aq). 


(4)  As  Q  goes  to  the  left, 
Q  and  q  cross,  and  q 
goes  ofl"  to  the  right, 
until,  when  Q  has  come 
to  I^,  q  has  gone  to  an 
infinite  distance  (fig.  iii). 


(iii) 


o 
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(5)  As  Q  still  approaches  A^  q  as  it  were  turns  the 
comer  at  infinity  and  appears  again  to  the  left  of 
A^  approaching  A  (fig.  iv). 

(iv) 


u 


(6)    When  Q  arrives  at  Ay  q  does  so  also ;   for  from 

2 
Aq   '  AQ^" 


^AO^Jd'  ^^^0-0  so  must  y/^. 


i"i 
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25.  It  cannot  be  too  often  recollected  that  the  point 
q  is  not  the  point  through  which  all  the  reflected  rays  pass, 
for  there  is  no  such  point  But  close  to  it  the  rays  which 
fall  on  the  mirror  very  close  indeed  to  the  axis,  from  Q^  cut 
the  axis  after  reflexion.  If  we  take  rays  from  Q  which  fall 
on  the  mirror  further  from  the  axis,  we  find  that  they  cut  the 
axis  at  appreciable  distances  from  q\  and  also  that  the 
points  of  section  of  the  axis  become  more  and  more  scatter- 
ed as  the  rays  fall  on  the  mirror  further  and  further  from 
the  axis,  all  being  on  the  side  of  q  towards  A, 

Thus,  if  the  dotted  lines  represent  the  reflected  j-ays, 

Fig.  22. 
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the  rayit  before  reflexion  not  being  dr^wn,  to  s 
in  ihc  li;<tire,  fig,  n  will  represent  the  course  after  r 
of  till;  tuyx  running  the  part  of  the  pencdl  wiudi  s 
miriur  above  the  axis. 

I'he  tigurc,  as  before,  represents  a  section  of  the  s; 
niirrur  uml  ]icnci]  by  the  plane  of  the  paper. 


N( 


I  /iV,  Ss,  iT.,,  bo  the  reflected  rays, 
t  Hr,  Ss  intersect  in  a, 

Ss/n b, 

'It,  Vv c,  and  so  on. 

sujipose  an  eye  at  E  receives  the  rays  Ss,  7i.  \ 
;  they  c 


reix'ivcs  them  as  if  they  both  c.ime  from  b,  s 
one  nnother  tliere,     That  is,  the  eye  sees  a  bright  spot  tht 
brighter  than  elsewhere  along  either  line,  since  double  li 
comes  from  that  one  spot. 

Similarly,  if  the  eye  received  Rr,  Ss,  and  7i,  it  would  ^ 
two  bright  spots  a  and  b :  for  it  would  receive  Rr  and  \ 
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as  if  from  d,  and  *$>,  Tt  as  if  from  b.  And  if  it  received  Rr^ 
Ssj  Tt,  Fvy  it  would  see  three  bright  spots  a,  d,  c;  and  so 
on. 

And  if  we  conceive  a  great  number  of  rays  falling  upon 
and  being  reflected  from  the  mirror,  it  is  plain  that  there 
will  lie  a  great  number  of  spots  of  light  very  close  together. 
All  these  points  form  a  curve,  whose  cusp  or  stopping-point 
-  is  the  geometrical  focus.  Each  consecutive  pair  of  rays 
comes  to  the  eye  as  if  from  some  one  point  on  this  curve ; 
that  is,  the  eye  sees  points  on  the  curve  adcd^.  Since  the 
pupil  of  the  eye  is  a  very  small  thing,  only  a  few  consecutive 
rays  can  enter  it,  and  therefore  it  can  only  see  a  very  small 
piece  of  the  curve  at  a  time. 

This  curve  is  called  the  caustic  curve. 

If  we  caused  BACto  revolve  about  the  axis  we  should 
obtain  a  portion  of  a  spherical  mirror,  but  as  BA  C  revolved, 
so  would  c^cdq^  and  therefore,  instead  of  a  caustic  curve,  we 
should  have  a  caustic  surface. 

26.  Figure  23  is  intended  to  represent  the  caustic 
curve  formed  by  reflexion  from  a  semicircular  mirror  of  a 
pencil  of  rays  which  fall  on  it  parallel  to  the  axis.  The 
cusp  will  be  at  Fy  midway  between  O  2Lnd  A;  since  that  is 
the  position  of  the  principal  focus.  The  curve  on  the 
paper  in  the  experiment  suggested  will  be  brightest  at  and 
dose  to  ^  since  the  points  of  intersection  are  closer  there 
than  elsewhere.  Or,  supposing  the  rays  to  com2  directly 
to  the  eye,  an  eye  at  £  for  instance  will  see  stronger  light 
than  an  eye  at  jB',  since  the  rays  when  they  come  to  jE^  are 
more  spread  than  those  which  come  to  -ff,  and  therefore 
fewer  of  them  enter  the  eye. 
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We    have  hitherto  considered  the  geometricsl  ft 
the  image  of  a  luminous  point;  but  thai  was  only  wh( 
supposed  the  eye  on  or  very  close  to  the  axis,  when  the 
passing  through  the  geometrical  focus   come  to  the  eye- 
But,  clearly,  for  an  eye  at  E  the  image  which  it  sees  ii 
aX  the  geometrical  focus  but  at  that  point  on  the 
curve  through  which  and  close  to  which  the  rays 
the  eye  pass.     Thus,  if  the  light  of  a  star  was  shining 
circular  mirror,  an  eye  at  E'  would  see  a  blurry  ii 
the  star  at  ab. 

In  some  cases  the  caustic  curve  reduces  to  onl] 
point :  the  caustic  of  a  drcU,  the  luminous  point  beii 
the  centre,  is  the  centre.  The  caustic  of  an  ellifsi 
luminous  point  being  in  one  focus,  is  the  other  focus ; 
parabula,  for  rays  coming  parallel  to  the  axis  from  a 
distanie,  it  is  the  focus.  The  caustic  of  a  plane  surface  is 
the  point  as  far  behind  the  surface  as  the  light  is  in  Iront, 
on  the  same  normal.  In.  fact  it  is  always  a  single  point 
when  the  reflected  rays  pass  or  seem  to  pass  accuratdp 
through  it,  as  is  true  in  all  these  cases. 

27.  Since  the  rays  .ffr,&,  7?...  (Art.  25)  actually  pan 
through  the  points  a,  b,c...  the  caustic  curve  exists,  although' 
no  eye  receives  the  rays.  This  can  be  shewn  verj-  clearly 
thus.  Bend  a  piece  of  watch-spring  into  an  arc  of  a  circle, 
and  fix  it  edgeways  on  a  sheet  of  jjaper.  Then  place  a 
light  in  the  axis,  the  least  bit  above  the  plane  of  the  paper; 
or,  if  the  sun  is  shining,  let  the  rays  of  the  sun  fall  on  it 
The  reflected  rays  will  fall  on  the  paper  and  make  a  brilliant 
curve,  the  whole  of  which  is  visible  to  the  eye,  since  it  is 
seen  by  the  light  on  tlie  paper,  not  by  the  directly  reflected 
rays,   A  rough  caustic  curve  may  be  observed  on  the  bottom 
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tea-cup,  fonned  by  the  rays  which  have  been  reflected 
the  sides. 


CHAPTER   V. 


a8.  We  have  sliewn  in  the  last  chapter  that  vIk 
pencil  of  light  is  reflected  from  a  spherical  surface,  •J 
reflected  rays  gf  light  all  touch  a  certain  surface  called  tl 
caustic  surface ;  or,  if  we  consider  only  the  rays  in  the  pl^ 
of  the  paper,  they  all  touch  a  curve  called  the  cauS* 
curve,  whose  cusp  is  at  the  geometrical  focus  of  the  pen*! 
For  the  present  we  will  only  consider  rays  in  this  plat 


If  now  we  consider  only  a  very  few  of  these  i 
dose  together,  they  will,  after  reflection,  touch  the  causd 
curve  at  points  very  close  together,  and  if  we  take  thei 
close  enough  together,  we  may  consider  them  as  passin. 
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igh  only  one  point  on  the  caustic,  but  cutting  the  axis 
Lc  direct  pencil  from  C  of  which  they  form  a  part,  in 
rent  points* 

^et  then  QR^  QS^  QT  be  rays  from  Q  in  the  plane  of 
>aper  falling  on  the  mirror  so  close  together  that  after 
^  reflected  they  may  be  supposed  to  go  very  nearly 
agh  one  point  q^  on  the  caustic,  and  cutting  the  axis 
of  the  pencil  of  which  they  form  a  very  small  part  in 
rent  points  very  close  together.  Let  q^  be  the  point 
"e  the  middle  ray  cuts  QA\  then  all  the  other  rays 
:h  fall  on  the  mirror  between  J?  and  7J  pass  through 
line  HK^  which  we  will  suppose  drawn  parallel  to  the 
jent  at  S. 

29.    Now  suppose  the  whole  figure  to  rotate  through  a 
small  angle  about  the  axis  AQ^so  as  to  form  a  solid 
re. 

Fig.  24  (ii). 


Then  (i)  RT  describes  a  portion  of  a  ring,  the  shaded 
part  in  the  figure  representing  the  part  on  which 
the  rays  fall^ 
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(ii)  The  point  y,  describes  a  very  small  arc  of  a  rirde, 
i/iCi',  radius  Ng^,  so  small  that  it  may  be  regarded  as 
a  very  small  straight  line  perpendicular  to  the  plane 
of  the  paper;  and  rays  pass  all  through  this  small 
line. 

(iii)  IIK,  since  it  rotates  about  the  point  g^,  describes 
a  figure  which  may  be  called  an  elongated  figure  of 
eight,  so  that  there  are  rays  passing  through  all  the 
surface  of  the  two  triangles  Hq^H",  KqJC'.  But 
this  figure  of  eight  is  so  very  nearly  a  straight  liic, 
since  the  angle  through  which  we  have  turned  the 
figure  is  so  very  small,  that  we  may  regard  it  as  reiB)' 
such. 


The  line  qg'  is  clearly  at  right  angles  to  the  plane 
RAQ,  since  it  is  formed  by  the  rotation  of  the  whole  fi| 
about  A  Q,  which  is  in  that  plane. 


Thus  we  may  say,  approximately,  that  all  our  rays 
this  veiy  small  pencil  after  reflection  pass  through  two  ve* 
small  lines  at  right  angles  to  one  another.  The  first  * 
these,  the  one  formed  by  the  revolution  of  g^,  is  called  tl3 
" Primary  Focal  Line"  the  second  is  called  "  The  Secondary 
Focal  Lifie." 

(One  difficulty  that  the  reader  will  probably  have  felt  \* 
this  subject  is  the  fact  that  in  order  that  our  results  may  Iw 
even  approximately  true,  we  are  obliged  to  take  only  suet 
very  small  pencils  of  light.  But  if  he  will  consider  what  £ 
very  small  thing  the  pupil  of  his  eye  is,  and  what  a  smal 
pencil  of  light  it  can  receive,  this  difficulty  will  probably 
vanish.)  w 
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30.     If  a  section  be  taken  of  the  reflected  pencil  ai  ^^  ^j 
a  plane  parallel  to  the  tangent  plane  at  *$*,  we  have  seen  that 

Fig.  24  (ii). 


the  section  is  approximately  a  straight  line  in  that  plane /<?r- 

P^dicular  to  the  plane  RAQ,     If  this  plane  be  supposed  to 

move  gradually  from  q^  to  ^,,  remaining  parallel  to  itself, 

we  height  of  the  section  increases  and  the  breadth  dimi- 

mshes  in  the  moving  plane,  until  at  q^  the  section  is  a 

straight  line  in  the  moving  plane,  but  at  right  angles  to  its 

'Ornoer  direction.     Since  this  change  goes  on  gradually, 

^^re  must  be  one  position  of  the  plane  at  which  the  height 

^d.  breadth  of  the  sections  must  be  the  same,  and  the 

s^ctioii,  or  the  spot  of  light  formed  on  the  plane,  is  very 

^^arly  square.     The  section  of  the  reflected  pencil  at  this 

point,  i,e,  ab^  may  be  called  the  "Section  of  least  con- 

^^sion"  of  the  pencil,  and  if  the  comers  be  cut  ofl"  RTVR^ 

^  as  to  make  it  oval,  this  section  becomes  nearly  a  circle, 

^hich  is  called  the  "  Circle  of  least  confusion." 

Thus  it  can  now  be  seen  that  if  a  screen  were  placed  at 
?i  an  image  of  an  arrow  (fig.  25,  i)  placed  at  Q  would  be 
seen  thus  (fig.  25,  2) :  while,  if  placed  at  the  point  q^  the 
screen  would  receive  an  image  thus  (fig.  25,  3).    And, 
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lastly,   if  placed   at  ihe  point  where   the  circle  of  1 
confusion  is  formed,  it  would  be  seen  thus  (&g.  25,  4). 


31.     Tlius,  finally,  an  eye  on  the  axis  receives  a  small 

pencil  which  may  be  regarded  as  diverging  approxiraatelj 
from  a  sing//:  point  called  the  Geometrical  Focus— since  for  a 
very  small  pencil  c/ose  to  the  axis  these  two  small  lines  and 
the  circle  of  least  confusion  all  come  together.  But  supposing 
the  eye  not  to  be  in  tiie  axis,  and  therefore  not  capable  of 
receiving  a  small  pencil  which  falls  close  to  the  axis,  we  see 
that  we  have  found  two  ways  of  expressing  the  nature  of  the 
image  which  it  sees  of  the  luminous  point,  viz.  either  we 
may  regard  the  pencil  which  enters  the  eye  as  diverging 
from  a  point  on  the  caustic  surface,  or,  more  accurately 
still,  from  two  very  small  lines  at  right  angles  to  each  other. 
Since  the  circle  of  least  confusion  is  the  nearest  approach  to 
a  point  that  the  reflected  pencil  can  reach,  we  may  take  it 
as  the  image  of  Q,  and  if  Q  is  of  finite  size,  the  image  will 
be  as  in  fig.  25  (4).  The  size  of  this  circle  dearly  measures 
the  indistinctness  of  the  image. 


CHAPTER  VI. 

Refraction  at  a  plane  surface. 

$2.  (i)  When  a  ray  of  light  has  been  passing  through 
any  one  medium  of  uniform  density,  and  suddenly 
reaches  another  medium  of  different  uniform  density, 
it  is  found  that  it  does  not  go  on  in  its  original  line, 
but  is  bent  aside  on  entering  the  new  medium.  It 
is  also  found  by  experiment,  that,  if  it  enters  a  dense 
medium  from  a  rare  medium,  it  is  turned  nearer  to 
the  normal,  as  in  (i);  if  from  a  dense  medium  into 
a  rare  medium,  it  is  turned  further  from  the  normal 
as  in  (ii). 

(i)  Fig.  16.  (U) 

(ii)  It  was  also  found  that  the  following  relation  held 
between  the  directions  of  the  ray  before  and  after 
refraction. 
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Let  QOq  be  a  ray  in  the  plane  of  the  paper.  Talte  Oq  , 
=  OQ  and  draw  Q_M,  yiVperpendicular  to  the  surface.  Then  ii 
the  relation  that  holds  is  this.    OM:  ON'xo.  a  constant  ratu. 


whichever  ray  we  take,  supposing  the  media  to  renosin  a 
unaltered.     Thus,  if  QOq  be  another  ray,  then  OM:  Cf^  [ 

,  ,   3 

in  the  same  ratio  as  before  :  if  OM^  ■   ON,  then    O'M'^'i 

ffN'  and  so  on. 

33.  The  fact  stated  in  Art  3a  (i)  was  first  disuac^y. 
stated  by  an  Arabian  mathematician,  named  Alhazen,  «"" 
lived  about  iioo;  although  the  phenomena  of  refractiO^ 
had  been  remarked  sooner:  Seneca,  for  instance,  remaf''* 
that  an  oar  in  clear  water  appears  broken,  and  that  applli* 
seen  through  a  glass  are  magnified,  and  Archimedes  is  saJO 
to  have  published  a  book  "  on  a  Ring  seen  undur  water'.' 

Alhazen  also  knew  that  the  quantities  of  refraction  diifc*' 
according  to.  the  magnitude  of  the  angle  QOMl^%,  ti\. 
and  moreover  that  the  angles  of  refraction  do  not  follow  tlie  ' 
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noportion  of  the  angles  of  incidence,  i.e.  that  if,  for  instance 
10M=iQ_aM,  then  qON\s  not  =  a/(rJV  (fig.  27). 

After  reaching  this  point,  there  remained  nothing  to  be 
done  with  regard  to  refraction  except  to  go  on  experiment- 
ing and  conjecturing  till  the  true  law  of  refraction  was 
discovered,  viz.  the  law  in  Art  32  (ii).  This  was  discovered 
at  last  by  Wildebrord  Snell,  a  Swede,  about  1621,  but  the 
law  was  first  published  by  Descartes,  who  had  seen  Snell's 
papers.  SneU  enunciated  the  proposition  in  the  following 
form. 

Let  Q  be  the  luminous  point  and  QO  a  ray  meeting  the 
surface  in  O.  Join  OQ,,  and  describe  a  circle  A  QB,  centre 
P,  distance  OQ.    Draw  QJ/"  perpendicular  to  the  surface, 


*M  take  ON:  OMin  the  given  ratio :  draw  JVq  at  light  angles 
to  He  surface,  meeting  the  circle  in  y  and  join  O^,  lien 
%  is  the  direction  of  the  ray  after  refraction.     The  ratio 

W:  ON,  i.e.  the  fraction  -prrr,  is  usually  denoted  by  the 
symbol  fi,  and  is  called  the  Refractive  Index  of  the  media. 

If  OP  be  produced  to  meet  the  circle  in  P,  the  angle 
POq,  or  the  difference  between  the  angles   QOX,  qOX 
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which  are  called  the  angles  of  incidence  and  refraction 
called  the  Deviation  of  the  ray  QO. 

34.  This  law  is  called  the  Law  of  Sines;  and  the  « 

of  this  is  easily  seen.     For  if  6  and  -^  be  the  angles  QOX.  I 

gOX",  i.e.  the  angles  of  incidence  and  refraction  of  the  ray   I 

^^  .,       OM     sinfl  sinfl  .     . 

QO,  then  ^^  =  ^,  .:  -^  =  ^  or  sm  (J  =  ^  s: 

In  precisely  the   same  way,  if  ff  and  ^'  be  the  si 

Liuantity  for  another  ray,  sin  fl*  =  /t  sin  ^'. 

Thus  the  laws  from  which  all  the  phenomena  of  n 

tion  are  deduced  may  be  briefly  given  : 

(i)     The  incident  and  refracted  rays  lie  in  one  and  fl 

same  plane  with  the  normal  to  point  the  surfecflj 

the  point  of  incidence,  and  on  opposite  sides  Dim 

(ii)    If  ^  and  ^  have  the  meanings  assigned  to  ti 

^      sin  6       OM . 

then  -. — -  or  -prr-.  is  a  constant  ratio, 
sin  <^       ON 

Obs.     Since  on  entering  a  dense  tnedium  from  B  \ 

one  the  ray  is  bent  nearer  to  the  normal;  .•.   -p^rrr  0 

'  '        ON 

(i.  e.  n)   is  greater  than  i,  and  rice  versS.    It  should  b 
marked  that  when  a  ray  of  light   strikes  any  refri 
substance  such  as  glass  or  water,  &c.   some  of  the  li 
is  always  reflected,  and  the  larger  the  angle  of  incidfll 
is,  the  more  light  is  reflected, 

35.  ■  Suppose  now  that  a  conical  shell  of  rays  div^ 
from  Q  fall  upon  the  plane  refracting  surface  AS. 
rays  forming  this  shell  will,  by  symmetry,  all  be  refi 
in  just  the  same  manner  relatively  to  the  axis  QA  n 
is  drawn  perpendicular  to  the  surface. 

Let  QJi  be  any  one  of  the  rays  of  our  conical  s 


1 


REFRACTION  AT  A  PLANE  SURFACE. 


45 


he  figure,  as  before,  represents  a  section  by  the  plane  of 
e  paper.) 
QR  will  be  refracted  in  direction  JiP,  nearer  to  the 


lonnal  (by  Art   32).     "LeXSP,  produced  backwards,  meet 
iQ  produced  in  6'. 

The  position  assumed  by  S  when  QR  falls  as  near  as 
3  imaginable  to  QA  is  called  the  geometrical  focus  of  the 
loint  Q.    Let  q  be  this  position. 

■  Take  RP=  RQ  and  draw  PJST  perpendicular  to  die 
iirface. 


Then 


,i  (Art.  33);  .•.AR  =  ^.RN... 


-(i); 


AR     a..RN    U..RN        AR^     ■    -,     ^      , 

^'.RS=p..RQ, 

If  now  we  suppose  our  rays  to  fall  on  the  surface  very 
:l-Ose  to  A,  RS  becomes  =  A^, 

RQ =AQ. 

.:  Aq  =  ii..AQ (ii). 

Thus  if  /*  —  -,-^C-3 feet,  then ^^^  =  - . 3  =■  4  feet 
36.     By  using  trigonometry  this  investigation  may  be 
"Wde  much  shorter. 

'Eor]iRQA  =  0,    RSA  =  <L    ^^=tL. 


or  in  the  limit  Aq^^Q. 

If  the  refraction  is  from  rare  into  dense  /j  is  =■  i  and  q 
is  to  right  of  Q,  and  vkt  vers&, 

37.  It  is  necessary  to  understand  clearly  what  we  have 
proved  in  Arts.  35,  36.  It  is  this.  Suppose  that  of  all  the 
rays  which  fall  from  O  upon  tlie  surface,  we  select  only  a 
V(ry  small  pencil  the  axis  of  which  falls  at  right  angles  to  the 
surface ;  then  all  these  rays  will  after  refraction  proceed  as 
if  they  were  diverging  very  nearly  indeed  from  one  point  q 
on  the  axis  such  that  Aq  =  ii..AQ.  This  point  then,  which 
is  called  the  geometrical  focus,  would  be,  for  an  eye  re- 
ceiving such  rays,  the  image  of  the  point  Q.  (Compare 
Reflexion.) 

By  the  principle  that  hght  will  always  return  by  the 
same  path  as  that  hy  which  it  has  gone,  we  see  that  a  pencil 
fwiverging  to  q  from  the  left,  would,  on  coming  ihto  the 
rare  medium,  he  bent  so  as  to  converge  to  Q. 

Critical  angle. 

38.  It  is  found  that  a  ray  entering  a  dense  medium  j 
from  a  rare  medium  is  always  refracted,  however  great  an 
angle  its  direction  makes  with  the  normal  to  the  surface,  but 
that  there  is  a  direction  after  passing  which  a  ray  entering  - 
a  medium  rarer  than  its  own  is  not  refracted,  but  is  entirely 
re2ected.     This  we  can  easily  see  from  fig.  29. 

Suppose  that  there  the  medium  below ^^.5  is  the  denser: 
i.e.  /I  =-  I.  Then  OM^n.ON,  i.e.  W/ is  always :>  OA^ 
But  the  greatest  value  of  OM is  OB;  .:  OJVca.n  never  be 
so  large  as  OB  or  OA,  however  near  OQ  comes  to  OB.    Its 
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greatest  value  in  fact  =  -  OB^  corresponding  to  the  ray  from 

Q  when  Q  comes  to  B. 

Thus,  since  light  can  always  retrace  its  steps,  we   see 

that  a  ray  from  any  point  F  nearer  to  A,  if  ON^  -  OB^ 

would  not  be  refracted  at  all,  but  would  be  reflected  at  the 
surface. 

From  fig.  30,    qN^  --Oq"--  ON*  -  OB*  -  0N\ 

But  OB^iL.  ON)    .-.  qN'={ti*'- 1)  ON' ; 


.-.  ON^  - 


qN 


^//^--I' 


Fig.  30. 


Therefore,  to  construct  the  critical  angle  for  any  point  q 

in  the  dense  medium  below  AB^  draw  qN  perpendicular 

qN 
to  the  surface,   cut  off  N0=^—^==  and  join  qO)  then 

NqO=  critical  angle,  and  Oq  is  the  direction  of  a  ray  from 
Q  close  to  the  surface  after  refraction. 

Thus  to  an  eye  at  q,  all  objects  above  the  surface  would 
appear  to  be  placed  within  the  cone  whose  vertical  angle 
=  2NqO :  while  if  q  be  taken  as  the  luminous  point  all  rays 
such  3S  qff  making  a  greater  incident  angle  than  qO  will 
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not  get  through  to  the  rare  medium  at   all,  but  t 
reflected  internally. 

Trigonomelricat  Explanation. 

39.    If  6  and  ^  be  the  angles  of  incideno; 

gence,  sinS=/isin^,  or  sin  ^b- sin 

Now  if  the  refraction  is  from  rart  to  dense  -■<. 

.*.  sin  ^  is  <  I  whatever  value  0  has,  I'.f.  ifi  is  possible. 
Values  of  6,  or  a  ray  can  always  be  refracted  inl 
mediimi. 

But  if  the  refraction    is  /ivin  dense  to 


■nse  —  < 
lossible 

,1 


.-.  sin  1^  is  -=  1  only  so  long  as  sin  ff  is  -=  -  or  fl  ■<  si 
Tliat  is,  if  the  ray  frills  upon  the  surface  making  an 
greater  than  sin''      it  will  not  be  refracted.     The  ra 


comes  out  along  the  surfaa 


makes  an  angl 

refraction. 

This  angle  sin"'-  corresponds  to  the  angle  A^O  In  f 
Thus,  from  water  into  air,  no  ray  will  be  refracted 

ing  an  angle  greater  than  sin"'  ■  ,    or  sin""'  -  if  from 

into  air. 


CHAPTER  VIL 

Miscellaneous, 

40.  As  in  reflexion  at  a  plane  surface,  what  was  proved 
true  for  the  single  luminous  point  Q  is  true  of , any  point  of 
a  luminous  object  Thus,  any  point  of  a  luminous  object 
has  its  Geometrical  Focus  at  a  distance  from  the  surface 
determined  by  the  formula  of  Arts.  36  and  37. 

Let  /^QX  be  any  luminous  object,  and  BAC^t  refract- 
ing surface  denser  than  that  in  which  is  PQX,  Then  P  has 
its  Geometrical  Focus  at/,  where 

Bp  =  ii..BP. 

So  Aq^fx.AQ, 

Cx^fi,  CX, 

PB,  QA  and  XC  being  supposed  normal  to  the  surface. 

Suppose  that  PX  and  px  are  produced  to  meet :  they 
will  meet  in  ^C  produced,  since  BP :  Bp  ::  CX :  Cr,  and 
also  Bp  and  Cx  are  parallel.  Now  in  the  corresponding 
figure  for  plane  reflexion  (Art  9),  we  were  able  to  take  the 
points  /,  x^  q  as  the  actual  images  for  an  eye  in  a?iy  position. 
But  here  each  of  these  points  is  to  be  regarded  as  the  imago 
only  when  the  eye  is  placed  on  the  axis  of  that  point,  so  that 
no  eye  could  possibly  see  a  distinct  image  pqx  of  the  whole 
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oiPQX,  unless  it 
be  regariled  as  on 
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iafinlte  distance,  when  it  ■ 
s  of  all  points  of  the  object  c 


The  image  r/fa/ly  seen  of  any  point  0  by  an  eye  n^ 
the  axis,  will  be  seen  in  exactly  the  same  way  by  raw 
of  which  come  to  the  eye  as  if  they  touched  a  caustic  c 
Figure  32  represents  such  a  caustic  supposing  the  ri 
to  take  place  from  dense  into  rare. 


Fig.  33, 


The  rays  QJi  ar    those      I  ch  Hll  up   n  the  surface 
the  critical  angle,  ;  nd  are  therefore  reflected  hack  a 
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^.S",  instead  of  getting  through  the  surface.     Thus  angle 

l^QI^  =  2  sin~^  - .    A  ray  falling  on  the  surface  the  least  bit 

learer  to  iVthan  ^  will  be  refracted  in  direction  J^Ty  close 
0  the  surface.  QJV  the  normal  ray  will  of  course  pass  through 
n  the  same  line,  and  the  other  rays  will  all  be  refracted  as 
n  the  figure.  Now  it  can  be  proved,  as  we  said  in  the 
:orresponding  part  of  reflexion,  that  if  we  produce  the 
lirections  of  these  rays  after  refraction  backwards,  they  will 
:ut  the  axis  QJV  in  points  the  consecutive  distances  of 
irhich  continually  increase. 

Thus  there  will  be  a  virtual  caustic  curve  formed  instead 
►f  a  real  one.  If  E  then  be  an  eye  in  any  position,  and 
IXxy  QYy  \ye  the  extreme  rays  of  the  very  small  pencil 
rhich  come  to  it,  all  the  rays  of  this  pencil,  viz.  those  falling 
n  the  surface  between  X  and  K  will  come  to  it  as  if  from 
oints  on  the  caustic  curve  between  a  and  ^,  and  so  a  blurry 
Tiage  of  Q  will  be  seen  by  the  eye  E  at  ab.  This  caustic 
urve,  then,  has  its  cusp,  as  before,  in  q  the  geometrical- 
)cus,  and  touches  the  surface  at  R  and  R. 

The  reader  is  recommended  to  draw  for  himself  the' 
austic  formed  by  refraction  from  a  rare  medium  into  a  dense 
ledium. 

Figure  2)2ii  then,   will  shew  why  a  stick  partly  in   and' 
artly  out  of  the  water  appears  bent  where  it  enters   the 
rater.. 

Let  Q  and  X  be  points  of  the  stick,  ^  and  ^  their  Geo^ 
metrical  foci.  Draw  the  caustic  curves  of  these  points  Q. 
nd  X.  Then  an  eye  at  E  will  see  a  blurry  image  of  Q  at 
y,  and  a  blurry  image  of  X  at  it  where  the  rayj>  to  the'  eye 
rom  Q  and  X  touch  the  virtual  caustics  of  those  points.- 
?he  same  will  be  true  for  every  point- of  the  stick.-    Thus' 
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the  eye  will  see  the  stick  as  in  the  figure :  the  image  ap- 
pearing curved.  This  effect  may  be  noticed  when  standing. 
above  water  of  an  uniform  depth.     The  bottom  appears  tt 


slope  gradually  up  to   the   water  as  it  recedes  from  the 
])lace  where  we  are  standing. 

41.    We  will  now  give  an  example  which  combines  the 
))rinciples   of   plane   reflexion   and   plane   refraction, 
shall  assume  that  the  image  in  each  refraction  is  at  the 
Geometrical  Focus. 

Example,  A  pencil  of  light  passes  through  a  triangular 
prism  of  glass,  after  having  suffered  one  internal  reflexion 
at  one  face  of  the  glass.  To  trace  its  course  from  the 
origin. 

Let  ABC  be  a  section  of  the  prism  made  by  the  plftn^ 
of  t!ie  paper.  Let  BC  be  silvered,  so  as  to  reflect  lighb 
Let  PQ  be  the  object.     Then 


MISCELLANEOUS. 


S3 


By  refractiim  ax.  AC,  PQ  will  have  an  image 
-PiG,  of  itself  on  the  normals  to  AC,  such  that 
mF,=ii..mP,nQi=n.nQ.  By  Art  44  it  will  be  so 
inclined  as  that  it  meets  PQ  produced  in  a  on 
the  surface  A  C. 

Fig-  34- 


(ii)  After  entering  the  glass  the  light  goes  as  if  it  came 
from  PiQi  until  it  falls  upon  the  refleding  surface 
BC,  when,  by  the  principles  of  plane  reflexion,  it 
will  have  its  image  at  P^Q^  on  the  normals  to  BC, 
where  OT,/",  =  tti^P  and  «,C,  =  «,^,. 

(iii)  After  striking  BC  the  light  goes  as  if  it  came  from 
P^Q^  until  it  emerges  at  AB,  where  by  refraction  it 
has  an  image  Z",^,  such  that 

jr^.  =  i.™^,and»,a=i.,e. 
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As  before,   P^Q,  and  P,Q,  woultl 

produced. 
It  would  be  a  very  good  exercise  for  the  reader  if  he 

would  trace  llie  course  of  a  small  pencil  of  rays  from  ^to 
an  eye  placed  anywhere  in  ihe  plane  of  the  paper.  He 
must  remember  that  the  Geometrical  Focus  is  taken  for  the 
image  at  the  refractions,  and  that  at  the  refractions  he  iiiusl 
therefore  only  consider  rays  falling  nearly  at  right  angles. 

42.     A  coin  is  placed  al  the  bottom  of  an  empty  head- 
spherical  basin  of  given  rajiiis,  and  is  Just  Hat  visih/e  to 
eye  looking  over  tlit  edge.     When  the  basin  is  filled  wUk 
ivater,  the  whole  of  the  coin  is  just  visible  to  an  eye  in  thi 
same  position.    Find  the  diameter  of  the  coin. 


V'g-  3S- 


.^ 


Let  AB  be  the  diameter  of  the  coin  =  2x.     Since  at  I 
first  it  is  just  not  visible  to  the  eye,  therefore  the  eye  lies 
in  j4C  produced.     Since,  when  the  basin  is  full  it  is  just  I 
visible  entirely,  therefore  the  ray  from  B  through  C  is  juflt   ' 
refracted  to  the  eye. 

Thus      6  =  ani^le  of  incidence  of  BC^  BCN, 
<p  =  angle  of  emergence  of  BC=  ACN, 


MISCELLAtfEOUS. 


where  /x  e.  index  of  lefra^oa  from  water  into  airj 


a—x      _  a+x 


This  problem  was  explained  as  early  as  a.d.  140  by 
Ptolemy,  the  Alexandrian  astronomer. 


CHAPTER  VIII. 
Jitfradion  at  a  spherieal  surfiue. 

43.     To  firtd  the  Geometrical  Focus  of  a  peucil  of  a 
after  direct  refraction  at  a  concave  spherical  surface. 


Let  Q  be  the  luminous  point,  and  let  0  be  the  cenU 
Then  QOA  is  the  axis  of  the  pencil  from  Q  which  f 
directly  on  the  surface.  Of  the  pencil  consider  any  j 
QR  which  falls  on  the  surface  at  Ji;  let  Mrhe  its  direct" 
after  refraction,  nearer  to  the  normal  OR  than  before. 
RM  be  the  plane  touching  the  spherical  surface  at  R,  (W 
whole  figure  being,  as  usual,  a  section  by  the  plane  of  J^ 
paper):  let  QMhe  a  perpendicular  to  this  plane.  Let  If 
and  rR  produced  backwards  meet  in  S. 

Since  RM\s  a  tangent  plane  at  R,  the  refraction  t 


Chap.  VIII.]  REFRACTION  AT  A  SPHERICAL  SURFACE.  57 

takes  place  there  is  the  same  as  would  take  place  at  the 
plane  refracting  surface  J^M. 

.-.  MS==fi.  MQ  by  (Art.  39.  i.) 
But,  by  similar  triangles,  jROqy  SQq, 

QS^OR 

Qq-  Oq' 

MS-MQ  OR 


or 


AQ-AO' 


Qq 

Substituting  for  MS 

MQ(fi^i)^      AO 
AQ-Aq   "  Aq^AO' 

In  the  limit,  when  R  moves  up  to  A,  MQ  becomes  AQ, 

.     {t^-i).AQ         AO 


AQ-Aq       Aq-AO' 


whence 


^ 


^-i 


.(I). 


Aq     AQ      AO 

Thus,  if  a  number  of  rays  from  Q  fall  on  tJie  surface  very 
nearly  at  A^  they  will,  after  refraction,  proceed  as  if  they 
came  almost  exactly  from  q^  where  the  position  of  q  is 
found  from  the  formula  (i). 


Example. 


/Li  =  ^,  ^C  =  6feet,  A0=  4ket, 


3  JL  =  I+i=i. 
2  Aq     8      6      24 ' 

.-.  ^(2-y==5yfeet. 

If  the  surface  were  convex  the  formula  would  be  found 
to  be 

fA  I  fJL—  I 

Aq'AQ^'~AO' 
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44.  If  aov  we  suppoAc  Q  to  be  Tcty  disuot,  a  >ur, 
uucutnce,  Lc  if  we  supitose  a  pencil  oF/onaZltf  rays  to  f 
on  ilic  snrface  dose  lo  ^  and   [larelld   to  tibe  dtarae) 

ihrou^  A,  we  may  in  ottr  fonnula  neglect  -jj^,  and 
have  ihen 


«4iere  ^  is  the  posiaon  whidi  the  point  ?  assumes  CD  9i 
s  ca»e.     As  in  reflejiion,  /"  is  called  the  "JVtiiaff/  Jvd 

Tbia  for  parallel  rays  from  air  into  walcr, 


On  the  whole  then  we  shall  have,  as  in  the  correspor 
ing  case  of  reflexion,  the  following  nJes  for  detennini 
the  position  of  our  Geometrical  Focus. 

(i)  Q  and  q  must  lie  on  the  same  nonnal,  since  all  t 
rays  from  Q  are  supposed  to  proceed  as  if  fh 
g,  after  refraction,  and  since  the  direction  of  t 
nonnal  ray  is  not  altered  at  all, 
i.e.  The  GeometricEd  Focus  of  any  point  must  lie  on  t 
normal  to  the  surface  from  that  point 


J'q      ~AQ         AO 

according  as  the  surface  is  concave  or  convex. 
(iii)    Q  and  q  move  in  the  same  direclion,  since  as  A 

increases,  so  must  Aq  from  the  formula, 
(iv)   Hence  Q  and  q  always  lie  on  opposite  s 

principal  focus. 


losite  sides  oft 
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45-     Let  PQX  be  an  object  in  front  of  the  spherical 
refracting  surface  BAC. 


fUftSP'" 


■A: 


By  the  last  artide  the  Geometrical  Focus  of  P  is  at/, 
fig-  38  (i),  where 


Cp     CP      CO  ' 
that  of  C  is  at  J  where 


£q     £Q      BO  ' 
that  of  Jf  is  at  a:  where 


In  fig.  (ii). 


£ L      f^-t 

Ax     AX      AO  ' 


cp     CP        CO  ' 


There  is  one  more  point  to  notice,  In  t! 
mulai  for  concave  and  convex  refracting  substanci 
observe  that  the  only  difference  is  in  the  sign  of  tht 
hand  side  of  the  equation.  The  two  formula  will  co 
if  we  make  this  assumption  about  the  signs  of  our  lint 
lines  measured  from  the  origin  //  nppesitr  to  the  di 
in  which  the  light  is  travelling  are  to  be  regarded  as/ 
and  vice  versA. 

Applying  this  to  figure  36,  we  see  that  all  the  line 
drawn  from  A  are  opposite  to  the  direction  of  the  ii 
light,  and  are  all  therefore  positive.  This  case  then  1 
regarded  as  the  standard  case. 

But  if  the  reader  will  draw  the  corresponding  fig 
a  convex  substance  he  will  see,  as  in  fig.  37  (ii),  that 
drawn  from  A  in  the  negative  direction.  This  accou 
the  difference  in  sign  in  the  two  formulae. 

47.  It  is  sometimes  more  convenient  to  have  a  ( 
referred  to  the  centre  as  origin,  instead  of  one  refe 


From  figure  36,      Aq  =  AO+0^,     AQ^AO+C 


Substitute  in 
we   obtain   this 


AO' 
for  concave  or  1 


Oq     OQ        AO 

surface.    Fig.  36  is  clearly  the  standard  case  for  the  f 
origin  0,  since  then  all  the  lines  OA,  OQ,  Oq  are  po. 
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48.  We  will,  as  a  good  example,  trace  the  effects  of 
refraction  through  a  sphere  of  some  substance  denser  than 
the  surrounding  medium. 

Fig.  38. 


We  will  suppose  that  the  rays  after  each  refraction  come 
as  if  accurately  from  the  Geometrical  Focus. 

(i)  Let  a  small  pencil  of  rays  from  the  point  P  of  the 
object  PQ  fall  upon  the  surface  BAC  and  be  re- 
fracted into  the  sphere.  After  entering  the  sphere 
these  rays  will  proceed  as  if  they  came  from  p^  on 
the  normal  Op^  where 


.(A). 


'Op^^ 'OP""  ~A0 

(ii)  These  rays,  which  come  as  if  from  /j,  will,  on  being 
refracted  out  into  the  original  medium,  proceed  as 
if  they  came  from/,  where,  since  the  refraction  is 
from  dense  to  rare, 

J ii^  ^ 

Op     Op^     ^O 

I  fl  /JL—  I 


or 


AO 


.{B). 


Op,      Op 

To  trace  the  course  of  the  rays  through  the  sphere  to  the 
eye,  we  do  just  as  in  reflexion, 


I- 

)  ■■ 

1    •. 

i 


1  • 


;-•.  .1/; — ""■■*./"       )P'^*4"7 


r:3Li?.  viii: 


■  -•-  -   :*■•.'::   r.;   -*i-   :■    r.r  -it  sunaca. 

•:■       I':::     t:.-    '  '■.-:3     vr.vr?>     hc<o    "intis    -rjt   the  last 
■vrrr.-.  .-.   ;■   w-  lzI   :r.;-^e  Jiii   ine.  inii  ihj.ce  to  the 

^  •       .  I       T     1  I      ■•* 

i:      '.'.::    ::.-r-.-   .-^^   ^  '■.:::i-    i>    ne  jijHif.T  mil  irji.ie. 

"*  1  i  •    1 1 .  .\  ■ .  •-. '.   ^ .  I''  '^  ■ ; '  ".■'  -  •-■! : ".  1=   1 !  -J  T.v.s  -'it:  m  'h&  y  oint  /*  to 
111'  *•.••. 


ur::-:ii-::n^ 

.■■      I 'Mil 

L          L            : 

L    - 

-      * 

• 

T 

-                                     •           • 

.     .-             L 

L  — 

4 

I.  .. 


,  i      -   •   ~  1.1 


:^    I'l 


!'-«v:7::  i::^:ii;)ii<  iri  r^rcm mended  to 


/. 


'."'•'■■  .i.-r  7;/t.":ii?.  i::  ■■:•>;■::::  TiTii:  .T<r:^j.i  of  a  sphere* 

?  I   •<::r:.>::t:-:rt.  in-i  that  the 


^   **  '  '  - 


I     •   ''"-T    .'t'C   l*'f    !'.''!  ■"i-i.  7s_.i^>^i 


■■■■»  ;    *:•' 


..■.!-..     :' 'r:'-;.  :  :".    -  :7.r  ':«e."^  iif-rrenc  trom  tH^' 
:-■*■■:   '.  -  ■-  e :      7 . :.  i  :  -.  =  ;.  •: <■.:: :  -  ?  : :'  the  images   ^^ 
-    \— -  i- 

Ar.  -:}-j  .^  :'i-.=-:   :'.  :5c  ::  :>. e  surfjLce  of  a  sph^i"^ 
of  i''.;j>s   u=  ^    '.vhicr.  is  s'.verei  iz  the  back.    She*^' 

5 

tJint  the  irr;age  which  the  eye  sees  of  itself  is   ^ 

ri;iliiral  size. 
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Refracting  Plates  and  Refracting  Prisms. 


I-  •-.  , 


I-  ■ 

fJ-"  : 


A  Refracting  Plate  is   a  portion   of  a  refracting  T 

n  bounded  by  two  parallel  plane  surfaces,  as  a  pane  ^ 

s.  £ 

ppose  a  ray  of  light  enters  and  emerges  from  a  refract-  |i 

ate.     Then  if  we   recollect  the  principle  that  light  f| 

exactly  retrace  its  steps  and  that  the  sides  of  the  \ 

ire  parallel/  we  see  that  its  direction  on  emergence  i 

)e  exacdy  parallel  to  its  direction  before  entering  the 
If  a   ray  passing  through   any   number   of  plates 
in  contact  come  to  a-  plate  composed  of  its  original 
n,  its  course   in  this   plate  will   be  parallel   to  its 
l1  course. 

means  of  this  experimental  fact  and  the  principle 
1  it  can  be  proved  that  if 

index  of  refraction  from  medium  A  into  medium  B^ 

A c; 

jn  -  ^  =  index  from  B  into  C 

jcollectinc:  that  u  = ' .    -  ,  the  reader  can  easily  prove 
°  '^     sm  <^ 

Qself  that  if /x,  /i,,/Xj, ft„  be  the  indices  of  refraction 


cfv,»sryA-«  crrics. 


t  D and  if  t 


F  of  a.  pencil  of  rayi 


Ut  ACmk  JU>  W  Ac  ada  if  Or  plsie :  let  QRST 
MfeecBOBcof  snc.  Iftii  ■liiiriiiii  I'lWh  ft  j,riii  it  llii. 
It  nriiKK  «t  JF  we  hne  Ae  aqps  JEw^ag  from  a  focus  q^ 


^f.=^  -*(? O  ! 

Aft.  36  (n).  The  tavs  >ow  loan  «  diTOipag  pencil  in  the  j 
gjus,  from  f,:  thatefaR  aftet  tdncooa  mdtftke  glass  alS  I 
intu  the  ftir,  they  dintgc  as  if  frDtn  x  focos  ; ,  where  ^ 


,.(sv 


Subtracttng  (i)  from  (ii)  *] 

Here  we  have  assumed  as  usual,  what  is  only  approxi- 
mately tnie,  that  the  rays  come  accurately  from  the  Geo- 
"  netrieal  Focus. 
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8.  It  can  be  shewn  that  when  a  ray  is  refracted  out 
le  medium  into  another,  as  the  angle  of  incidence 
ises,  so  also  does  the  Deviation.  Art  34.  This  prin- 
which  admits  of  an  easy  Geometrical  proof,  will  be  of 
use  in  our  investigations  into  the  properties  of  prisms. 

prism  is  a  portion  of  any  refracting  medium,  bounded 
o  plane  surfaces  inclined  at  any  angle  to  one  another. 

he  inclination  of  these  faces  to  one  another  is  called 
Refractive  Angle'^ 

he  line  in  which  these  faces  meet  is  called  the  ^^edge^^ 
J  prism. 

'e  will  now  prove  that  "^  ray  passing  through  a  prism 
nedium  denser  than  the  surrounding  medium  is  always 
ifroni  the  edge  of  the prism.^^ 


■ 


I 

ml* 

t      . 


Let  PQRS  (fig.  40,  (i)),  be  a  ray  passing  through  a 
plate  bounded  by  parallel  sides  TR^  FQ,  and  let  RS 
be  its  direction  after  emergence. 

By  turning  RT  round  into  the  position  RT\  we 
make  our  plate  into  a  prism  whose  edge  is  turned 
towards  7"  V.  The  angle  which  QR  makes  with  the 
normal  has  now  increased,  therefore  the  deviation 
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lias  increased,  i.e.  the  angle  which  RS  makes  with 
the  normal  has  increased  still  more,  and  the  rap 
therefore  emerges  as  RS  nearer  to  the  thick  end  of 
ihe  prism  than  PQ.  If  the  deviation  did  not  in- 
crease it  would  emerge  just  parallel  to  PQ,  i.e.  it 
would  not  be  bent  at  all. 
(iii)  Next  we  can  turn  our  plate  into  a  prism  with  the 
thick  end  towards  T  and  N.  The  angle  which 
QR  makes  with  the  normal  has  now  decreased, 
therefore  the  angle  which  the  emergent  ray  makes 
with  the  normal  has  now  decreased  still  more,  there- 
fore the  ray  comes  out  as  RS'  nearer  again  to  the 
thick  end. 
Thus  in  every  case  the  emergent  ray  is  turned  from  the 
edge. 

53.  The  result  of  the  last  Article  enables  us  to  prove 
that  "A  ray  passing  through  a  prism  is  always  turned  to  the 
edge  of  the  prism,  when  the  medium  of  which  the  prism  is 
composed  is  denser  than  the  surrounding  medium." 

54.  We  will  now  find  the  value  of  the  deviation  of  a 
ray  after  refraction  through  a  prism. 

Fig.  41  (i)- 


J 
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(i)   Let  PQRS  be  the  course  of  a  ray :  let  the  original 
and  new  directions  of  the  ray  meet  in  S. 

Then         Deviation  =  RSQ  =  RQF-  SRQ  =  RQA  +  90" 

-  rQM"  (90  -  SRN-^  A  +  RQA) 

^TRN-FQM-A 

=  angle  of  emergence  -  angle  of  incidence  —  re- 
fractive angle  of  prism  for  rays  above  the  normal. 

(ii)    Deviation ^TSF^iSo-RSQ^iSo^TRQ-^SQR 
=  iSo- go-h  TRN- A -RQA  +  {RQA -go +  PQM) 

^7RN^PQM-A 


=  angle  of  incidence  +  angle  of  emergence  -  angle  of  prism 
for  rays  below  the  normal 

55.  Now  it  can  be  proved  that  when  a  ray  makes  the 
angle  of  emergence  equal  to  the  angle  of  incidence,  the 
deviation  is  less  than  for  any  other  ray. 

If  then  D  -  deviation,  ^  and  ^  be  the  angles  of  incidence 
and  emergence,  and  A  the  refractive  angle  of  the  prism^ 


ci?  SSS.VJTSSS.f.L   OPTICS.  [Chap. 

r  =^^\i  -  J.     ^y'lKin  ±er;ibre  the  rav  has  minimum  de- 
v.j.::or.  J"*  =  ;^d  -  .-(. 

A-a"  .:*  so  .ir:^:  4/  :e  the  JL=t:-.es  of  refraction  at  the  first, 
.ir.o  •.r.v.-Aicr.v.-L*  or.  ::ie  5e*:v:C'i  sunace,  ^'  +  ^'  =  -<4,  or  here 
zsb  =  .4 . 

.  *.  dt  =   —    = — ( 1 1. 

?»'.o  .A 

Fn.^  r  I  : !'  i  <  w  j  c x r.  .*.  j ;  j  m: ".  r.  <;  :h e  refrac ti ve  index  of  any 
sii>s::ir.v.'o  \^>-.v:>.  v-.ir.  Ve  7.m.:j  i^ito  a  prism.  Measure  the 
m;niim':u  J.v:\'..i:xv\  .'\  ,u:.'.  :>.j  rorhicdve  angle  A  and  sub- 

>titu:o  \\\  \\\ 

rho  t.u-:  <::i:^-\'.  .i:  :he  recrr.in:::  of  this  Article  can  be 
pri^vNi  c ::':<::  Vv  :>.<:  .;.:.:  oc"  Ur.jCo r.o rae rry  i  Parkinson's  Optics^ 
Art.  o  +  \  o:  VivV.v.v::riv:.il*.y  .  *.':  •^.'.'••'.\4v  M^ss^n^er  of  Mailu- 
".'..-.'.vy.  No\.  iSo*:  . 

51*^  riio  r.i\>  c!o>e  to  the  r.iy  of  minimum  delation  on 
cither  ^ivio  :u\o  <:uA*/.or  vioM-itio:!  thAn  those  more  remote. 
Hut  is,  oi\  c:ncr^i:u  a:  tho  other  side  of  the  prism,  such 
riiys  woulvl  fonu  a  more  co:;::  .ict  be  Am  than  those  elsewhere, 
that  is,  an  eye  phioevl  so  as  to  CAtch  such  beams  would  see 
stronccr  li^^lu  than  An  eve  e'. sew  here. 

This  is  of  the  ven*  grcAtest  imt-onAnce  in  the  discussion 
for  instance  on  the  CAiises  of  the  RAinbow. 

We  can  deduce  a  convenient  method  of  determining  the 
position  of  minimum  deviation,  i.e.  the  position  in  which 
the  prism  must  be  placed  so  that  our  eye  may  receive  the 
rays  close  to  that  of  minimum  deviation,  practically.  Prick 
**  ''^mall  hole  in  a  sheet  of  paper,  and  observe  the  spot  of 
hrough  the  prism.     Then  turn  the  prism  about  in  the 
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plane  perpendicular  to  its  edge :  as  you  turn  it  one  way  you 
will  see  the  image  move  upwards;  as  you  turn  it  the  other, 
it  will  move  down.  But  in  one  certain  position  it  will  move 
down  whichever  way  the  prism  is  turned.  This  position 
then  is  the  , position  of  minimum  deviation:  since  the 
meaning  of  the  experiment  is,  that  on  passing  this  position 
either  way  the  deviation  increases. 

• 

57.  We  have  said  that  the  rays  which  form  the  very 
small  beam  close  to  the  ray  which  has  minimum  deviation 
emerge  so  that  their  deviations  have  been  very  nearly  the 
same.     Since  we  are  considering  only  a  very  small  beam 

Fig.  42. 


we  may  suppose  that  be  ^bc.  If  then  the  deviations  of  the 
three  rays  in  the  figure  were  exactly  the  same,  the  emergent 
rays  would  be  just  as  much  inclined  to  one  another  as  the 
incident  rays  were,  and  therefore,  since  Vc  =  be  practically, 
they  would  meet  at  q  where  aq^aQ. 

Now  the  deviations  are  so  very  nearly  the  same,  and 
b'c  is  so  very  nearly  =  be,  if  we  let  the  rays  fall  close  to  the 
edge  of  the  prism,  that  the  emergent  rays  of  this  small 
beam  do  very  nearly  indeed  emerge  as  if  from  a  single 
point 

If  we  take  a  prism  with  a  very  small  angle  A^  this  will, 
of  course,  be  still  more  nearly  true. 


^^^^^^^^^^^Sii^^l 
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58.     Wc  know  that  deviation  =  ^  +  ^-^         ^H 

where                         sin^  =  ^sin*',                        " 

sin^  =  ,>sinf. 

Suppose  the  rays  incident  on  a  prism  with  a  small 
tractive  angle  vc^  nearly  perpendicular  to  the  first  siu& 

Then                                     very  nearly ;                   ^_ 

■incc  ^'  and  ^'  arc  so  very  small,  and  therefore        ^^k 

sin  J'=f  v'^'y '^'^'"'y  J 

.-.  ^+-^-,x{*'  +  f)=^; 

.■.  deviation  =  (n  -  1 )  //  very  nearly  =  constant  quantity, 
the  deviations  for  the  rays  making  the  small  beam  are 

lame,  and  therefore  the  same  result  follows  as  in  last  Art 

59-    Suppose  tlial  we  wish  to  construct  a  prism  ! 
that  no  ray  shall  be  able  to  get  through  it. 

Let  ABC  be  a  prism  such  that  a  ray  from  P,  wi 

Fig-  43. 

\.A./*    1 

^^^B                     i'^^                                 \^      "■ 

^B 

^^^^^^1            enters  the  prism  as  nearly  as  possible  parallel  Xo  AC,^3a 

r  ——J 

t- 
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Then,  clearly,  each  of  the  angles  MQR^  MRQ  is  the 
critical  angle  of  the  medium. 

A  A 

But  MQR  +  MRQ= Ay  he.  2  .  critical  angle  «  A. 

Now  suppose  a  ray  came  from  J^,  so  that  angle  PQN 
is  <  jPQN^.  Then  angle  MQR  is  decreased,  and  therefore 
QRM  is  increased,  i.  e.  the  ray  ^^  makes  an  angle  with 
the  normal  AB  greater  than  the  critical  angle,  and  will 
Ijierefore  not  be  refracted  out  at  i?,  but  will  be  internally 
reflected. 

Therefore  the  prism  through  which  no  ray  can  pass  is 
that  where  the  refractive  angle  of  the  prism  =  twice  the 
critical  angle  of  the  medium. 


I  ■  -.1 


i. 


CHAPTER  X. 


Lensa. 


Lenses  are  distinguished  by  different  names,  accoK 

to  the  nature  or  their  surfaces.     In  the  following  figures 

light  is  supposed  to  pass  from  right  to  left.     Thus  there 

«  kinds  of  lenses;  or,  including  a  prism  and  a  plate  ui 

the  definition,  there  are  eight. 


Fie-  44. 


160.  A  lens  is  a  portion  of  a  refracting  medium  bdN 
ed  by  two  spherical  surfaces:  the  straight  line  joining  t 
centres  being  called  the  axis  of  the  lens.  This  defini' 
includes  those  lenses  in  which  one  surface  is  plane,  sni, 
plane  may  l>e  regarded  as  a  sphere  of  an  infinite  radiuR.  | 
to 
lie 
sb 


I 


Thus 


{a)  is  called  a  doubic  convex  lens. 

(b)  is  called  a  double  concave  lens, 

(f)  and  (d)  are  called  ctmvexo-concaw  \e\ 

{e)  is  called  a  convexo-ptam  lens, 

(/)  is  called  a  concavo-plane  lens. 


_^ 
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6 1.    One  of  the  earliest  notices  of  a  lens  is  in  the  writings 

of  Seneca,  a.d.  64  {Nat  Quest  lib.  i.  ch.  7),  in  which  he 

states  the  fact  that  objects  seen  through  a  ball  of  glass  full 

of  water  appear  larger.     This  has  already  been  explained 

(Art.  49).    Pliny  in  a.d.  79,  speaking  of  the  manufacture  of 

glass  at  Sidon,  says,  "siquidem  etiam  specula  excogitaverat" 

This    word   ^^specuia^^  probably  refers  to   lenses,  as   Pliny 

states  that  the  art  of  grinding  glass  was  then  known. 

After  an  interval  of  some  centuries  we  arrive  at  the 
time  of  Alhazen,  the  Arabian  mathematician,  a.d.  hoc. 
He  has  attempted  an  anatomical  description  of  the  eye,  and 
has  assigned  the  respective  functions  of  the  several  parts  of 
visioiL  To  do  this  as  he  has  he  must,  as  will  be  seen,  have 
had  a  good  general  idea  of  the  effect  of  lenses. 

Jean  Baptiste  Porta  of  Naples,  a.d.  1445,  states  that 
if  a  small  orifice  be  made  in  the  shutter  of  a  room  from 
which  all  other  light  is  excluded,  and  if  a  small  convex  lens 
be  placed  at  the  aperture,  external  objects  will  appear  on  a 
sheet  of  paper,  placed  at  the  proper  distance,  so  distinct 
as  to  be  instantaneously  recognized.  We  will  now  explain 
this  latter  fact.  It  must  be  noticed  that  although  the  facts 
were  noticed,  and  could  in  a  rough  way  be  explained,  yet 
until  the  discovery  of  the  law  of  refraction  by  Snell  in 
1621,  a  real  explanation  was  wanting. 

62.  A  pencil  is  said  to  be  directly  refracted  through  a 
lens  when  the  axis  of  the  pencil  is  coincident  with  the  axis 
of  the  lens. 

The  process  of  finding  the  geometrical  focus  of  a  pencil 
after  direct  refraction  through  a  lens  is  precisely  similar  to 
that  used  for  a  plate  (Art.  52). 

Let  Q  be  the  point  of  light  from  which  a  pencil  falls 
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direcily  on  the  lens.     The  axis  of  the  pencil  is  therefore 
QAB,  a  common  diameter  of  the  sphtrical  surfaces. 


Let  (r)  and  {s)  be  the  radii  of  the  spherical  surfaces  {A) 
and  {B).  Let  y,  and  j"  t>e  the  geometrical  foci  of  the  pen- 
cil after  first  and  second  refractions,  the  first  being  into 
glass,  the  second  cut  of  it. 

Let  Oi  and  O,  be  the  centres  of  the  surfaces  {A)  and 
{£).     Then  y,  and  g  will  have  positions  as  in  the  figure. 

From  iht  first  refraction  we  obtain 

¥■ ^_^t^ 

Aq^      AQ         r     ^ 


£q     Bq^         s  Bq     Bq,  s     ' 

If  the  thickness  of  the  lens  is  so  small  that  Aqx  may  be 
regarded  as  equal  Bqi  and  Aq=Bq,  then  by  adding  these 
equations 

which  determines  the  position  of  g.     As  before,  Q  and  q 
are  called  '^  conjugate  foci"  with  respect  to  the  lens. 
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Suppose  AQXoht  very  laige,  i.e.  suppose  the  rays  to 
11  parallel,  and  let  q  then  come  to  F.    Then 


^=(/^-i)(j-j). 


AF 


The  point  7^ is  then  called  the  ''^principal  fodLs*'  of  the  lens 
nd  AE  its  *^^ focal  length^    This  is  usually  written yi     Thus 

vhere  <^  is  the  geometrical  focus  for  any  point  Q. 
If  r  and  j  are  equal 

I        2O1-2) 
7"    ""^^ 

or  double  concave  or  convex, 

6^,     It  should  be  noticed  that  we  have  found  this 

quation  from  the  case  of  a  concavo-convex  lens,  that  being 

iken  as  the  standard  case  because  the  quantities  r  and 

there  are  both  positive.     If  we  took  the  case  of  a  double 

mvex  lens  the  formula  would  be 


fe-:^=^-'>(-7-7)' 


Aq 

»und  from  the  first  by  putting  -  r  for  +  r  by  the  principles 
.  Art.  22. 

For  a  concavo-plane  lens  since  s  is  then  =  00 

Aq     AQT^'^^V 
For  a  convexo-plane  lens  since  s  is  then  =  00 

I         I  /        \  I 

Aq^AQ^-^^^^y 
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For  a  double  concave  lens 


-;f5-(''--'(^9- 


Ohs.  fn  any  given  lens  the  position  of  the  focus  is  iht 
same  whichever  face  be  turned  towards  the  incident  ligiL 
For,  neglecting  the  thickness  of  the  lens,  our  formula  is 


rf'-'C-;)- 


Now  if  we  turn  our  lens  round,  the  formula  n 


=  0.-)((^,-i:^,)=}. 


64.     If  we   were   told  the  nature  of  our  lens,  i.e.  the  J 
radii  of  the  surfaces  which  formed  it,  we  could  from 


r^-''G-;) 


/ 

determine  on  which  side  of  the  lens  the  principal  focus  laff.'] 
by  noticing  the  sign  of  the  right-hand  quantity.  But  a.  j 
better  rule  can  be  given  thus.  If  the  lens  be  thickest  in  I 
the  middle,  the  principal  focus  is  on  the  side  away  from  the  ' 
incident  light,  i.e.  focal  length  is  negative.  If  the  lens 
be  thinnest  in  the  middle,  the  reverse  is  the  case.  It  caa 
be  proved  thus.  ■ 

Let  tangent  planes  be  drawn  at  Q  and  R:  then  thft  \ 
course  of  the  ray  is  the  same  as  it  would  be  through  the  ' 
prism   formed    by  these   planes;   and    therefore,  since  the 
thicker  part   of  the  lens  is  in  the  same  direction   as  the 
thicker  part  of  the  prism,  and  since  a  ray  is  bent  towards 
the  thicker  part  of  the  prism  (Art.  53),  therefore  the  ray  is 
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bent  towards  the  thicker  part  of  the  lens.     Therefore  the 
position  of  the  principal  focus  must  be  as  given  in  the  rule. 


Fig.  46  (i). 


(ii) 


The  reader  may  feel  some  difficulty  in  reconciling  this  with 
fig.  45.     The  next  Article  will,  however,  explain  it. 


I        I 

=  ^  m 


65-     We  will  investigate  this  equation  — -j-x  =  ^  i 

just  the   same  manner  as  we  did  in  the  case  of  spherical 
reflexion. 

(i)  Since  y=  constant  quantity,  sls  AQ  increases  or 
decreases,  so  must  A^^  i.  e.  Q  and  ^  always  move  in 
the  same  direction. 

Let  ^1  be  the  principal  focus  of  the  lens  for  rays  coming 
from  the  right  Take  Aq^  =  Aq^]  then  q^  is  the  principal 
focus  for  rays  from  the  left  {Obs,  Art.  6^), 

•        ~  Fig.  47  (i). 


As  Q  ihoves,  from  an  infinite  distance  to  the  right,  to- 
wards A^  j^p  which  was  at  q,  moves  off  to  the  left  (Art  64). 
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(i)  When  Q_  comes  to  y„  the  image  q  has  moved  off  b 
ihe  left  to  an  infinite  distance,  since  q^  is  the  princi 
pal  focus  for  rays  from  the  left,     (ii) 


As  Q  still  approaches  {A)  the  image  ;  as  it  i 
turns  the  corner  at  infinity,  and  appears  a 

the  right  of  ?,.     (iii) 

{_q  is  now  only  a  virtual  image.) 
is  is  the  case  taken  for  fig.  45. 
(iii) 
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(6)    And,  lastly,  when  Q  arrives  at  ^„  q  has  again  gone 
away  to  an  infinite  distance. 

Figure  (v)  shews  the  usual  case  where  Q  is  a  consider- 
able distance  from  A ;  intermediate  between  figs,  (i)  and  (ii). 

(v) 


This  then  is  the  explanation  which  we  promised  in  Art  6i 
of  Porta's  experiment  The  reader  is  strongly  advised  to 
study  this  Article  thoroughly,  and  to  work  out  the  same 
investigation  for  a  double  concave  lens. 

66,  If  the  focal  length  of  a  lens  is  small,  the  parallel 
rays  from  the  object  are  clearly  more  bent  by  the  lens  than 
when  the  focal  length  is  large.    That  is,  since  f  is  the  focal 

length,  -^is  a  measure  of  the  amount  that  the  rays  are  bent 

by  the  lens.     It  is  therefore  called  the  ^^Power^'  of  a  lens. 

Suppose  now  that  we  had  three  lenses  C^,  C^,  C^  with  a 
common  axis.  Let  Q  be  a  luminous  point  on  the  axis,  and 
let  i^j,  q^  and  q  be  the  geometrical  foci  of  the  refracted 
pencil  at  these  lenses  respectively. 

Then  from  \}[i<^  first  refraction  — =-77  =  -7 . 


Then  from  the  second  refraction 


^i^%     Qi  +  «^    // 
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Then  from  the  third  refracticn  -pj -^ 

^^      C^,  +  »,    J 

where  o,  a,  are  the  distances  between  C,  and  C,,  a 
tween  C,  and  C„  and/„^  and/,  arc  the  focal  lenj 
the  lenses. 

If  we  eliminated  C,q,  and  C^,  between  these  eqi 
we  could  find  C^q.  For  instance,  if  ff,  =  (i,— o,  i.e. 
lenses  are  in  contact  and  very  thioj  we  have  by  additi 

Thus  the  power  of  the  three  lenses  *•  sum  of  the  pon 
the  three  lenses  separately.  Or,  instead  of  the  three 
we  might  have  one  tens  such  that  if  ^were  its  focal  It 


Similarly  for  any  number  of  lenses,  except  that  then, 
for  rough  calculations,  we  could  not  neglect  the  thickn 

67.  The  focal  length  of  a  lens  can  be  found  b 
mentally  thus. 

The  rays  from  the  sun,  if  allowed  to  fall  direcliy 
lens,  would,  since  they  may  be  called  parallel,  form 
refraction  a  convergent  conical  beam  to  the  principal  i 
They  do  not  all  pass  accurately  through  one  point,  1 
the  beam  be  intercepted  by  a  screen  parallel  to  the  pU 
the  lens,  the  little  circle  of  light  formed  on  the  screei 
be  smallest  at  some  one  position  of  the  screen.  This 
circle  is  to  be  taken  as  the  principal  focus.  Measur 
distance  from  the  lens  to  the  screen,  and  the  focal  lcn( 
then  found. 

There  is  one  other  remark  we  wish  to  make  01 
appearance  of  an  object  as  seen  through  a  double  coi 
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3.  If,  after  reading  the  reasoning  and  looking  at  the 
ires  vrhich  shew  that  an  image  is  formed  nearer  to  the 
t  tlian  an  object  really  is,  the  student  takes  a  double 
ncave  lens  in  his  hand,  he  will  be  surprised  to  see  that 
2  image  is  apparently  a  very  long  way  off.  The  following 
planation  may  perhaps  suffice. 

(i)     He  knows  thgt  real  size  of  the  object  before  look- 
ing at  it  through  the  lens ; 

(2)     He  knows  that  if  an  object  of  a  given  size  is  far  off 
it  looks  smaller  than  when  near ; 

(3)     He  sees  that  the  image  is  small  compared  to  the 
known  size  of  the  object ; 

tlierefore  his  mind  at  once  says  that  the  image  is  formed  a 
long  way  off.  On  looking  through  the  lens  for  some  time, 
however,  this  delusion  entirely  disappears. 

On  looking  at  any  object  through  a  double  concave  and 
a  double  convex  lens  successively,  one  will  notice  that  the 
image  is  far  more  distinct  in  the  double  concave  lens  than 
in  the  double  convex:  and  the  reason  of  this  is  easily  seen  if 
we  recollect  what  has  been  our  fundamental  supposition  in 
every  one  of  our  investigations;  viz.  that  in  asserting  that 
an  image  is  formed  at  a  point  which  we  call  the  "Geometri- 
cal focus,"  we  consider  those  rays,  and  those  rays  only, 
which  fall  on  the  surface  or  lens  close  to  the  axis.  Rays 
^at  come  to  the  eye  from  the  outer  parts  of  the  lens  tend 
.  *o  make  the  image  indistinct. 

Fig.  48. 


I 


;i- 


t. 


J 
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Thus,  in  the  double  convex  lens,  an  eye  £  would,  since  ii 
catches  all  the  rays  that  come  from  the  lens,  see  an  image 
not  quite  distinct:  for  the  rays  from  A  and  A'  cut  the  axi$ 
at  a,  whereas  from  B  and  B"  they  cut  in  g.  It  would  sec 
the  best  image  at  ^,  since,  as  we  have  said  when  treating 
on  caustics,  the  rays  are  thickest  about  there. 


But  in  the  double  concave  lens,  since  the  rays  spread 
after  refraction,  an  eye  of  the  same  size  as  before,  even  if 
l)ut  close  to  the  lens,  will  catch  only  those  rays  which  fall 
very  close  to  the  axis,  between  a  and  a\  and  will  therefore 
see  a  very  distinct  image  at  g, 

68,     Centre  of  a  lens. 

If  we  join  the  points  of  two  circles  where  the  radii  of 
the  circles  are  parallel,  the  joining  line  when  produced 
will  always  pass  through  a  fixed  point  on  the  line  joining 
their  centres. 

Fig.  50- 


Thus  if  F  and  Q  be  any  two  points  on  the  spherical 
surfaces  such  that  the  radii  O^F^  O^Q  are  parallel,  QPynW 
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ss    tliTough  some  one  point  C  on  the  axis.    This  point 
is  called  the  ^^ centre''  of  the  lens. 
Now 

CO^     O^Q  ^'^'  BO^-BA  -AC'" BO, ' 

.^     AO^.BA 
:.eiice  aC^^^-^-^. 

e    see  from  this  value  oi  AC  that  the  position  of   C 
always  the  same  for  the  same  lens,  but  depends  upon  the 
tape  of  the  lens. 

(i)  If  the  curvatures  are  in  the  same  direction,  i.e.  if 
the  centres  are  both  to  the  right  or  both  to  the 
left,  AC  is  positive  or  negative  and  bigger  than 
JBA^  unless  BO^  is  equal  to  or  greater  than  2AO, 

i.  e.  C  lies  outside  the  lens. 

(2)  If  the  curvatures  are  in  opposite  directions,  AC  h 
n^ative  and  always  less  than  BA,  That  is,  C 
always  lies  inside  the  lens,  and  if  the  thickness  BA 
is  very  small,  C  may  be  taken  in  the  middle  point. 

(3)  If  one  surface  be  plane,  AC  =0  or  -  BA.  There- 
fore C  lies  on  the  curved  surface. 

69.  It  is  very  necessary  to  gain  a  precise  idea  of  what 
[lis  centre  is.  Suppose  that  a  ray  of  light  met  the  first  sur- 
ice  at  JP  in  such  a  way  that  it  was  refracted  in  direction 
^Q.  Since  at  Q  the  tangent  plane  is  parallel  to  that  at  -P, 
he  effect  on  the  whole  would  clearly  be  the  same  as  if  the 
ay  had  been  refracted  through  a  plate,  i.e.  it  would  come 
mt  of  the  lens  parallel  to  its  former  direction. 

We  shall,  for  the  future,  consider  only  such  lenses  as 
hose  in  (2),  and  suppose  that  they  are  very  thin.  Then,  by 
vhat  has  just  been  said,  any  ray  that  passes  through  the 
niddle  point  of  the  lens  is  refracted  without  any  deviation. 

6—2 
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70.  We  have  hitherlo  considered  leoses  only  in  cu 
wlien  the  luminous  point  was  situate  on  the  axis.  But, 
course,  when  we  look  at  any  object  through  a  lens  thi 
ran  be  but  one  point  on  the  axis.  It  is  therefore  VI 
necessary  to  know  where  the  images  of  the  other  points 
the  objects  are  formed.  We  are  able  to  do  this  by  the  t 
of  the  centre.  As  however  the  investigation  involves  C( 
siderable  analysis,  and  is  not  necessary  to  our  future  wo 
He  will  only  give  the  result,  which  is  extremely  simple, 
IS,  as  usual,  only  very  approximately  true. 


Let  QCq  be  the  ray,  from  Q  the  luminous  point  noi 
the  axis,  which  passes  through  the  centre  of  the  lens. 

Then  the  result  is  this. 

The  image  of  Q  may  be  regarded  as  formed  at  g,  wl 
the  same  formula  obtains  as  for  direct  refraction,  viz. 


Cq      CQ     /■ 
As  usual  we  consider  only  a  very  small  pencil   c 
abont  the  axis  QCq. 

The  image  therefore  will  appear  inverted  in  fig,  51 
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and  upright  in  fig.  5 1  (ii).    In  both  cases  it  will  appear  slightly 

III 
curved,  for   from    the    equation  -p^ —  -prp^  -  -  we   obtain 


Cq 


,  which  shews  that  although  Cq  increases  with 


Ce  f^CQ 

CQy  yet  the  proportion  of  Cq  to  CQ  decreases.  If  the 
incident  rays  were  parallel  we  have  Cq  =/,  and  therefore  the 
uaage  is  part  of  a  circle  whose  radius  =/, 

71.  We  are  now  in  a  condition  to  see  how  the  use  of  a 
lens  can  assist  vision;  and  without  at  present  giving  an 
accurate  description  of  the  human  eye,  we  will  merely  say 
that  it  is  in  effect  one  double  convex  lens  which  forms 
Images,  and  a  retina  or  network  of  nerves  which  receives  the 
"^ages  and  transmits  the  impressions  which  they  convey  to 
the  brain.     The  retina  is  spherical. 

If  now  the  object  FOQ  be  just  at  the  right  distance  for 
most  distinct  vision,  Le.  so  that  the  image  of  the  centre  of 
the  object  lies  upon  the  retina,  it  is  clear  that,  all  the  other 
circumstances  remaining  the  same,  the  image  of  an  object 
further  than  PQ  would  be  formed  in  front  of  the  retina,  and 
that  of  an  object  nearer  than  FQ  would  be  formed  behind 
the  retina,  by  (i)  in  Art.  65.     But  in  some  manner  not  at 

Fig.  52. 


present  determined,  the  relative  circumstances  of  the  lens 
and  retina  can  be  altered  at  will  within  certain  limits  and 
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with  very  great  rapidity,  so  that  in  any  case  the  image  i( 
thrown  upon  the  retina. 

73.  When,  in  spite  of  this  power  of  self-adaptation,  ll« 
image  of  a  distant  object  is  formed  in  front  of  the  retiiw 
as  at  a:  in  the  figure  53,  such  an  eye  is  said  to  have  ihufi 
sight,  which  is  occasioned  by  the  loo  great  convexity  of  the 
lens.  It  is  clear  thai  if  by  means  of  another  lens  we  ire 
able  to  counteract  this  convexity,  we  shall  rectify  this 
defect,  and  a  little  consideration  will  shew  that  a  double 
concave  lens  is  the  best  to  use,  since  it  performs  the  requiied 
office  when  held  close  to  the  eye,  and  forms  an  upf^M 
image,  while  a  double  convex  lens,  although  it  would  bring 


the  object  nearer  as  required,  yet,  since  it  forms  its  ii 
between  the  eye  and  the  lens,  would  have  to  be  held  at  »" 
inconvenient  distance  from  the  eye,  and  the  image  would  l>^ 
inverted. 

But  now  suppose  that  the  image  of  a  near  object  ■* 
formed  behind  the  retina.  Such  an  eye  is  said  to  hai''^ 
limg  sight,  and  can  have  this  defect  corrected  by  any  lei»  ^ 
that  will  throw  the  image  farther  back.  Such  a  lens  is  ^ 
convex  lens  with  a  very  long  focal  length,  as  can  be  see*' 
by  fig.  iii.  Art.  65. 

The  eye  of  a  fish  is  of  course  adapted  to  see  objects  ir* 
•I'C  water,  a  dense  medium.     The  lens   in   the    eye  must 
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ire  be  either  very  dense  or  neariy  spherical  so  as  to 
he  rays  sufficiently.  The  latter  is  the  case.  Thus, 
iately  a  fish  is  brought  out  of  the  water,  it  is  afflicted 

ery  short  sight 

he  long-sighted  eye  receives  greater  benefit  from 
ex  lens  than  a  short-sighted  eye  does  from  one  that 
ave.  For  an  object  seen  through  a  couvck  lens  is 
ily  magnified,  but  it  is  seen  brighter  by  the  eye 
ng  a  larger  pencil  of  light  from  each  visible  point,  on 
It  of  the  rays  entering  it  less  divergent  On  the 
ry,  a  concave  lens  not  only  diminishes  objects,  but  also 
s  them  darker,  because  the  rays  are  thus  transmitted 
liverging  to  the  eye,  and  consequently  the  pupil  can- 
:eive  so  many  of  these  rays  as  it  otherwise  would.  It 
this  account  that  short-sighted  people  cannot  see 
:  objects,  unless  they  be  very  large  and  bright,  SO 
trough  a  concave  lens,  as  the  theory  of  images  formed 
s  retina  may  seem  to  promise.  For  the  principal 
iments  to  the  distinct  vision  of  remote  objects  are 
/ant  of  light  and  magnitude,  and  both  these  defects 
rther  increased  by  concave  lenses."  {Encyciopadia 
"•eliiana.) 
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73.  Roger  Bacon,  a.  d.  1250,  has  treated,  aifl 
Optical  Phenomena,  upon  the  appareni  magnitude 
jects  and  spherical  foci.  He  says,  "For  it  is  easy  1 
stand,  by  the  canons  above  mentioned,  that  the 
things  may  appear  exceeding  small,  and  contrari 
we  can  give  such  figures  to  transparent  bodies,  anc 
them  in  such  order,  with  respect  to  the  eye  and  the 
that  the  rays  shall  be  bent  and  refracted  towards  11 
■  we  please;  and  thus,  from  an  incredible  distance, 
read  the  smallest  letter,  and  may  number  the  sma 
tides  of  dust  and  sand,  by  reason  of  the  greatne 
angle  under  which  we  may  see  them;  and,  on  the  ■ 
we  may  not  be  able  to  see  the  greatest  bodies  ju 
by  reason  of  the  smallness  of  the  angle  under  wh 
may  appear.  For  distance  does  not  affect  this  kind  i 
excepting  by  accident,  but  the  angle  does." 
really  produced  effects  precisely  analogous  toth( 
by  our  telescopes  and  microscopes. 

In  1570,  in  the  first  English  edition  of  ] 
ments,  by  Sir  Henry  BUlingsiey,  there  are  mention 
spective  glasses,"  clearly  the  same  as  our  telesci 
iSQi)  Thomas  Digges  of  Oxford  writes  thus  :  "Myl; 

XintiDuall  painful  practises,  assisted  with  demon 
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niathematicall,  was  able  and  sundry  times  hath,  by  propor- 
tionall  glasses,  duly  situate  in  convenient  angles,  not  only 
discovered  things  farre  off,  read  letters... but  also  seven 
miles  off  declared  what  hath  been  doone  at  that  instant  in 
private  places." 

In  1610,  so  powerful  had  these  glasses  been  made, 
Harriot  was  able  to  observe  the  spots  in  the  sun. 

Towards  the  end  of  the  i6th  century,  a  fortunate  con- 
currence led  to  the  invention  of  dioptric  telescopes  in 
Holland.  Borelli  informs  us  that  the  children  of  Zachariah 
Jansen,  a  spectacle-maker  of  Middle-Burgh,  amusing  them- 
selves in  their  father's  shop,  placed  by  chance  a  convex  and 
a  concave  lens  in  such  a  way,  that  on  looking  through  them 
at  the  weathercock  of  the  church,  it  seemed  to  them  much 
larger  and  nearer  than  usual... This  was  about  1590.  No 
sooner  was  this  interesting  discovery  made  known... than 
Galileo,  Kepler,  Descartes  and  other  philosophers  bent  the 
whole  force  of  their  genius  to  the  improvement  and  employ- 
■     ment  of  so  useful  an  apparatus.     {EncycL  MetropoL) 

[         74.    It  would  be  well,  before  discussing  what  it  really 
'     was  that  these  children  had  found  out,  to  give  a  slight 

^lanation  of  the  words  in  italics  in  Bacon's  writing  quoted 

above. 

If  we  hold  a  small  circular  piece  of  paper  between  us 
^d  the  sun,  we  can,  by  placing  it  at  the  proper  distance, 
exactly  eclipse  the  sun :  and  we  say  then  that  the  sun  and 
tke  paper  appear  the  same  size.  If  we  did  not  know  the 
^stance  of  the  paper  or  its  size,  the  eye  would  at  once 
convey  to  the  brain  the  idea  that  the  sun  and  paper  were  of 
the  same  size.  In  a  total  eclipse,  for  instance,  of  the  sun 
by  the  moon,  this  occurs.     The  moon  though  much  smaller 
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than  the  mm  appears  to  corei  the  sun,  that  is,  appean  to  bt 
the  nunc  «ite.     I'hus  sue  is  judged  by  the  relative  oq^r 
not  by  the  rctative  lengths  anU  brcaJlhs.     It  will  be  neca- 
•ary  cuiuiantly  to  bear  this  in  mind  ia  what  follows 
fie-  s+- 


75.  Figure  54  will  shew  how  it  was  that  the  childli 
Janun  saw  the  weathcrvock  larger,  by  means  of  a  O 
(C,)  and  a  concave  (O  lens. 

Su[i[K)«c  for  the  moment  that   C,  was  removed, 
rayit  from  P  of  the  wcaihcKock  would,  after  refraction  at 
form  an  image  at  /,,  where  I'Cp^  is  a  straight  line,  uiJ  1 

^  —  ->."/,-  V  where  the  tiuantiiies  have  their  proper  agnSi  1 

According  to  the  usual  convention.    Simibrly  Q  would  havt    ' 
its  imagL*  at  7,.     Now  let  the  concave  lens  (7,  be  placed  W    ' 
ihat  /,?,  is  just  in  its   focus.    The   rays  then  which  are 
coming  from  the  object-glass  to  the  focus  p^,  and  are  inter- 
cepted by  the  lens  C„  will  on  emergence  from  C,  form  I 
beam  of  rays  parallel  to  /,C^     But  when  rays  enter  the  eye    ' 
ia  a  parallel  beam,  they  appear  as  if  they  came  from  a 
point  a  very  long  way  off.     Thus,  then,  these  rays  appear 
to  come  from  some  point  /  (i.e.  the  eye  sees  an  im^) 
a  very  long  way  off,  in  the  direction  /,C,  produced.     Simi- 
larly with  (].     So  that,  finally,  the  object  PQ,  by  means  of 
the  lenses,  is  seen  under  ao  angle  fC^  instead  of  under  the 
^ngle  PEQ  or  PC^Q,  as  it  would  be  without  the  lenses. 

'Ve  have  in  the  last  few  words  assumed  that  the  eye  and 
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eye-lens  coincide.    In  order  to  gain  the  central  rays  of  M 

pencil  falling  on  the  eye-lens  from  each  point  of  the  & 

tect,  it  is  clear  that  the  eye  must  be  placed  dose  to  the  '    '■ 

s.  Whence  it  follows  that  there  is  no  object  in  having 
eyelens  much  larger  than  the  pupil  of  the  eye.  Thus, 
the  figure,  only  a  very  small  portion  of  the  rays  falling  on 
■■  object-glass  come  to  the  eye. 

We  have  therefore  now  shewn  how  an  im^e  is  formed 
%er  than  PQ.  But  the  children  saw  it  also  nearer,  where- 
by our  method,  it  has  been  placed  at  an  infinite  dis- 
ice.  A  very  slight  alteration  in  the  position  of  the  lenses 
I  accomplish  this.  Suppose  we  push  in  our  concave  lens 
7  slightly,  nearer  to  C,.  The  result  of  this,  since  an 
jeci  and  image  move  in  the  same  direction,  will  be  to 
e  the  emeigent  rays  a  slight  divergence  from  some  point 
in  f^C,  produced,  not  at  'an  infinite  distance,  as  before. 
le  she  of  the  final  image  pq  remains  the  same  as  before, 
-ce  it  is  measured  by  the  angle  under  which  it  is  seen, 
d  that  is  not  altered,  except  by  the  very  slight  movement 
C^ 

For  objects  so  distant  as  the  moon,  for  example,  or 
leed  for  objects  much  closer,  at  the  distance  of  a  few 
idred  yards,  the  rays  incident  on  the  object-glass  may  be 
isidered  parallel,  and  p^q^  is  therefore  in  the  principal 
us.  Therefore  C^  C,  =  difference  of  focal  lengths  of  the 
I  lenses. 

76.  This  combination  of  lenses  is  called  Galileo's 
scope,  from  the  following  facts.  "Happening  to  be  in 
lice  in  the  month  of  May  1609,  he  learned  in  that  city 
:  a  Belgian  had  invented  a  perspective  instrument,  by 
ms  of  which  distant  objects  appeared  nearer  and  lai^er. 


!l 
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Thi*  report. .  .escitBtt  aa 
.t)'.'t!  Ill  Tctura  to  PBdtiK  he  bq^n  to  { 
I  LI  1 1  ic  moile  by  whiiJi  mcfa  an  effect  cotild  be  ] 
til,'  ii-^vunott  upon  tliB  nav  nigbt  of  bis  oniTal, 
atliuf(cit)«t  uf  tbc  object  depcndecl  upon  tfac  <!< 
wtainiiini  ml  oo  the  bQuwing  day  he  made 
•ttmpt  to  ttivvuts  aa  iaMnuneiLt  upon  this 
Hil*fa>t  pPKumi  s  InnJea  tube,  he  fitted  in  01 
tMBuaiHca  &  v'xt''*^'^'*'*^^  Icoa.  and  in  the  other 
Pioaaty  (MM.  ia>i.  bavtng  .^>plieli  his  eve  to  the 
Ihbl  h*  IMS  <letl||hntd  to  perunre  objects  prei 
nM(nilttiT  TbKf  agpaawd  to  be  three  times  ne 
ttbc  tiUM  huBn....ne  mnwRairty  gave  intimati 
iMCCwa  n  ba  frMS*b  te  T«iuce.  with  whom  he  I 
coawtniBy  <i&  the  pcvueiB  dav.  Having  succeed 
(]«]»  kttet  IB  ■— *''-g  a  beCMc  iastnuncnt,  he  joy 
OHibKl  to  Vcttkct^  tgUting  ic  with  bia.... Galileo's  ot 
«»  l<j  w'tutruKt  a  ttfcacope  of  ssfienot  magnifyin 
Ttus  be  Ivund  to  be  a  ti^  of  <my  difficult  accomp 
for  the  art  of  gnadiDc  and  r*''*'^''it  knses  was  ^ 
infancy.... SoOB  afttiwawfa  be  nodie  aoodier  b 
whkh  aunpufted  60  imms  m  sb&cc,  aod  fin^jr, 
neither  appKcukw  Mor  eipeMc,  he  succeeded  i&  1 
on  instntment  of  socb  excdfence  as  to  repiesea 
almost  tooo  times  biger,  and  above  30  times  ne 
they  appeared  to  be  bf  ^  natund  power  of  1 
(Grant's  HUt.  </  Aftnm.  Vol  i.  p.  s»o.) 

Thus  Galileo  constnicted  this  telescope  hj  i 
thinking  fiiKif  it  could  be  done,  whereas  all  fonner 
tions  had  been  entirely  experimental. 

77,    There  are  two  great  disadvantages 
construction. 


itagesjttii 
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(ii) 
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The  image  q^^  is  virtual.  The  disadvantage  of 
this  will  be  best  seen  when  we  discuss  the  Astro- 
nomical Telescope. 

The  small  number  of  rays  falling  on  the  object- 
glass  which  come  to  the  eye  lens.  This  will  be 
best  seen  by  tracing  the  rays  backwards  from  the 
eye  to  the  part  of  the  object-glass  from  which  they 
have  come. 

Fig.  55- 


Suppose  then  that  the  eye  of  perfect  sight  receives  a 
beam  of  rays  which  have  originally  come  from  P,  They  are 
of  course,  after  emergence  from  the  eye-lens,  parallel  to  /,  C^. 
Before  entering  the  eye-lens  these  rays  have  formed  a  con- 
verging beam  from  the  object-glass.  Thus  if  the  eye  is  to 
receive  such  a  beam  as  we  have  drawn,  the  object-glass 
must  be  of  the  size  AB,  much  larger  than  it  is  possible  to 
make  it.  Even  then,  no  rays  from  B  which  fall  on  the 
object-glass  below  JD  would  come  to  the  eye.  Thus  with 
an  object-glass  as  aif,  hardly  any  rays,  starting  from  J^, 
would  come  to  the  eye,  so  that  scarcely  any  image  of  J^ 
would  be  seen.  In  the  Astronomical  Telescope,  as  will  be 
seen,  usually  all  the  rays  which  fall  on  the  object-glass  fall 
also  on  the  eye-lens  and  are  of  use. 


ih  *e  dtoiMi  «ik  ma  ahj 

die  mmguipHt  pmr  ml  t 

79.    Two  jms  after  Gafilco's  dtscovety  of  tluB 
•CDpe,  Kepler  fast  explained  the  coottnicdon  oTa  tele 
fomtd  by  the  combinuioo  of  two  convex  lenses, 
H«  did  not,  howe»-cr,  manulactuie  one  faimselC      In 
HtMclnet  made  observations  in  the  pr^ence  (rf  the 
duke  Muximiliaa  with  such  an  instrument 
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In  this  case  the  eye-lens  is  placed  so  that  the  image 
f,  is  between  it  and  the  object-gla3S,  and  is  in  its  focus. 
le  rays  then  which  have  come  from  P,  after  emergence 
)m  the  eye-lens,  come  out  in  a  beam  of  rays  parallel  to 

Fig.  S6- 


I 


,C^  That  is,  the  eye  behind  C,  sees  an  image  p  of  the 
(Mnt  P  at  an  infinite  distance  in  the  direction  C,/,  pro- 
uced.    Similarly  with  Q. 

As  before,  the  rays  from  P  to  the  object-glass  may  be 
apposed  parallel,  so  that/,?,  is  in  the  focus  of  C,.  There- 
ife  C^C^  —  sum  of  focal  lengths.  By  pushing  our  eye-lens 
li^tly  nearer  to  /,?„  we  could  give  the  emei^ent  rays 
slight  divei^ence,  as  shewn  in  the  Galilean  telescope,  and 
Us  make  them  appear  to  come  from  a  point  p  not  aXaa 
tfinite  distance. 

80.  Now  we  have  to  remark  that  here  we  have  made, 
»  convenience  of  drawing,  our  eye-lens  much  larger  rela- 
*ely  to  the  object-glass  than  it  really  is  in  practice.  This 
13  done  for  the  sake  of  taking  in  the  whole  pencil.  But 
we  have  a  very  small  eye-piece  in  the  same  position  we 
lould  lose  some  of  the  rays  from  p,  for  instance.  This 
e  could  obviate  partly  by  taking  an  object-glass  c^  with  a 
■eater  focal  distance,  since  then  the  rays  from  it  would 
mverge  to  and  diverge  from/,  more  slowly,  and  so  the 
e-piece  would  take  more  of  them  in.  And  the  greater 
e  focal  length,  the  more  would  this  be  the  case.  ("  Thus 
uyghens  states  that  he  and  his  brother  made  object-glasses 
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of  170  anil  Jiofect  fc»cai  length.  These  glasses  were  use4j 
wilhoiit  tubes.  He  [iresemed  one,  having  a  focal  lengthtfj 
ri3  feet,  to  the  Koyal  Society  of  London.  While  he  *«■ 
engaged  in  these  labours  the  art  of  executing  telescopes  I 
W.15  attaining  a  high  degree  of  excellence  in  Italy,  builhejj 
were  conatnicted  chiefly  in  France  and  England,  j" 
made  one  of  300  feet  focal  length.")  If.  again,  we  h 
eye-piece  with  a  very  small  focal  distance,  we  should  tl 
catch  more  rays,  since  the  eye-piece  would  be  closer  lo  dl 
image,  but  we  should  in  that  way  have  a  greater  n 
power  than  is  convenient 

We  saw  in  Art.  76,  that  Galileo  fitted  his  lenses  at  fe 
ends  of  a  tube.  The  use  of  this  tube  was  to  shut  out  the 
interference  of  all  light  that  was  not  actually  being  used, 
i.e.  all  except  the  rays  from  the  object  on  the  object-glaas^ 
Thus,  what  a  refracting  telescope  does  is  this.  It  coUeda' 
a  great  many  rays  from  a  point  of  the  object  and  sendi 
them  to  the  eye  in  a  dense  small  beam  of  parallel  rays 
(whereas  the  eye  without  the  lenses  would  only  receive  the 
rays  that  fell  on  its  pupil),  thus  giving  to  the  eye  an  image 
of  the  point  at  an  infinite  distance.  If  the  eye  is  not  long- 
sighted enough  for  parallel  beams,  by  shoving  the  eye-piece 
slightly  in,  we  can,  as  said  in  Arts.  75,  79,  give  the  rays  Aej 
required  amount  of  divergence. 

81.     Comparing  the   Galilean   and   astronomical   tele- 
scopes we  notice  the  following  differences. 

(i)  In  the  Galilean  the  distance  between  the  lensesi 
equals  the  differmcc,  in  the  astronomical  it  equals- 
the  sum,  of  tlie  focal  lengths. 

The  Galilean  constniction  is  therefore  useful  for  opera- 
glasses,  &c  which  require  to  be  short. 
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(2)  In  the  Galilean  only  a  small  portion  of  the  rays 
which  fall  on  the  object-glass  are  of  use.  In  the  astro  - 
n omical  usually  nearly  all  are  of  use.   See  figs,  55,56. 

Thus,  in  figi  55,  if  a  piece  of  paper  were  placed  in  front 
the  portion  ab  of  the  object-glass,  no  image  oi  P  would 
1>e  seen  at  all,  since  it  would  cover  the  only  part  of  the 
object-glass  by  which  P  is  seen.  On  the  other  hand,  if 
any  portion  of  the  object-glass  of  the  astronomical  in  (56) 
were  covered,  the  only  effect  would  be  to  dim  the  bright- 
ness of  the  whole. 

(3)  In  the  Galilean  the  image  is  erect:  in  the  astrono- 
mical inverted, 

(4)  In  the  Galilean  the  image  is  virtual^  in  the  astro- 
nomical it  is  real.  This  advantage  of  the  astrono- 
mical telescope  and  (2)  quite  put  out  of  sight  the 
comparatively  small  advantages  (i)  and  (3)  possess- 
ed by  the  Galilean. 

'*The  first  person  who  appears  to  have  discovered  the 
peculiar  value  of  the  telescope  recommended  by  Kepler, 
and   who  applied  it  to  the  purposes  of  astronomical  in- 
vestigation, was   Gascoigne.     He  did  not  fail  to  perceive 
'    that  it  possessed  an  immense  advantage  over  the  Galilean 
t    telescope  in  affording  a  situation  within  the  tube  where  any 
\    object  being  placed  might  be  viewed  as    distinctly  as   a 
celestial  object     This  suggested  to  his  inventive  mind  the 
use  of  telescopic  sights  in  astronomical  observations,  and  the 
application  of  the  micrometer  to  the  telescope."     If,   for 
instance,  a  series  of  wires  were  placed  inside  the  telescope 
at  the  focus  where /^^^  is  formed,  the  eye  would  see  both 
wires  and  image,  and  the  relative  breadths,  for  instance,  of 
two  planets  might  be  found  by  noticing  how  many  wires 
they  respectively  covered ;  or  a  ring  might  be  placed  there 
tp  Limit  the  amount  of  the  image  that  the  eye  was  to  see. 
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What  we  have  culled  'wires'  in  telescopes  are  in  natoyj 

threads  of  a  spider's  web. 

(S)    In  the  Galilean  the  eye  should  be  placed  cIom  % 
tlie  lens.     In  the  astronomical  it  should  be  at  4^ 
when  the  central  rays  of  [he  pencils  from  the  B 
trenie  points  of  the  object  cut  the  asis,  since  o 
wise  it  would  lose  a  great  many  of  the  rays. 

8a.     Tlie  great  length    necessary  in    these   ■ 
made  it  desirable  to  discover  some  new  constructioi 
a  letter  wrilten  to  Descartes  in  1639  Mersenne  sug| 
the  idea  of  a  reflecting  telescope.     Descartes  offered  S 
objections  to  the  proposal,  and  it  was  not   carriej^ 
effect.     It  is  impossible  to  ascertain  whether  Gregoi 
indebted  to  any  previous  writer  for  the  hint  of  the  reflet 
telescope  or  not :  but,  at  any  rate,  he  was  the  first  per 
who  gave  an  explanation  of  it. 

The  first  person  who  actually  executed  a  reflecting  t( 
scope  was  Newton.  But  the  difficuHies  in  his  way 
very  great,  since  every  irregularity  in  a  reflecting  surface, 
would  make  the  rays  deviate  five  or  six  times  more  out  of 
their  due  course  than  in  a  refracting  telescope.  ^Vliile  bis 
mind  was  occupied  with  these  reflexions,  he  was  compelled 
by  the  plague  to  leave  Cambridge,  and  more  than 
years  elapsed  before  he  again  considered  the  subject 
cordingly,  having  succeeded,  after  much  trouble,  in  dis- 
covering a  substance  adapted  for  the  formation  of  his  larger 
mirror,  and  having  also  devised  a  delicate  mode  of  polishing 
the  surface,  he  actually  executed  a  telescope  upon  thia 
principle.  The  original  idea  had  been  to  make  a  parabolic 
mirror,  which,  as  we  saw  (Art.  15),  reflects  parallel  rays 
accurately  to  the  focus.  Newton  however  wisely  abstained 
from  attempting  to  make  it  truly  parabolic,  on  account  Ot 
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iie  extreme  difficulty  of  the  operation,  contenting  himself 
jvith  giving  it  the  figure  of  a  segment  of  a ,  sphere.  With 
Jiiis  instrument  he  could  see  the  satellites  of  Jupiter  and  the 
loms  of  Venus.  Encouraged  by  this  success,  he  made  a 
second  telescope,  still  better  than  the  first.  The  focal 
length,  of  the  speculum  was  6-i^  inches,  and  that  of  the  eye- 
glass (which  was  a  plano-convex  lens — the  flat  side  turned 
towards  the  eye)  was  \  of  an  inch.  The  magnifying  power 
-was  therefore  38.    See  Art  78. 

In  December,  167 1,  Newton  sent  this  telescope  to 
London,  to  the  Royal  Society,  from  whom  it  received 
unanimous  commendation.  A  description  of  it  was  sent 
to  Huyghens  in  Paris,  by  whom  it  was  communicated 
to  the  Academy  of  Sciences,  and  in  consequence  it  was  soon 
generally  known  on  the  continent.     (Grant's  Hist  p.  528.) 

83.     We  will  now  give  a  sketch  of  the  telescope  devised 
by  Newton, 

Fig.  67. 


C^  is  the  mirror  which  Newton  made  in  the  shape  of  the 
segment  of  a  sphere  instead  of  that  of  a  parabola.  We  will 
suppose  that  FQ  is  so  far  off,  that  the  rays  Fa^  Fb  are  to 
be  considered  parallel.  Then  an  image  of  FQ  would  be 
formed  at  p^q^  where  C\/i  and  Cj^j  equal  \  radius  of  C, 
(Art  22).  FQ  should,  of  course,  be  much  further  off,  so 
that/iC?P,  qxOQ  maybe  straight  lines.    But  Newton  placed 
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apfauw  nucTor  jV^,  tDcUiicil  at  an  3iu;1car45"Ki  tlieil 
Ac  cffcd  of  which  »  that  "Ax.  rays  caauBg  lo  /,  a«  rt ' 
off  to/,  and  those  iromi  f,  (o  f,  nheir  the  len^tiis  of  4 

reflected  raj*  just  equal  whai  ihtr  -wonltl  lie  if  there  vereMj 
jmrror  (.Ajt.  6),  And >?=/,?,  and /f  is  U  right  anglesttJ 
/if,.  The  jilann-conren  lenK  C^  is  placed  »i 
pmllel  to  the  nxis  so  tlial  />?  is  csactly  i 
(sopposing  the  sighl  t"  be  jierfeen  sighl).  whente  the  t»JJB 
viuch  faU  from  /  emerge  in  a  parallel  beam,  and  the  ii 
is  seen  XL  on  infinite  diiitance  in  tlic  direction /C^ 


84,  An    object  must  be  to  make  M^M^  as  smaE  ** 
possible,  since  it   intercepts  a  great   many  rays  and  * 
prevents  them  from  coming  to  C,.      If  we  join  fj  to  llietOp_ 
of  the  mirror  and  /,  to  the  bottom,  those  lines  form  t!» 
boundary  of  the  reflected  rays  from  PQ  and  therefore  of  ^ 
plane  mirror.     If  we  make  it  larger,  we  shall  cut  off  SOB*  ' 
rays  from  PQ  from  reaching  C„  and  gain  no  recompenKBg. ' 
advantage.     If  we  make  it  smaller,  more  rays  will  fell  0"  , 
C|,  but  the  extreme  rays  wiU  not  come  to  M^M^. 

85.  From  the  figure  we  see  that  the  object  is  seen  3* 
right  angles  to  its  proper  direction.  Two  other  kinds  "■ 
reflecting  telescopes  were  invented,  one  before  Newton'Si 
by  Gregory  (not  however  manufactured  till  afterwards,  bf 
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looke,  1674),  and  the  other  by  Cassegrain,  a  Frenchman,  in 
672.  The  advantages  of  these  were  that  the  image  was 
iewed  directly  instead  of  at  right  angles. 

In  1723  Hadley  presented  to  the  Royal  Society  a 
eflecting  telescope  of  the  Newtonian  form,  the  diameter  of 
he  large  mirror  being  six  inches,  and  its  focal  length  five 
-et  three  inches.  WHien  compared  with  the  refracting 
slescope  of  123  feet  focal  length,  presented  to  the  Society 
•y  Huyghens,  it  was  found  that  it  bore  as  high  a  magnifying 
'Ower  as  that  instrument,  and  exhibited  objects  equally 
istinct,  though  not  so  bright. 

As  noticed  in  other  telescopes  there  is  great  advantage 
1  having  a  mirror  with  a  long  focal  distance,  since  the 
fnall  plane  mirror  will  then  catch  so  many  more  of  the  rays 
^fleeted  off  the  big  mirror. 

"  The  telescopes  which  Herschel  employed  in  the  early 
art  of  his  astronomical  observations  were  all  of  the  New- 
5nian  construction.  In  1786,  however,  he  laid  aside  the 
^all  mirror,  and  instead  gave  a  slight  inclination  to  the 
irge  mirror,  so  as  to  throw  the  image  a  little  to  one  side  of 
^^  tube,  and  thus  make  it  possible  to  view  it  directly  with 
^  eye-glass.  By  this  contrivance  the  light  usually  absorbed 
y  the  small  mirror  was  saved,  and  the  illumination  of  the 
^age  increased  in  a  corresponding  degree.  In  such  a  tele- 
cope  it  is  obvious  that  the  observer  looks  at  the  image 
^ith  his  back  turned  to  the  object.  In  1789  Herschel 
iirpassed  all  his  former  efforts  by  the  completion  of  a 
elescope  forty  feet  focal  length  and  four  feet  aperture.  It 
5  impossible,  within  a  moderate  compass,  to  give  even 
simple  enumeration  of  the  multitude  of  brilliant  dis- 
overies  in  celestial  physics  which  rewarded  the  labours  of 
^is  great  astronomer." 
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uiti  n  lie  "^i  ::::v  v::ii  -vivAJi  iirfcrent  ^vi-riccjis  mjv  be 
Lpniuvi  "u  iic  ^iLuu:  M)c' uiiun.  .Vinuni^  ::niir  iisiidvoTLUges 
LP:  •:itj  i:irii-;it'-  a  lir*!' tin::  ■hcin  :o  ::ii;  :i:ie<:ri.  but  par- 
■::«:uiar:v  .m  :.\:n:(jr':in::r-  ;n:' :im:t:ns  :hiir  iTv;  :iii!:is.?ar}"as 
■v':il  .11  lu:  li-'Miv  j.i:iiii  /i"  "iiL-m  is  .n  'heir  ■i-.rr-irruccon: 
':u:y  ir:  Ui«j  ■  :r"  i\:H:nM'- r,  n  •:  :ns*i':iieiii;t;  zl  zh'i  mewl 
iner.uiiun:;,  ;iM  ;:"«:  :iLiii"   nu   )iu  if  .ricr. 

"io.     'A':  -.iiLii:'.:  n  Art.  -i:  ■.h:ir  .i -iiii^iic  ailvanni^e  of  the 
=  j.iiiii::ui  'i::i:^i.  i  «:   ;v(!r  "iii:  i.^Tr^-nirmu::!!  ■■vi<  ro  lie  cbiiad  in 
:hi:  :';ii.r  Mill    :w.   mii^-:  -\:*:n    ii    in:  ""ijiTiurr  '.vxi  'irei:t.  while 
.n  'hi;  iirr.ir    r   v  i:-;    n'-«:rc':.     'V  ^  z"'"'-  -i  --ii ;:;:::  of  an  eye- 
'ArA.n  v'lu.ii  -.wr^'u  a:  i^ki'I  "«:    ::unr  jrn;:  :h:.s  .lefent  in  the 
A.^rr:ni:mn.:ii    1"  :!•:>«:■. i:i;.  t«;c  "r.ni   lt/  ::rit:c:i:al  knowledge 
•ri'.a:  Ti.^-ic  ":»:  ri-r.«:'i    :y    '.  -iii^.-c:  .r  '.\u  Sr-r.:^  been  super- 
-:*r:«:ti  :v  .mi.r,  •  ':!i:«:p.c.'.  "ju""  :lv;:ilisv:  :c  ^'ves  an  useful  exer- 
■.:Lit:  1:1  :r'ii:::":u'  :::ii  ':-,i;rie  m'  1  ^mall  \i:nihL 


■ '         k  >    .        J 

A:'-,.-r   r-:'ri«L::  j"    iz    l'.  :::e   TJ-ru-llc-    nvs  will  be  h 
to  the  :V.::>:  /■.  of  C\. 

If /^  15  y-ir.z  iz.  rhe  f:«:u.-;  cf   c'*.   die  nys  will  em< 
parallel  :o  6',/^. 

7h::.s.    f::-.i".;y,  the   c'vjec:  /   ii  <een  in  vILrection 
insteari  of  C^f  . 

^7.     In  Art.  81  (4.}  it  was  men:ioned  as  one  of  the 
'vantages   which  the   astronomical  telescope   pos 
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►ver  the  Galilean,  that  from  the  fact  of  the  image  being  real 
nstead  of  virtual,  it  was  possible  to  limit  the  amount  which 
he  eye  wished  to  see,  by  placing  a  ring  in  the  focus  where 
;lie  image  was  formed  We  will  give  some  further  explana- 
ion  of  this. 

Fig.  59. 


Draw  straight  lines  from  b  the  bottom  of  the  eye-lens  to 
-4,  C  and  B^  the  top,  centre,  and  bottom  of  the  object- 
glass,  and  let  them  cut  the  image  in  the  points  /,  ^,  r. 

Suppose  now  that  a  ray  came  from  A  to  any  point  of 
the  image  below/.  It  will  pass  below  the  eye-lens,  and  the 
eye  will  not  get  the  benefit  of  it.  Thus  the  image  will  be 
slightly  dimmer  just  below  /.  And  as  we  look  lower  and 
lower  at  the  image  this  dimness  will  increase,  since  more 
and  more  rays  will  pass  underneath  the  eye-lens.  And 
when  we  come  to  ^,  just  half  the  rays  are  of  use,  viz.  those 
falling  on  the  lower  half  of  the  object-glass.  Then  c  is  said 
to  be  seen  by  half  pencils.  Below  q  the  image  will  be  seen 
^y  less  than  half  pencils,  less  and  less,  and  r  is  the  last 
point  that  will  be  seen  at  all,  since  of  all  the  rays  converging 
from  A  CB  to  any  point  s  below  r,  not  one  comes  to  the 
^ye-lens.  Similarly,  no  point  above  /'  will  be  seen  quite 
clearly.  This  indistinct  piece  in  the  image  is  called  the 
logged  Edge:'^  it  is  found  convenient  to  cut  it  off  from 
^^Sht,  which  is  done  by  the  ring  in  the  focus,  the  aperture 
^f  which  equals  pp\  so  as  just  to  allow  the  whole  of  the 
^istnct  portion  of  the  image  to  be  seen.  This  ring  is 
called  the  ''Stop:' 
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Tbk  could  not  be  done  in  ibc  GaUQcan  Idesoopi 
<Am  image  docs  not  lealhi  exist. 

The  mze  of  lids  "Ka^gcd  Ed^"  can  be  fouod  th 
/r       hq 
AB     be' 

focal  lenglh  of  eye-gfau 


Ragggd  Edge 


ciiiun.  of  object-gUss     1 1,  erf  eye-glass  +  f.  L  of  c^. 

8&  Then  is  one  more  instnnncol  which  we  1 
•aibc,  as  tt  differs  in  tts  object  from  ihe  tdescope  ) 
discussed,  although  in  consinictioD  ii  is  very  simib 
Ibc  miavscc^c.  We  shall  give  lis  consoiictioii  in  itsa 
fonn. 

The  object  of  the  inslnimeDts  already  treated  on 
ma^ify  and  view  clearly  very  distant  objects ;  the 
therefore  called  -  Tekia'Pes."  The  rays  on  the  objec 
might  then  be  rt^arded  as  parallel,  and  after  f 
through  it,  converged  lo  the  principal  focus  of  the  I 
glass. 

The  object  of  the  present  tnstmmcnt  is  to  magni 
view  clearly  very  minute  objects  at  a  verj-  small  dis 
so  that  the  rays  can  be  no  longer  regarded  as  panl 
the  object^lass.  The  manner  in  which  this  is  done  c 
■een  by  the  following  figure. 
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C"j  is  a  convex  lens  with  a  very  small  focal  length.    PQ 
is   a  minute  object  placed  slightly  further  from  C^  than  its 
focus.     If  FQ  were  exactly  in  its  focus  the  emergent  rays 
would  be  parallel   to  FC^,     Therefore  since   object  and 
image  move  in  same  direction,  the  rays  from  F  will  con- 
verge to  a  point /j  on  FC^  produced,  where 

I  II 


c,p  r 


These  rays  are  then  viewed  as  in  the  Astronomical  Tele- 
scope by  another  convex   lens  placed  so  that  p^  is  in  its 
focus.    The  rays  then  emerge  parallel  to/jC^.     The  image 
therefore  is  seen  under  the  angle  p^  C^q^^  whereas  without 
the  lenses  it  would  be  seen  under  the  angle  FEQ. 

The  smaller  the  focal  length  of  Cj,  as  also  of  C^,  the 
greater  would  be  the  angle/,  C^^,,  /.  <?.  the  greater  would  be 
tbe  magnifying  power.  Object-glasses  are  now  made  for 
microscopes  with  focal  length  of  not  more  than  s'oth  inch. 
Rom  the  fig.  it  is  plain  that  the  eye-lens  must  be  consider- 
ably larger  than  the  object-glass. 

To  explain  the  fact  that  a  star  seen  indistinctly  through 
^  telescope  on  account  of  the  brightness  of  the  night,  can 
be  made  clearly  visible  by  employing  a  higher  magnifying 
power,  while  a  planet  cannot.  If  a  faint  star  be  viewed  on 
^  bright  evening,  it  may  be  invisible  on  account  of  the 
brightness  of  the  field  of  view.  If  now  we  increase  the 
'^^^^ifying  power,  we  do  not  increase  the  total  quantity  of 
^&ht  that  enters  the  telescope,  because  that  only  depends 
^Pon  the  size  of  the  object-glass.  But  by  increasing  the 
^gnifying  power  we  spread  the  same  light  over  a  larger 
^^^a,  and  therefore  the  field  of  view  appears  fainter.  If  the 
star  be  a  planet  it  will  have  a  sensible  disk,  which  will  be 
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magaificd  in  tbc  same  propomon  as  tiis  fielil  ' 

the  rdaiiTe    brigfatness    tiO    diereintc    rianaic 

Bat  m  the  •■sse  of  j.  »cii  -^erc  unU  be  pw  aeasible  (Itsfc,  a^i 

the  lirightaeia  uf  the  scar  will  tfacrcibrc  be  iinaJtered,  Ai 

is,  will  appear  idntiveiy  lit^hter  than  the  dtdd  of  vior. 


CHAPTER  XII. 
Chromatic  Dispersion, 

89.  We  have,  up  to  the  present  point,  assumed  that 
whatever  happens  to  a  ray  of  light,  whether  it  be  reflected 
Dr  refracted,  its  quality  remains  always  the  same;  that 
It  is  like  a  ball,  which,  after  being  thrown  against  a  wall, 
is  exactly  the  same  ball  as  before  it  struck  the  wall.  It 
was  not  until  many  attempts  had  been  made  to  explain 
the  Rainbow,  that  Newton  stated,  in  1675,  the  theorems 
that  "  Lights  which  differ  in  colour  differ  in  refrangibility," 
and  "The  light  of  the  sun  consists  of  rays  differently 
refrangible."  The  latter  of  these  is  the  one  with  which  we 
shall  be  chiefly  concerned,  but  Newton's  first  experiment  to 
prove  the  first  of  them  is  so  simple  and  instructive,  that  we 
give  it. 

He  took  a  black  oblong  stiff  paper  terminated  by  paral- 
lel sides,  and  painted  the  upper  half  red  and  the  lower  half 
blue,  and  viewed  it  through  a  prism  of  a  refracting  angle  of 
60**  held  parallel  to  the  sides  of  the  paper  and  the  cross 
line.  He  then  found  that  if  the  refracting  angle  of  the 
prism  were  turned  upwards,  so  that  the  paper  might  seem 
to  be  lifted  up  by  the  refraction,  the  blue  half  was  lifted 
higher  than  the  red  half:  and  if  downwards,  the  blue  half 
was  carried  lower  than  the  red  half:  which  shewed  that  in 
both  cases  the  light  from  the  blue  half  of  the  paper  suffered 
a  greater  refraction  at  the  prism  than  that  from  the  red 
hal£     We  will  now  state  the  experiment  by  which  Newton 
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j)r()vcil  tlie  soronil  of  the  theorems  above,  viz.  that"Ii^ 
of  tlic  sun  con>isis  of  rays  differently  refrangible." 


Fig.  6i. 


lie  allowed  the  sun  to  shine  through  a  round  hole  /"in 
a  shutter,  about  .1  t)f  an  inch  in  breadth.     He  then  placed 
a  prism  --/('A  behind  the  hole,  so  that  for  the  very  small 
pencil  from   /''  f.d ling  upon  it  it  should  be  in  the  position 
of  minimum  deviation  for  convenience,  which  position  he 
settled  in  the  way  given  in  (Art.  56).     Some  distance  be- 
hind the  prism  he  jilaced  a  .screen  *S\S"  to  receive  the  re- 
fracted ra\ s.     The  image  PQ  formed  was  oblong  and  not 
oval,  but  terminated  with  two  rectilineal  and  parallel  sides 
by  which  it  was  bounded  pretty  distinctly,  while  its  ends 
were   confused   antl   indistinct,   the    light    there     decaying 
and   vanishing   by   degrees.     The    breadth   of   this    image 
answered  to  the  Sun's  diameter.     This  elongated  stripe  PQy 
the  height  of  which  is  about  five  times  its  breadth,  is  fpund 
to  be  of  different  colours,  these  colours  being  ranged  in  the 
following  order :  violet,  indigo,  blue,  green,  yellow,  orange, 
red. 

90.  This  experiment  then  shews  that  a  ray  of  sunlight 
is  not  one  colour  by  itself,  but  is  made  up  of  different 
colours,  between  which  the  eye  does  not  distinguish,  until 
they  are  detected  for  it  by  the  new  medium,  which  does  not 
act  on  one  colour  in  the  same  way  as  on  another. 
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It  is  easy  to  see  why  the  colours  In  this  stripe,  which  is. 

balled  the  solar  *'  sped  rum"  are  not  pure,  /.  e.  appear  to  run 

^uto  one  another.     Each  separate  ray  of  the  small  pencil 

from  F  has  its  own  spectrum :  thus  the  yellow,  orange,  and 

red  of  the  spectrum  of  the  uppermost  ray  would  come  upon 

the  blue,  green,  and  yellow  of  the  middle  ray,  and  upon  the 

violet,  indigo  and  blue  of  the  lower  ray,  and  thus  no  colours 

would  be  perfectly  pure,  except  the  extreme  edges  of  the 

'    violet  and  red. 

^-         91.    Newton  also  shewed  that  all  the  various  portions  of 
this  coloured  band,  when  again  brought  together,  produce 
■    upon  the  eye  the  effect  of  white  light. 


Fig.  62. 


•>- 


a:;:zn::~:n: 


==:-™:;::f^^ 


This  experiment  he  performed  by  simply  allowing  the 
light  passing  through  the  round  hole  F  to  fall  on  ABC, 
producing  the  solar  spectrum,  and  then,  on  looking  at  this 
coloured  band  by  another  prism  {abc)  placed  in  the  same 
direction,  instead  of  seeing  a  coloured  band,  he  observed 
a  spot  of  white  light.     (Roscoe.) 

92.  We  stated  in  Art.  90,  that  the  spectrum  was  not 
quite  pure.  But  in  order  to  examine  the  spectrum  usefully, 
it  is  necessary  to  have  it  quite  pure.  This  object  we  can 
attain  by  the  following  means. 

(i)     Let  a  small  convex  lens  F  of  small  focal-  length 
be  placed  in  the  hole  in  the  shutter.    An  image  of 
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[lie  Sun  will  be  formed  in  iw  principal  focus, 
eince  the  focal  length  is  very  small  the  image 
be  very  small,  so  small  imiecd  that  we  may  rej 
it  as  a  mere  luminous  point. 


I,et  3  very  small  pencil  from  this  image  of  the  ( 
fall  upon  the  prism  ACB,  which  is  placed  in  1 
position  of  minimum  deviation  for  mean  rays,  i 
for  rays  of  a  mean  amount  of  rcfmngibility,  I 
remainder  of  the  rays  from  the  image  being  cut  ( 
by  SS'.  This  priam  refracts  the  violet  rap  woi 
and  the  red  rays  least.  We  will  consider  only  th« 
two  colours  for  simplicity.  Since  our  prism  i 
placed  in  the  position  of  minimum  deviation,  ti 
red  rays  will  appear  very  nearly  to  diverge  afte 
emergence  from  a  point  r,  and  similarly  for  viole 
(Art.  57). 


(iii)    Let  the  rays  i 


received  on  the  convex  lea 


The  red  rays  will  then  converge  to  /,  where  rC,> 

is  a  straight  line,  and  ~  -  -^-^  =  {/v  -  0  (J  "  j) 

similarly  for  the  violet,  /*,.  being  the  index  of  K 
fraction  for  red  rays. 

The  spectrum  r'v'  is  pure,  but  ia  loo  small  to  1" 


I . 
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observed,  since  clearly  it  is  hardly  more  than  mere 

points  of  colour,  therefore  ; 

(iv)  Lastly,  let  them  be  received  upon  another  convex 
lens  (7j,,  so  placed  that  ;//,  the  point  to  which  the 
mean  rays  converge,  is  in  the  principal  focus.  The 
rays  from  r  will  then  emerge  parallel  to  /C^,  those 
from  V  parallel  to  vC^^  and  we  can  by  placing 
our  eye  at  the  proper  place  behind  the  lens  C^  view 
the  image  of  the  spectrum  rV  directly.  This  is 
obviously  using  the  simple  astronomical  telescope 
to  view  the  object  rv,  i 

93.     The  great  practical  difficulty  in  performing  this 

experiment  when  tried  with  sunlight,  consists  in  the  fact 

that  as  the  sun  moves,  the  light  does  not  fall  in  the  same 

direction  on  Fy  and  its  image  therefore  moves.     To  obviate 

this  we  must  have,  outside  the  shutter,  an  instrument  called 

a  "heliostat."     This  is  a  mirror  revolving  about  an  axis 

parallel  to  the  Earth's  axis  with  one-half  the  sun's  angular 

■     velocity,  so  that  it  shall  always  reflect  the  sun's  rays  in  a 

I     fixed  direction,  viz.  on  to  the  lens. 

94.  It  can  be  shewn  that  the  spectrum  thus  found 
cannot  be  any  further  broken  up.  If  we  take  for  instance 
only  the  red  rays  in  the  last  figure,  after  emergence  at  C^ 
^-nd  let  them  fall  again  on  a  prism,  their  colour  is  unchanged 
*t  emergence.  Thus,  finally,  the  foregoing  experiments 
shew  us  that  ordinary  light  is  made  up  of  a  number  of  rays 
of  different  refractive  indices  varying  between  close  limits. 

95.  In  Art.  91,  we  shewed  how  Newton  proved  that 
^W  the  various  portions  of  this  coloured  band,  when  again 
"J'ought  together,  produce  upon  the  eye  the  effect  of  white  , 
"gilt.    The  same  thing  can  be  proved,  or  rather  illustrated,                         fa 
"y  a  very  easy  experiment,  which  depends  upon  the  fact 
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that  lifiht  remains  a  short  time  on  the  e^c. 
licrha|>i  be  shewn  moKt  simply  ituis.     Place  a  ij 
nt    tlie   t'li'l    uf  a  siring;,    nnd    whir 
the  vye  '\t  nblc  to  follow  the  bead  round  and  | 
when  it  nllains  a  certain  pace,  the  eye  sees  t 
ring,     This  then  shews  that  the  light  which  camel 
when  the  bead  was  in  any  fixed  point  of  Its  c 
mained  on  the  eye  during  tlie  time  that  the  bei 
make  one  rcvoliiiiun.     This  time  is  somewhere  \ 
of  n  second. 

If  now  wc  take  a  disk  of  cardboard,  and  \ 
Rectors  with  ihc  colours  of  the  spectrum  in  I 
pruponiun,  we  shall,   if  we  place  it  c 
15  times  per  second,  gain  the  same  effect  as  if  d 
were  mixed  together  in  the  same  proportion, 
shall  sec  a  n'hite  disk. 

Now  ihe  reason  why  all  these  different  coloured 
when  Ihey  reach  tlie  eye,  produce  the  effect  of  white 
is  a  pbysiologiral  ijuestion  wliich  wc  cannot  explaia 
find  that  not  only  do  all  the  colours  of  tlie  spectmin, 
they  arc  brought  upon  the  eye,  produce  the  effect  of 
light,  but  that  several  mixtures  of  only  a  few  out  of  all 
(liffercnl  colours  have  the  same  power  of  producing 
the  eye  the  cffeet  of  white  light:  for  instance,  viole 
greenish  yellow;  indigo  and  yellow;  blue  and_( 
greenish  blue  and  red, 

96.  There  is  a  curious  analogy  between  1 
eye  and  ear  which  this  spectrum  brings  out. 
known  that  lliere  arc  certain  sounds  which,  and  highd 
which,  many  ears  cannot  hear  at  all,  such  as  a  grassho; 
chirp.  The  sensation  of  sound  is  produced  by  the 
tions  of  air  acting  on  the  nerves  of  the  ear, 
rves  being  acted  upon  by  one  sound.     If  theaS 


:e,  vioie 
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on  which  such  a  sound  as  that  mentioned  would  act  are 
in  ting,  the  ear  would  not  hear  that  sound. 

Now  in  the  same  way  it  is  known  that  the  refracted 
ys  do  not  end  with  the  visible  part  of  the  spectrum. 
his  is  found  from  the  fact  that  outside  the  spectrum  the 
mating  power  can  be  felt  although  there  is  no  light.  Indeed 
le  maximum  heating  effect  is  obtained  at  a  point  outside 
le  red  portion  of  the  spectrum.  The  blue  and  violet 
ortion  of  the  spectrum  is  that  least  endowed  with  heating 
ower,  but  this  portion  and  the  invisible  portion  extending 
0  some  distance  beyond  the  violet  end  are  of  very  great 
service  from  the  fact  that  they  produce  chemical  action, 
such  as  the  decomposition  and  blackening  of  silver  salts, 
upon  which  the  art  of  photography  is  based. 

97.  The  angle  between  any  one  of  the  coloured  rays 
and  the  white  ray  produced  is  called  the  "  deviation "  of 
that  coloured  ray. 

The  difference  between  the  deviations  of  two  colours 
IS  called  their  "  dispersiofi^''  and  the  difference  between  the 
deviations  of  the  extreme  colours  is  called  the  ^^  dispersiori 
ojihepenciir 

In  treating  on  prisms  we  shewed  (Art.  55)  how  to  find 
fte  value  of  the  refractive  index  /a  for  any  medium.  Now 
tf  We  find  in  this  way  the  values  of /a  for  all  the  colours  of 
the  spectrum  in  several  different  media,  we  discover  th^ 
^^  that  the  ratio  of  the  dispersion  of  any  two  colours  td 
^e  dispersion  of  the  extreme  colours  of  the  spectrum  is  not 
^^^^ant  when  different  media  are  used. 

Thus,  liABCy  ABC  be  two  different  media,  and  the 
^gle  between  the  violet  rays  and  red  rays,  v  and  r,  is  the 
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same  in  both,  it  is  found  that  the  angle  lieiween  &  and. 

the  blue  and  yellow  rays,  is  not  the  same. 

This  is  called  the  "  IrraiionalUy  of  dhpersion." 

98.     Hence,  if  two  prisms  can  be  made  so  as  to  give  d 

same  lofal  dispersion,  and  if  they  he  placed  so  as  to  refta 


in  opposite  directions;  in  the  emergent  beam  the  extres 
red  and  violet  will  be  united,  but  not  the  inteimedia 
colours  completely. 

Since  our  prism  is  supposed  placed  in  the  position  < 
minimum  deviation,  if  /x„  t'>  be  the  indices  for  any  W 
colours  and  D,,  D,  their  deviations,  the  angle  of  the  prisi 
being  small,  then Z'^=(/(,-i)^,Z>,  =  (^-i)y^;  .-.V.-Df' 
(^■.-/ij,)^.  Art.  53;  and  therefore  the  dispersion  varies  as^ 
but  besides  this  it  varies  as  >i^-/'^,  that  is,  (i)  "the  J**! 
substance  disperses  different  colours  differently."  Again 
if  we  take  several  prisms  with  the  same  refractive  aogl* 
but  made  of  different  media,  the  dispersion  for  two  ii^ei 
colours  is  not  always  the  same.  Thus  (ii)  "■aiff'erent  suD 
stances  disperse  the  same  ray  differently." 


99.  It  is  found  also  that  the  dispersion  of  any  tffi 
colours  is  not  proportional  to  the  deviation  of  the  asis  ^ 
the  pencil.  This  is  clearly  a  most  fortunate  circumstanC 
If  it  were  proportional,  another  way  of  saying  it  woulii  b 


^11.] 


CHROMATIC  DISPERSION. 


IIS 


that  any  combination  of  prisms  or  lenses  which  destroyed 
dispersion  must  destroy  deviation  too.  Now  the  fact  that 
3,  lens  or  a  series  of  lenses  magnifies  an  object  arises 
simply  from  the  fact  that  the  direction  of  each  ray  suffers 
deviation,  and  the  greater  this  deviation,  the  more  is  the 
object  magnified.  Thus  then  we  should,  by  destroying  dis- 
persion, gain  a  perfectly  colourless  image,  but  in  no  degree 
magnified. 

Since  however  dispersion  is  not  proportional  to  deviation, 
media  can  be  found  which  produce  the  same  dispersion 
in   opposite  directions  of  a  given  colour  relatively  to  atiother^ 
but  DIFFERENT  DEVIATIONS  in  opposite  directions  in   the 
axis  of  the  pencil.     If  then  a  pencil  be  refracted  through 
these  media  the  two  colours  in  question  could  be  united, 
while  the  axis  of  the  pencil  suffers  a  deviation  equal  to  the 
difference  of  the  deviations  which  these  media  would  pro- 
duce separately :  but,  as  we  said,  the  other  colours  would 
not  be  quite  united,  though  nearly.     (Parkinson's  Optics^ 
Art  173.) 


100.  Let  A  and  A  be  the  refracting  angles  of  two 
prisms  of  different  media,  and  let  /a  and  \i!  be  the  indices 
m  them  for  one  particular  colour.  The  deviations  which 
the  prisms  would  separately  produce  for  this  colour  are 
0*-i)-^  and  (fjf  - 1)  A\  when  the  angles  A,  A'  are 
sniall,  and  total  deviation  =  (ft  -  i)  -4  -j-  (/i'  -  i)  ^'.  If  /*  +  jc 
3nd  \k  +  X  be  the  indices  for  another  colour,  the  total  de- 
I  viation  for  this  colour  would  h^  {\i.^  x-i)  A-^{\j!  -^t  x'  -  i)A\ 
W  these  deviations  be  the  same  and  opposite,  i.  e.  if  the 
flours  are  to  be  united  at  emergence  from  the   second 


.  prism,  then  xA+x'A'^^o,  or  4"'=  -  -»  0). 

^4  X 
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We  have  thus  obtained  one  relation  between  A  and  A'. 
If  now  we  have  another  given,  for  instance  that  the  vhole 
deviation  in  a  given  colour  is  to  be  a  given  amount, 
then  (;(-i)v4  +  {;i'- i)v4'  =  given  quantity,  (ii),  and  iron 
equations  (i)  and  (ii)  we  can  find  A  and  A'  and  thus  m^ 
our  prisms  such  that  the  colouts  considered  may  be  united 
and  the  required  deviation  in  a  given  colour  produced 
The  minus  sign  in  (i)  shews  that  the  edges  of  the  prism 
are  to  be  turned  in  different  directions. 


CHAPTER  XIII. 


THE  RAINBOW. 


;.  u 


n.     Early  attempts  were  made  to  account  for  the 
rs  of  the  rainbow,  and  various  other  phenomena  in 

colours  are  seen  to  arise  from  transient  and  unsub- 
al  combinations  of  media.  Thus  Aristotle  explains 
)lours  of  the  rainbow  by  supposing  that  it  is  light  seen 
jh  a  dark  medium :  "  Now,"  says  he,  "  the  bright  seen 
jh  the  dark  appears  red,  as,  for  instance,  the  fire  of 
wood  seen  through  the  smoke,  and  the  sun  through 

Also,  the  weaker  is  the  light,  or  the  visual  power, 
learer  the  colour  approaches  to  the  black;  becom- 
rst  red,  then  green,  then  purple.  But  the  vision  is 
jest  in  the  outer  circle,  because  the  periphery  is 
;r;  thus  we  shall  have  a  gradation  from  red,  through 
,  to  purple,  in  passing  from  the  outer  to  the  inner 
."  The  same  doctrine  is  found  in  the  work  of  De 
nis.  According  to  him  light  is  white ;  but  if  we  mix 
the  light  something  dark,  the  colours  arise — first  red, 
green,  then  blue  or  violet.  He  applies  this  to  explain 
olours  of  the  rainbow,  by  means  of  the  consideration 
of  the  rays  which  come  to  the  eye  from  the  globes  of 
*,  some  go  through  a  larger  thickness  of  the  globe  than 
s,  whence  he  obtains  the  gradation  of  colours. 
)escartes  came  far  nearer  the  true  philosophy  of  the 
I  colours.     He  found  that  a  similai  series  of  colours 
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were  proJuced  by  refraction  of  liglit  bounded  by  shadi, 
through  a  prism.  "  At  first,"  he  says,  "  I  doubted  whedter 
the  iridal  colours  were  produced  id  the  same  way  as  thow 
in  the  prism;  but  at  last,  taking  my  pen  and  carafull 
calculating  the  course  of  the  rays  which  fall  on  each  p«i 
of  the  drop,  I  found  that  many  more  come  out  al  an  an^i^ 
foriy-one  degreei,  than  either  al  a  greater  or  less  angk.  So 
that  there  is  a  bright  bow  terminated  by  a  shade;  Slid 
hence  the  colours  are  the  same  as  those  produced  througli 
K  prism," 

I02.  At  length,  in  1672,  Newton  gave  the  true  »■  j 
planalion  of  the  facts.  His  discovery  consisted  in  teaching  1 
distinctly  that  the  law  of  refraction  was  to  be  applied,  not 
to  the  beam  of  light  in  general,  but  to  the  colours  In  pu-  | 
ticular.  The  whole  explanation  of  the  rainbow  turns  oa  I 
this  fact  and  that  of  "  minimum  deviation."  It  was  she*" 
that  if  a  pencil  of  rays  fall  upon  the  face  of  a  prism,  that 
ray  which  after  refraction  at  the  first  surface  passed  through* 
the  prism  symmetrically  with  respect  to  the  sides  of  the 
prism,  was  least  refracted,  and  that,  of  the  other  rays,  those 
which  came  out  nearest  to  this  ray  came  out  closest  togethe^'r 
so  that,  if  an  eye  received  the  refracted  rays,  it  would  s«^ 
most  light  in  the  direction  of  minimum  deviation  {Art  6*)* 
Now  the  same  thing  will  happen  in  the  case  of  a  spited 
instead  of  a  prism. 

Fig.  66. 


Suppose  PQRS  a  ray  falling  on  a  sphere  :  it  is  n 
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Fig.  67. 
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and  falls  on  the  further  surface  at  R ;  part  of  this  ray 
fracted  at  R  and  never  meets  the  eye ;  but  the  rest  is 
cted  at  i?,  falls  on  the  lower  surface  at  5",  and  is  then, 

great  part,  refracted  to  T. 

i  now  we  suppose  a  great  number  of  rays  to  fall  paral- 
m  the  upper  side  of  the  sphere,  they  will  come  out  at 
lower  side,  but  more  will  come  out  very  nearly  in  the 
:tion  of  the  ray  which  has  minimum  deviation  than  in 
other  direction.  If  FQRST  be  this  ray,  the  emergent 
close  to  ST  will  form  a  very  small  pencil  of  nearly 
Uel  rays,  where  the  angle  TVZ  or  deviation « about 
\  An  eye  therefore  that  was  placed  in  a  position  to 
ive  the  rays  about  TS  would  see  much  stronger  light 
1  this  drop  than  an  eye  elsewhere.  We  are  now  in  a 
dition  to  explain  the  rainbow  generally.  We  have 
erto  in  this  Art.  supposed  that  the  light  is  unaltered  by 
ig  refracted :  but,  on  entering  at  Q,  it  is  split  up  into 
he  colours  of  the  spectrum.  I  . 


,.  ■ 
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103.     (i)     Consider  light  to  be  of  only  one  colour,  say  t 

We  have  then  a  beam  of  parallel  red  rays  from  the  j  < 

falling  on  the  drop  D.     The  emergent  beam  will  con-  i " 

of  two  classes  of  light,  chief  light  and  minor  light,  the  ^j. 


\.  I 
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ef  light  being  that  which  comes  out  in  the  position  of  L. 

liraum  deviation,  and  minor  light  a\\  iVve  i^^l. 
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Let  PQ  be  the  red  ray  of  minimum  de\-i,ition :  let  il, 
after  eracixence,  fall  upon  the  eye  in  the  direction  SE. 

Through  E  draw  EA  parallel  to  the  incident  ray  PQ. 
Then  all  the  spherical  drops  of  rain  which  lie  on  the 
cone  whose  vertex  is  E  and  semi- vertical  angle  is  AED 
send  hght  in  the  same  state  to  the  e>ie— i.e.  send  red  light 
in  the  direction  of  minimum  deviation. 

This  is  apparent  by  symmetry^  There  is  no  reason,'  for 
instance,  why  the  hght  from  one  drop  D  on  tliat  cone 
should  be  in  the  least  different  from  that  from  any  oCtia 
drop  d  on  the  same  cone. 

Now  recollecting  that  VE  is  the  ray  of  minimum  dew- 
tion,  and  recollecting  that  the  meaning  of  that  in  this  caM 
is  that  rays  which  fall  either  higher  or 
than   PQ  or  P<i  moke  on  emergence 
a  little  consideration  will  shew  that  . 
cone   will    send    minor  red    light    to 
drop  without  the  cone  will  send  no  lig/il 

The  appearance  to  the  eye  would  therefore 
bright  red  arch,  fa<iing  gradually  away  towards  the  inst*^^ 
of  the  arch,  but  sharply  defined  on  the  outside. 

(z)  Now  take  lights  of  all  the  colours  of  the  specnu^*"'* 
What  has  just  been  said  applies  equally  to  each  of  the  ^*"' 
and,  since  each  light  has  its  own  direction  of  minim"^'^ 
deviation,  we  shall  have  a  concentric  series  of  arches  "■ 
different  colours,  EA  being  their  common  axis.  Si*^*^ 
violet  is  more  refracted  than  red,  the  minimum  deviation  "^ 
violet  is  greater  than  thai  of  red;  whence  it  follows  that  t*^  . 
red  bow  is  above  the  violet  bow.  The  other  colours  voald  J 
;d  in  their  proper  order  between.     The  following     J 

s  wiU,  perhaps,  help  to  make  tos  \icyvT\\.  iA^'m..  j 
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E  be  an  eye  and  D  a  drop,  such  that  DE  is  the 
on  of  minimum  deviation  for  the  red  rays,  then  E  will 
'^e  the  red  rays  from  Z>,  but  not  the  violet  * 

Fig.  68. 


>n  the  other  hand  it  will  receive  the  violet  rays  from 
t  not  the  red  rays. 

'he  red  bow  is  therefore  seen  in  the  direction  ED^ 
the  violet  bow  is  seen  in  the  direction  Ed.    That 
e  red  bow  is  the  outside  one. 

he  chief  red  light  is  at  the  red  arch,  but  minor  red 
as  we  said,  is  within  the  arch,  and  so  for  all  the 
irs.  That  is,  the  red  part  of  the  bow  is  the  only  part 
!s  seen  quite  pure.  Also  we  noticed  that  close  to  the 
»ow,  on  the  outside  of  it,  there  is  no  light;  the  red  bow 
irefore  the  most  visible,  by  contrast. 

'his  rainbow,  formed  by  two  refractions  and  one  re- 
►n,  is  called  the  ''^ Primary''  rainbow. 

04.  The  space  above  the  primary  bow  appears  for 
distance,  as  we  said  in  the  last  Article,  darker  than  the 
Beyond  this  space  appears  a  broader  but  fainter 
»ow,  the  colours  of  which  are  in  the  reverse  order  to 
;  in  the  primary.  The  origin  of  this  *^*^ Secondary"  bow 
be  explained  by  pencils  which  come  to  the  eye  after 
ig  suffered  two  internal  reflexions  at  the  raindrop, 
kinson's  Optics,  Art.  267.) 
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At  every  reflexion  and  in  a  less  degree  at  every  refrac- 
tion tlie  pencil  loses  somewhat  of  strength.  This  will  ac- 
count for  the  'secondary  bow  being  fainter  than  the  primary 
bow,  since  one  more  reflexion  takes  place  in  it  than  in  the 
primary  bow. 

The  following  figure  will  serve  to  shew  tJie  course  of  the 
rays  forming  the  ^'secondary"  rainbow. 

The  ray  PQ  is  refracted  at  Q,  reflected  at  R,  re- 
flected at  S,  refracted  at  T,  losing  some  of  its  brilliancy  at 
Tvg.  69. 


each  change.     Thus  an  eye  at  E  sees  a  faint  illumination 
in  the  direction  ET. 

The  dn-ialhn,  being  the  angle  through  which  the  ray 
has  been  bent  from  its  original  direction  before  it  meets 
the  eye,  is  the  angle  ^60° -  QVE.  This  angle  will  there- 
fore be  greater  for  violet  rays  than  for  red  rays,  and  by 
reasoning  precisely  similar  to  that  used  in  the  last  Article, 
the  reader  can  see  that  the  violet  arch  will  in  this  case 
be  the  highest,  and  the  red  the  lowest;  also  that  the  minor 
light  of  each  arc  is  above  the  arc.  Thus  the  space  between 
the  two  bows  is  much  darker  than  that  below  the  primary 
bow  or  above  the  secondary  ^low. 
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105.  In  the  chapter  on  lenses  we  said  that  for  the  pur- 
poses which  we  had  then  in  view  the  eye  might  be  regarded 
as  a  double  convex  lens,  forming  images  of  external  objects 
on  the  retina,  which  is  placed  at  the  back  of  the  eye,  and 
the  nerves  at  the  back  of  which  convey  impressions  to  the 
brain.  We  will  now  give  a  somewhat  more  full  description 
of  the  eye. 


The  following  two  drawings  of  the  eye,  being  vertical 
section  and  horizontal  section  of  the  right  eye,  seen  from 
above^  should  be  c2j:ti\A\y  studied. 
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a    The  cornea,    tianspaxent,   continuous   with  g  A 
sclerotic  coat,  opaque, 

d     The  anterior  or  aqueous  chamber,  filled  with  aqu 

ous  fluid,  refractive  index  /as  than  in  cornea. 
£    The  iris,  surrounding  the  pupil,  which  is  the  hole  ■ 

the  iris. 
ti    Tile  crystalline  lens. 
e    The  posterior  or  vitreous  chamber,  containing  tl 

semi-fiuid  vitreous  humour. 
/    The  choroid  coat  of  the  inside  of  the  eyeball,  Mac) 
i'    The  sclerotic  coat  on  the  outside. 
M    The  retina,  network  of  nerve  fibrils  to  receive  imag 

— vertical  section. 
/>/'  The  retina,  network  of  nerve  fibrils  to. receive  imag 

— horizontal  section. 
I     The  visual  centre  of  the  retina,  where  sight  is  kee 

est,  also  called  the  "yellow  spot." 
A     The  "punctum  coscum,"  also  called  the  "optic  disi 
/     The  optic  nerve. 
AV    Continuation  oE  sc\eroX\c,  coatm^&t  o'^t.i.c  nerve. 
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1 06.  The  convex  cornea  {d)^  receiving,  say,  parallel 
rays,  causes  them  to  converge :  this  convergence  is  slightly 
diminished  at  the  surface  of  the  aqueous  humour  (^),  since 
its  refractive  index  is  less  than  that  of  cornea,  but  again 

;  greatly  increased  at  the  first  surface  of  the  double  convex 
crystalline  lens  (//),  and  yet  again  greatly  increased  at  the 

-  second   surface  of  the  lens,  which  is  considerably  denser 

r  than  the  humours  before  and  behind  it. 

V  On  the  whole  then  we  may  regard  cornea,  lens,  and 
,  humours  as  a  compound  object  glass,  which  makes  parallel 
or  slightly  divergent  rays  converge  to  a  focus  on  the  retina 
^  hK^  if  the  retina  is  at  the  proper  distance.  Now  when  the 
eye  is  perfectly  at  rest,  all  its  muscles  relaxed  and  no  effort 
at  all  exerted,  the  retina  is  at  the  proper  distance  to  receive 
the  image  formed  by  parallel  rays  incident  on  the  cornea,  is 
in  fact  in  the  principal  focus  of  the  compound  object  glass 
above  mentioned. 

Fig.  71. 


Thus,  suppose  the  eye  is  directed  to  a  point  Q  a  long 
way  off,  so  that  Q  is  on  the  optical  axis  of  the  eye,  i.e.  the 
line  Adiy  where  A  and  d  are  the  centres  of  the  cornea  and 
ciystalline  lens  respectively,  and  /  is  the  point  of  keenest 
sight.  The  rays  proceed  as  described,  and  converge  to  /, 
and  thus  excite  on  the  retina  a  sensation  which  is  con- 
veyed by  the  nerve  fibrils  of  the  retina  to  the  brain. 


V 

'1* 
I. 
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107.  We  liave,  as  we  said,  here  supposed  tfrt 
to  come  parallel,  i.e.  from  some  very  dittnni  object.  1 
moon.  Bill  t^upjiose  now  that  the  eye  is  directed  to 
object  a  gre.it  deal  closer,  suppose,  for  instance,  we  « 
pick  a  hair  from  the  end  of  a  pen:  and  suppose  ft 
moment  the  eye  to  remain  in  exactly  the  same  sti 
in  the  figure  above. 

Then,  since  an  object  Q  and  its  image  ^  move  i 
same  direction,  if  Q  is  brought  to  a  point  Q',  4  won 
brought  Co  a  puinl  ^'  behind  the  retina,  an<i  the  eye ' 
see  no  distinct  image.  This,  as  we  said  in  Art.  (71),  c 
tulcs  the  defect  known  as  "  long  sight" 

If.  then,  the  eye  is  to  see  a  clear  image,  i.e.  if/  is 
on  the  retina,  there  must  evidently  be  some  change  in  E 
cither  of  the  cornea  {a)  or  the  crystalline  lens  {^),  0 
the  distance  between  the  lens  (i/)  and  the  retina  mi 
some  manner  or  other  be  altered  at  will". 

"It  has  long  been  disputed  what  the  exact  chan 
and  the  dispute  is  not  yet  settled.  There  is  a  small  n 
called  the  ciliary  muscle,  round  the  base  of  the  merabrai 
which  attaches  the  lens  to  the  walls  of  the  eyeball 
modern  writers  ascribe  to  this  muscle  the  function  of 
ing  the  shape  and  position  of  the  lens,  but  ev 
wodus  operandi  remains  obscure.  A  change  in  the  pt 
of  the  lens  implies  great  compression  of  the  humour  1 
or  other  of  the  chambers  of  the  eye,  and  it  must  1 
slight  force  that  shall  effect  this  compression. 

I  beiieve  it  is  certain,  from  direct  observation,  th: 
lens  is  pushed  fonvard  in  near  vision,  and  also  that  its 
rior  surface  is  made  more  convex.     This  latter  po 

■  Both  of  these  changes  would  clear!}'  aid  iu  bringbg  ^  to 
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I  by  watching  the  image  of  a  lamp  flame  reflected 
C  surface  of  the  lens :  the  image  grows  smaller 
e  eye  is  adapted  for  near  vision.  The  small  ciliary 
seems  unequal  to  these  effects.  More  probably  they 
P'to  the  constriction  of  the  eyeball  by  two   strong 

pied  the  "  oblique,"  which  gird  the  ball  in  a  plane  , 
gles  to  its  axis.     The  contraction  of  this  girth 

^ht  elongation  to  the  eyeball  in  the  direction  of  its 
^  increases  the  distance  between  the  lens  and  the 
md  therefore  fits  the  latter  to  receive  the  receding 
if  a  nearer  object.  You  can  feel  in  your  own  eyes 
withdrawing  their  gaze  from  a  distant  object  to  an 
very  near  you  are  performing  a  muscular  exercise  ; 
straining  the  eyes  to  the  limits  of  near  vision  the 
ir  effort  becomes  very  great,  and  may  even  be  made 
Jy  painful ;  whereas  in  re-adapting  the  eyes  to  dis- 
iion  you  fee!  that  you  are  relaxing  a  muscle;  you 
strain  your  eyes  for  distant  vision ;  the  effort  is  only 
Tt  of  abstaining  from  muscular  action,  and  giving  the 

time  to  resume  its  shape.  The  limit  of  distinct 
sion  is  about  6  inche.s,  diflering  in  different  people. 
yes  have  an  undue  convexity  of  cornea  or  lens,  or  an 
distance  between  lens  and  retina,  so  that  parallel  rays 
t  on  the  cornea  are  brought  to  a  focus  before  they 
he  retina.  This  defect  is  called  "short  sight,"  and 
be  remedied  by  any  effort  of  the  eye,  though  it  is 
:d  by  a  contraction  (instinctive,  involuntary)  of  the 
jr  by  almost  complete  closure  of  the  eyelids,  by  which 
iginal  rays  of  the  pencil  are  excluded,  and  the  mar- 
lys  are  the  ones  that  make  confusion  and  indistinct- 
I  the  image.  This  accounts  for  the  fact  of  a  short- 
l  person  habitually  compressing  his  eyelids  till  there  is 
Uiink  between  them.     But  the  malformation  is  easUy 
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remedied  by  the  interposition  of  a  double-concav< 
concave  eye  glass  in  front  of  tlie  eye,  whicli  givi 
divergence  to  the  parallel  rays  from  a  distant  object  anii 
throws  ilie  image  of  that  object  further  back  into  the  vfe 
till  it  is  within  the  range  of  the  retina," 

"  Long-sighl,"  or  inability  to  see  clearly  objects  that  are  ij 
within  a  foot  or  two  feet,  is  due  to  loss  of  muscular  povtr 
in  the  adjustment  of  the  eye  for  near  vision,  and  is  a  vny 
common  defect  in  old  people.  Also  in  advancing  age  there 
is  a  flattening  of  the  cornea,  which  throws  images  a  littlt 
further  back,  and  makes  a  greater  effort  required  for  bring- 
ing the  retina  into  the  focus.  This  is  remedied  by  a  convex 
eye-glass,  such  as  old  people  generally  use. 

108.  We  give  a  figure  shewing  the  formation  of  the 
image  of  an  object  of  any  size,  only  one  point  of  which  can 
of  course  lie  upon  the  optical  axis.  The  result  is  preciselj 
as  in  a  double  convex  lens,  the  centre  of  the  eye,  that  ist 
the  optical  centre,  lying  at  about  the  middle  point  of^ 
pupil  b. 

Fig.  ;>. 


Thus  let  POQ  be  an  object  and  let  C  be  the  optical 
centre  of  the  compound  lens.     Then 
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Range  of  Vision, 

109.  When  the  eye  looks  straight  forward,  full  face,  its 
ange  of  vision  is  much  limited;  above,  by  the  projecting 
id  and  eyetrow ;  below,  by  the  projecting  lid  and  cheek- 
bone; inwards,  by  the  projecting  nose:  but  outwards  there 
is  no  hindrance  at  all ;  the  most  oblique  rays  from  the  right 
meet  with  no  obstacle  to  prevent  their  entrance  into  the 
right  eye;  and  in  like  manner  the  left  eye  is  open  to  the 
most  oblique  rays  from  the  left.  Exactly  corresponding  to 
this  ordinary  range  of  admission  of  rays  from  outer  objects, 
is  the  range  of  sensitiveness  possessed  by  the  retina.  This 
IS  shewn  in  figures  (i)  and  (ii).  The  vertical  section  shews 
the  range  of  retinal  sensitiveness  above  and  below,  and  the 
horizontal  section  shews  the  range  inward  and  outward. 
In  the  latter  it  will  be  noticed  that  the  portion  ih!  of  the 
retina  of  the  right  eye  is  much  greater  than  the  portion  ih, 
i  being  the  visual  centre  of  the  retina,  in  the  axis  of  vision.  l 

^'  receives  rays  from  the  right,  unhindered:  ih  receives  J 

rays  from  the  left,  but  the  nose  being  in  the  way,  it  does  \ 

not  receive  those  of  great  obliquity,  and  there  is  therefore  \ 

no  need  of  retina  for  such  rays.     As  nearly  as  I  can  esti-  -" 

mate,  the  upward  range  is  about  60®,  the  downward  about  i 

So^  the  inward  about  50°,  the  outward  about  95®.     Looking  '! 

straight  forwards,  one  can  detect  objects  to  right  or  left  i 

forther  back  than  the  horizontal  line  joining  the  ^two  eyes. 


no.  Over  the  entrance  of  the  optic  nerve  (Fig.  72  (ii)), 
there  is  a  circular  patch  of  the  retina  which  is  incapable  of 
^listinct  vision,  though  not  insensible  to  general  impressions 
of  light  and  colour.  Looking  with  only  one  eye  open,  at 
very  large  print,  it  may  be  noticed  that  there  is  an  obscura- 
tion of  a  batch  of  letters  about  15"  to  the  outer  side  of  the 
centre  of  vision  (to  the  left,  looking  mlYi  t\i^  \^lX  e^^  \  \a  "^^ 
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n^\,  looking  With  the  right  eye).  This  patch  ofobeonm 
is  about  j'  in  diameter.  Looking  with  both  vfts  opcnn 
the  blindneHB  of  cacli  punctuin  cctctini  is  corrccud  by  ^A 
■hiirp-niDhtcd  tract  on  tlic  corresponding  side  of  the  tidMH 
retina.  I 

It  is  pretty  well  established  that  the  left  halves  of  'A£^ 
two  retina  arc  supplied  with  nerve  fibres  from  the  lefi  balL 
of  the  brain,   and  the  right  halves  from  the  right    11>] 
evidence  of  this  is  got  partly  from  dissection,  and 
from   observation    of    morbid    phenomena :    instances  at 
recorded  in  which  disease  on  one  side  of  the  brain 
attended  with  permanent   blindness  of  the  correspcHulief 
sides  of   both    rctince.     "Half-blindness"   of  a  trana'tf 
nature,  uffecting  l>oih  eyes  in  the  same  way,  points  (o  tbe' 
same  conclusion.     [Read  an  interesting  paper  by  Dr  ffix^ 
laston   in    the    I'hitosophUal    Tramaitions   of  the  Royil 
Society,  1814,  i.  p.  iii.] 

lit.  It  will  be  observed  that  images  on  the  rediuiMS 
upside  down,  and  we  might  therefore  expect  to  see  ersy- 
thing  upside  down.  But  since  we  see  nerylhing  opsid? 
down,  this  effect  is  destroyed.  "  What  has  the  mind  to  iff- 
with  upside  down  so  long  as  it  gets  evidence  of  position  aW 
motion  of  things  external  in  harmony  with  the  uprighmeo 
of  the  body,  and  the  fact  of  gravity  pulling  everything  to  the 
earth  ?" 
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Catalogue  of  Educational  Books, 
Published  by  Macmillan  and  Co., 
Bedford  Street^  Strand^  Lo7zdon, 


CLASSICAL. 

lylns.— THE  EUMENIDES.  The  Greek  Text,  with  Intro- 
Auction,  English  Nates,  and  Verse  Translation.  By  Bernard 
Dbake,  M.A.,  late  Fellow  of  King's  College,  Cambridge.  Svo. 
31.  &/. 

'%i  Greek  text  adopted  in  Ihij  Edition  is  based  ufion  that  ef  WiUauer, 
A  most  usefiil  featurt  in  the  iDork  is  the  Analysis  of  Mullet's  cell- 
td ^sertatiiMs."— British  Quabtebly  Kkview. 
iStOtle.  —  AN     INTRODUCTION     TO     ARISTOTLE'S 
RHETORIC.     With  Analysis,   Notes,  and  Appendices.     By   E 
M.  Cops,  FellowandTatorofTrinityColI.  Cambridge,    8vo.   141. 
ISTOTLE    ON     FALLACIES;      OR,     THE    SOPHISTICI 
ELENCHl,     With  Translalion  and  Notes  hy  E.  PoSTB,  M.A., 
Fellow  of  Oriel  College,  Oxford.     Svo.    81.  6d. 
'  II  is  Hot  only  scholta-like  and  carejul,   it  is  also  persfiimous, " — 
AKDUN.     "A  wori  0/ grtat  t6ill."—SJiTURi>jLV  Rbvikw, 
■istophanes.— THE  BIRDS.     Translated  into  English  Verse, 
with  Introduction,  Notes,  and  Appendices,  by  B.  H.  Kbnnedy, 
D.D.,  Regins  Professor  of  Greek  in  the  University  of  Cambridge. 
Crown  8to.     6r. 

Siyviish,"  says  lAt  auther,  "has  lieen  to  predutc  a  translaUon  ef 
\t  Birds '  whiek  may  6e  agrimiU  Co  tie  taste  ef  Enslish  readers. 
'  Ihit purfiase  I  have  chosen  English  metres." 

ackiC— GREEK  AND  ENGLISH  DIALOGUES  FOR  USE 
IN  SCHOOLS  AND  COLLEGES.  By  John  Stuart  Blackib, 
Professor  ol  Greek  in  the  Univ.  of  Edinbu^h.  Fcap.  8vo.  Zi.  6tf. 
'''Ay  should  the  eld  practice   of  conversing  in    Lalin    and  Crtsk    be 

altogether  discarded?"— 7KOVSSSOR  JoWKTT. 
"^e  present  little  volume  furnishes  a.  series  ef  twenty-Jive  graduated 
ogues  in  parallel  columns  of  Gredt  and  English  en  a  great  variety  oj 
resting  subjects. 

Cero.  —  THE  SECOND  PHILIPPIC  ORATION.  With 
[itiodnctioa  and  Notes.  From  the  German  of  Karl  Halu. 
J^ted,  with  Corrections  and  Additions,  by  John  E.  B,  Mayor. 
KA.,  Fellow  and  Classical  Lecturer  t&  St.  John's  College, 
Jmbridge.  Fourth  Edition,  revised.  Fcap.  8vo.  5.f. 
j  tht  whole  w  have  rarely  met  vntk  an  edition  0/  o  clointol 
E^wbfu-ij  so  thoroughly  fulfils  the  reqviremenli  0/  n  gooi  kIukiI 
mBBacATiONAL  Times. 
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C  icero — mithtued. 

THE  ORATIONS  OF  aCERO  AGAINST  CATILINA.      

Note*  *iA  ui  Intiodaction.  Fram  the  Ccrmvi  of  Karl  Haul 
with  KddiUoa*  by  A,  S,  Wtl-KJss.  M.A..  Oweiu  College,  M"- 
chestcc.    New  Eiliiion.     Fc«p.  8vo.     ji.  &/. 

THE  ACAOEMICA  OF  CICERO.     The  Text  rerised .  _ 

hy   lAMcs  Reid.   M.A.,   Araistiuit    TiitQc  atid   late   Kdlow  ot 
Chfist'a  College.  Cvniindge.     Fcsp.  8vo.     41,  W. 
Thi  Xtta  knvt  £ni  wriOn  IkraufieiU  wit*  a  fratlkal  rt/trtna  It  w ' 

neiJi  ef  jumar  tUtdrmii,  mV*  a  i-ktb  I»  tkt  final  ClaiiUai  Exat»» 

tiamfor  Ilenomrs  at  Oxftrd  it»d  Cam6ri4gr. 

Demosthenes.— ON   THE  crown,  to  which  is  dkHoA 
iESCHWES  AGAINST  CTESIPHON.    The  GteekTexlin4 
Engliih  Nolo.     By   B.    Dkakk,   M.A.,  Utc   Pcllovr  of  Kb^ 
College,  Cimbridgfc     Fifth  Etdltion.     Faip.  Svo.     51. 
"A  fual  and  lae/ul  fiBti9m."—KTHS.1iMVK. 

Greenwood.— THE  elements  of  greek  grammar, 

including  Accidence,  Irregular 'Verbs,  and  I'rindplM  of  Ueriratiw 

■ad  Composition  j  adupled  to  the  Sj^tem  of  Crude  Fonne.    Bf 

J.  G.  Grkknwood,  Principal  of  Owens  College,  Manchester,     Fifw 

Edition.     Crown  Svo.     51.  6J. 

Hodgson.— MYTHOLOGY  FOR  LATIN  VERSIFICATIOK. 

A  brief  Sketch  of  the  Fables  of  the  Ancients,  prepared  to  bt 

rendered  into  Latin  Verse  for  Schooli.     By  F.  Hodgson,  B.D., 

late  Provost  of  Eton.     New  Edition,  revised  by  F.  C.  HODGSMt, 

M.A.     iSmo,     3j. 

Homer's  Odyssey.— the  NARRATIVE  OF  ODYSSEUS. 

With  a  Commentary  by  JoiiN   E.  B.  Mayok,  M.A.,  Kewwdj 

Frofessor  of  Latin  W  Cambridge.    Parti.   BooklX.— XIL  Fctp, 

8vo.     is. 

Horace. — the  works  of  Horace,  rendered  into  Engl^ 

Prose,   with   Introductions,    Running    Analysis,   and    Notes,  4 

James  Lo.nsdalb,  M.A,  and  Samuel  Lre,  M.A.    Globe  via. 

y.  dd.  ;  gilt  edges,  4^.  id.  .. 

"  Bryond  all  tomparison,  thi  moil  accurate  and  tTUstaxrrthy  ej  w 

(rrtfu/iiftoKJ."— English  Ckubchman.  .,„ 

THE  ODES  OF  HORACE  IN  A  METRICAL  PARAPHRASt- 

By  R.  M,  HovENDEN,  B.A.,  formerly  of  Trinity  Collide,  Cu"- 

bridije.     Extra  fcap.  8vo.     41.  6f. 

Juvenal.— THIRTEEN   SATIRES  OF    JUVENAL.    Wi4* 

Conimentaiy.     By  John  E.  B.  Mayou,  M.  A.,  Kennedy  Fr^" 

of  Latin  at  Cambridge,  Second  Edition,  enlarged.    Vol.  L  CroW 

8vD.     ^s.  dd.     Or  Parts  I.  and  I L     Crown  8vo.     y.  6d.  V^  , 

"A  paiaslaiiing  and  critical  o^jton."— SPECTATOR,     "Fur  rt0Jj 

rifit   scholarshif,    txtensivt   iKquaiHtatitt   with    Latin  lileraiimi^ 

/amiiiar  inimiledgc  af  contineulal  critidsm,  anci     '        '        ' 

niuurpaised amoitg  English  editions."— ^-ow-Wi 


'  [.v'i 


CLASSICAL, 


i^arshall. — a  table  of  irregular  greek  verbs, 

classified  according  to  the  arrangement  of  Curtius*  Greek  Grammar. 
By  J.  M.  Marshall,  M.  A.,  Fellow  and  late  Lecturer  of  Brasenose 
College,  Oxford ;  one  of  the  Masters  in  Clifton  College.  8vo. 
cloth.  New  Edition,  is. 
The  system  of  this  table  has  been  borrowed  from  the  excellent  Greeh 
'-rammar  of  Dr,  Curtius, 

tfayor   (John  E.   B.)— FIRST  GREEK  READER.     Edited 

after  Karl  Halm,  with  Corrections  and  large  Additions  by  John 

K  B.  Mayor,  M.A.,  Fellow  and  Classical  Lecturer  of  St.  John's 

College,  Cambridge.    New  Edition,  revised.    Fcap.  8vo.   4r.  dd, 

A  selection  of  short  passages,  serving  to  Ulustraie  especially  the  Greeh 

Iccidence,     Unrivalled  in  the  hold  which  its  pithy  stntences  are  likely 

»  take  on   the  memory,   and  for  the  amount  of  true  scholarship  em- 

7died  in  the  annotations.^^ — EDUCATIONAL  Times. 

Diayor  (Joseph  B.)— GREEK  FOR  BEGINNERS.  By  the 
Rev.  J.  B.  Mayor,  M.A.,  Professor  of  Classical  Literature  in 
King's  College,  London.  Part  I.,  with  Vocabulary,  is,  6d.  Parts 
II.  and  III.,  with  Vocabulary  and  Index,  3J.  6d,,  complete  in  one 
vol.  New  Edition.  Fcap.  8vo.  cloth,  4f.  6d, 
"  We  kntfw  of  no  book  of  the  same  scope  so  complete  in  itself,  or  so  well 

tlculated  to  make  the  study  of  Greek   interesting  at  the  very  com* 

tencement,^'* — Standard. 

^ixon. — PARALLEL  EXTRACTS  arranged  for  translation  into 
English  and  Latin,  with  Notes  on  Idioms.  By  J.  E.  NiXON, 
M.A.,  Classical  Lecturer,  King's  College,  London.  Part  I. — 
Historical  and  Epistolary.     Crown  8vo.    3J.  (id, 

^eile  (John,  M.A.)— an  introduction  to  greek  I^^ 

AND  LATIN  ETYMOLOGY.     By  John  Peile,  M.A.,  Fellow  V'\ 

and   Assistant  Tutor  of  Christ's  College,  Cambridge,  formerly  ^.^ 

Teacher  of  Sanskrit  in  the  University  of  Cambridge.     New  and  y. 

Revised  Edition.     Crown  8vo.     10s,  Kid, 
*  *  A  very  valuable  contribution  to  the  science  of  language, " — SATURDAY 

lEVIEW. 

Plato.— THE  REPUBLIC  OF  PLATO.    Translated  into  English,  ;;) 

with  an  Analysis  and  Notes,  by  J,  Ll.  Davies,  M.A.,and  D.  J.  ; 

Vaughan,  M.A.    Third  Edition,  with  Vignette  Portraits  of  Plato 
and  Socrates,  engraved  by  Jeens  from  an  Antique  Gem.     i8mo.  ?,! 

4^.  td. 
An  introductory  notice  supplies  some  account  of  the  life  of  Plato,  and 

he  translation  is  preceded  by  an  elaborate  analysis,      **  A  book  which  ' 

my  reader,  whether  acquainted  with  the  original  or  not,  can  peruse  with  \ 

Measure  as  well  as  profit, " — Saturday  Review. 

PlautUS.— THEMOSTELLARIAOFPLA.\3T\3S».  ^SJCci'^^'vja^  ^' 

Pivlegomena,  and  Excursus.     By  VJlLlAAM.  "Rmasks,  \I^.K»^\s3t.« 
merly  Professor  of  Humanity   in  the  \3tA'^«s\\.i   o\  Q^aMgjs^* 
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Efted  ^  l^fanrGKotCK  G.  Kjuiur,  H.A^  nTlhe  Uniwi!? 

of  GlHecnr.    S*cl     141. 
"Tht  fn^iifAm  tMlmtaltmranirA  cmJ Otaf  r^ and u^-JipHii 
irMvM^  niici  Or  aiAar  hrmtgU  »  Attr   »/pi>  tarrvOing  Hal  ii 
■■■lAraMl  a**  viaiit  liraMgimit.'' — PlOL  Mau.  Gazxtte. 

PottB,    Alex.    W.,    M.A HINTS  TOWARDS  LATIN 

TROSE  COMPOSITION.     By  Aluc  W.  Potts,  M.A.,  Ills 

Fcllnw  of  St.  John's  College,  C»niliridEC ;   Atdstint  Masltr  in 

Rw^  School ;  »nd  Head Masleiaf  the  Fetlcs College,  Edtaibiuil- 

TIMEditicia,  cnlBi^ed.     Exm  fop.  Svo-  t^olli.     3'. 

Am  <mii/f  a  A«rr  madi  tt  ntr  H^dftUi,  afler  thiy  iavi  ««M( 

»^iiim»rj,  tftuanktt!  mla,  nmriba  a/ lit tiarwStriitiri  of  LaSn  Pnu 

mmd  Ht  muam  U  it  tmUbtti  A>  nfvdutt  them.      The  Cumi  l^- 

rm»rim  *tu"m  aJmtniU  UaU  t»ok»kk\  leathm  j>f  La&*  «» 

Rw.— A  GRAMMAIt  OF  THE  LATIN  LANGUAGE,  ft«" 
nntn*  10  SBCtoaint.  B7  R.  J.  Rosy,  M.  A.,  kle  Fellow  <i  v- 
Jabt'a  CoUte*,  Cmbrfdce.  In  Two  I'ans.  Put  I.  coalilnii^  ^ 
Book  I.  Seoid*.  Bosk  IL  InSodoiu.  Book  IlL  Word-lbroo- 
don.  Appm^os.  SecooiJ  Edidoo.  Crown  Sto.  81. 6>£  F*^ 
IL — SyntmK,  Pitrpontiom.  &c     Crown  Sto.     tor.  &/. 


Rust.— FIRST  STEPS  TO  LATIN  PROSE  COMPOSITION. 
By  the  Rcr.  G.  Rusi,  M.A.  of  Pembroke  College,  OrfwJ, 
Muier  of  ihe  Lower  Sckool,  King's  CoU^e,  Londoa.  Ne* 
Ediiion.     iSmo.     iJ.  &£  ^ 

Sallust.— CAU  SALLUSTD  CRISPI  CATILINA  ET  JUGHR- 
THA.    For    Uie   in   Schools.      With  copioDS    Notes.    Bf  C. 
MutlVALE,  B.D.    New  Editioa,  cu^uUf  revued  and  enUij!''^ 
Fcap.  8vo.     4J,  iid.     Or  separately,  zr.  6./.  each. 
' '  A  ttry  fiv./  «/i/ii.K,  (,.  f^ia-*  rtf  EdilaT  has  not  Btdy  inmgU  ichdaf 
ihif  hut  utdrpetidint  judgment  tout  histarkal  criticism." — SpKCTATOR- 
TacitUS. — THE   HISTORY   OF  TACITUS    TRANSLATEP 
INTO   ENGLISH.      By   A,   J.   CKUftCH.   M.A..   »nd  W.  }• 
Bkodkibb,  M.A.    With  Notes  and  a  Map.     New  and  Cheipe'^ 
Edition.     Crown  Bvo,     6j. 
"A  icholarly  and  faithful  trcmsUHeH." — Spectatob,  ^ 

TACITUS,  THE  AGKICOLA  AND  GERMANIA  OF.  A  ReviM^ 
Test,   English   Notes,    and   Maps.      By  A.  J.  Chubch,  M.A.  _? 
and  W.  J.  BttODRiBB,  M.A,    New  Editioo.  Fcap.  8vo.      31.  &^ 
Or  iepar»tely,  u.  each. 
"  A  mM  of  careful  editing,  bang  at  once  compact,  campide,  »ne^ 
iwrar/,  ai  well  as  tuatty  printed  and  degant  in  style." — AtHEHjEUU. 
THE  AGRICOLA   AND   GERMWi\K.     ^Tms\a.^sA  mlo  En«Bil^ 
by  A.  J.  Chubch,  M.A.,  and  NN.  "J.  ■B^.oiim.to, ■»..[>,  ^-ji* 
lUapt  and  Notes.     Extra  (cap.  Sno.     21.  W. 

— 


u  tcadabh  a 


' ,'  may  be  ptrvsed  wilk  fii 


■c  by  all,  and 


•d-wUh  advanlasi  l>y  Iht  ilassicai  itudint." — Athbn^um 

theopbrastus.  —  the    characters    of    theo- 

PHRASTUS.     An   Englisb  TninsloSon  from  a  Revised  Text. 

With  Introduction  and  Notes.     By  R.   C.  Jebb,   M.A,,  Public 

Orator  in  the  University  of  CambridEe,     Extra,  fcap.  Svo,      6s.  6d. 

"Mr.  Jibb's  translation  is  as  good  as  Iramlation  can  be ...  .  Nat 

\as  eommendahle  la-t  Ike  txttatien  of  Ike  Natis  and  the  criHciU  handling 

sfthe  Text." — Spectator,     "  A  very  handy  and  sckolarly  edition  b/ a 

werk  whici  till  tunv  has  beat  bcs/t  with  hindrances  and  digicullies,  but 

nkich  Mr.  j^bt's  critical  still  and  judgment  havi  at  length  plaeed  iiritkin 

Ou  grasp  and  comprehrraion  of  ordinary  readtrs." —^tJTWDli^  Review. 

Thring, — Works  by  tie  Rev.  E.  THRING,  M.A.,  Head  Master 

of  Uppingham  School, 
i    LATIN    GRADUAL,     A    First    Latin    Construing  Book    for 
BeEinners.    New  Edition,  enlai^ed.with  Coloured  Seutence  Maps. 
Fcap,  8vO.     3J.  fyl. 
\.  MANUAL  OF  MOOD  CONSTRUCTIONS.    Fcap.   8vo,   ii.  &/. 

"  Veryiiidl  suited  to  ycung  studetits,"--'E.liVCA7l0tilA.l.  TlHKS, 
V.  CONSTRUING  BOOK.     Fcap.  8yo.     is.  6d. 
rhucydidea.— THE  SlCn,IAN  expedition.    Being  Books 
VL  and  VII.  of  Thncydides,  with  Notes.     New  Edition,  revised 
and  enlarged,  with  Map.     By  the  Rev,  PERCtVAi.  Frost,  M.A., 
late  Fellow  of  St.  John's  College,  Cainbridge,    Fcap.  8vo.    $s. 
Tkis  edition  is  mainly  a  grammaUcal  one.     "  The  nates   are  exe/llmt 
>/  their  kind.     Mr.  frost  seldom  posset  truer  a  difficulty,   and  vihat 
he  says  is  always  to  We /oiii(,"— EDUCATIONAL  TlMES. 
Virgil.—TIIE    WORKS     OF    VIRGIL    RENDERED    INTO 
ENGLISH  PROSE,  vrith  Notes,  Introductions,  Ronning  Analysis, 
and   en  Index,  by  Jambs  Lonsdals,  M.A.  and  Samuel  Lee, 
M,A,     Second  Edition.     Globe  Svo,     31.  6d.  ;  gilt  edges.  4J,  6rf. 
7ii«  original  Sas  been  faithfidly  rendered,  and  paraphrase  altogether 
avaidrd.    At  the  same  Hme,  the  translators  have  endeavoured  to  adapt 
the  boot  to  the  use  a/  the  English  reader.     "  A  more  comply  idition  of 
Virgil  in  English  it  is  scarcely  possible  to  coneeaiethan  the  scholarly  vori 
before  «."-6lobe. 
Wright.— Works  by  J.  WRIGHT,   M.A.,  late  Head  Master  of 

Sutton  Coldfield  SchooL 
HELLENICA  i  OR,  A  HISTORY  OF  GREECE  IN  GREEK,  as 
L  related  by  Diodorus  and  Thueydides  ;  being  a  First  Greek  Reading 
kiBook,    with  explanatory  Notes,    Critical  and   Historical      Third 
Edition,  with  a  Vocabulary.     l2mo.    ^s.  6d. 
(f  ftodflan  v/ell executed.— CVKRDIA.H. 

ELP  TO  LATIN  GRAMMAR ;  0T,T^e¥orm  aniXSw:  rA'*™ 
ptatin,  willi  Progressive  ExeroiBSS.     Crc™i\%io,     V-  ^- 
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Wright — contitnud. 

THE  SEVEN  KINGS  OF  ROME.     An  Easy  NirmllM',  ibiidgri 

fitnalhc  Kim  book  of  Livy  bj  Ihc  omhdon  of  Dlflicnll  FitsiIK  1 

hrxBz  ■   Firii   Laiin  Reading   IkK>k,   with  Gtammukal  HoM. 

fifth  tCdltioo.     Fop.  Svo.  V-      *''*'  Voca!ml«j,  Ji.  M 
"  ^^r  Nta  mtt  aimndanl,  afitiat,  aad/tdl  oftmk  grcmmotial  m 
Mktr  in/trmttum  ai  toyt  rejmrt." — ATHCMjei.' M. 
FIRST   LATIN    STEPS;    OR,    AN   INTRODUCTION  BY  A 

SERIKS   OF    EXAMPLES   TO    THE    STUDY    OF   THE 

LATIN  LANGUAGE.    CrowaSwi.    5/. 
ATTlL-  I'KIMEK.     Arrxnred  for  I>ie  Use  of  Begimwra.     Extra  fap- 

Svu.     v.U- 

MATHEMATICS. 

Ahy. — Works  l.y  Sir  G.  B.  AIRV.  K.C.B.,  AtironomefRml!- 

ELEMENTAKY  TREATISE  ON  I'ARTJAL  IJIFFERENTUI' 

Et^U  ATIONS.     Doifinoi  lor  the  Uw  of  Swdents  in  Ihe  Uni«J- 

tiiits.      With   Diogmiu.      New    EdiUoo.      Crown   Svg,  cto"<' 

ON  THE  AIXIEBRAICAL  AND  NUMERICAL  THEORY  O? 
ERRORS  OK  OBSERVATIONS  AND  THE  COMBO**- 
TION  OF  OBSERVATIONS.     Crown  Svo.  cloth.    &.  W. 

UNDULATORY  niEORY  OF  OPTICS.  Designed  forlhe  Us«  ?" 
Sludcni!  in  Ibe  University.     New  Edition.     Crown  8vot  cW**" 

61.  bd. 

ON  SOUND  AND  ATMOSniERIC  VIBRATIONS.    With,     *" 

Mathemalicsl  Elcmenli  of  Music  Designed  for  Ihc  Use  of  Slu**"? 

of    the    Univcnity.      Second   Edition,   Revised    and  EolaK'fi'*' 

Crown  Svo.     91. 

A   TREATISE    OF    MAGNETISM.      Designed   lor    the    nse=     "' 

Studaiita  in  the  University.     Crown  Svo.     gj.  bd. 
Airy  (Osmund). — a    TREATISE    ON    GEOMETRIC^'^^ 
OPTICS,     Adapted  for  the  use  of  the  Higher  Classes  in  SchO** 
By  Osmund  Airy,  B.A.,  one  of  the  Mathematical  Master^  *" 
Wellington  CoUegt     Extra  fcap.  8vo,     31.  f>d.  . 

"  Cart/uily  and  lucidly  writtm,  and  tmdfred  a!  simpU  as  pBSsi^f*J^ 
tkt  uie  in  all  easts  0/  iht  most  dimtntary  form  of  invatigatimf-    ' 
ATHBN.EUM, 

Bayma. — the    elements    of    MOLECULAR    MECJ*^" 
NICS.      By  JosEFB    Bavma,    S.J.,   Professor  of   Philosof  (*'' 
■Sloiiyhurst  College.     Demy  Svo,  cloth.     loj.  td. 
»8Jey.~AN    ELEMENTARY    TREATISE    ON    PLA-J^-^ 
■TUGOAfOMETKY.      Willi  E.i.Bm?\ea.     ■&■)  ¥..  -O.  Bifcsl-*^ 
Head    Master   o(  GiaWhaTn  GtamTOM  SiiJiwi\.     "^i*"- 
I,  revisEd  and  enlarged.     Ciovm  Snq.  c\o\'ft-     v*>*- 


MATHEMATICS. 


Jlackburn  (Hugh).— ELEMENTS  OF  PLANE 
TRIGONOMETRY,  for  the  use  of  the  Junior  Class  of  Mathematics 
in  the  University  of  Glasgow.  By  Hugh  Blackburn,  M.A., 
Professor  of  Mathematics  in  the  University  of  Glasgow.  Globe 
8vo,     ij.  dd, 

Boole. — Works  by  G.   BOOLE,   D.C.L.,   F.R.S.,   Professor  of 
Mathematics  in  the  Queen's  University,  Ireland. 

L  TREATISE  ON  DIFFERENTIAL  EQUATIONS.     New  and 

Revised  Edition.     Edited  by  I.  Todhuntkr.     Crown  8vo,  doth. 

I4r. 

"^  treatise  incomparably  superior  to  any  other  elementary  book  on 

\e  same   subject  with  which  we  are  acquainted,^^ — PHILOSOPHICAL 

Iagazine. 

L  TREATISE  ON  DIFFERENTIAL  EQUATIONS.      Supple- 
mentary Volume.     Edited  by  I.  Todhunter.    Crown  8vo.  doth. 
%s,  6d, 
This  volume  contains  all  that  Professor  Boole  wrote  for  the  purpose  of 

nlarging  his  treatise  on  Dijferential  Equations, 

:HE  CALCULUS  OF  FINITE  DIFFERENCES.    Crown  8vo. 
cloth.     loj.  6^.     New  Edition,  revised  by  J.  F.  Moulton. 
"^j  an  original  book  by  ofie  of  the  first  mathemcUicians    of  the 
\ge^  it  is  out  of  all  comparison  with  the  mere  second-hand  compilations 
vhich  have  hitherto  been  alone  accessible  to  the  student, " — Philosophical  Ljl 

VIagazine.  lI 

Brook -Smith     (J.)— ARITHMETIC  IN  THEORY  AND  % 

PRACTICE.      By  J.   Brook-Smith,  M.A.,  LL.B.,  St  John's  ^ 

College,  Cambridge  j   Barrister-at-Law ;   one  of  the  Masters  of  tj 

Cheltenham  College.     New  Edition,  revised.     Complete,  Crown  ^^ 

8vo.     4J.  dd.     Part  I.     3j.  dd,  "..^ 

"  A  valuable  Manual  of  Arithmetic  of  the  Scientific  kind.     The  best  \f\ 

ve  have  seen,^^ — LITERARY  CHURCHMAN.     "^«  essentially  practical  ^ 

^ook^  providing  very  definite  help  to  candidates  for  almost  every  kind  (l^ 

f  competitive  examination,** — BRITISH  QUARTERLY.  |^ 

I^ambridge  Senate-House  Problems  and  Riders,  p^ 

WITH  SOLUTIONS  :—  ?^ 

1848-1851.— PROBLEMS.     By  Ferrers  and  Jackson.     8vo.  1^; 

cloth.     1 5  J.  6d,  f^ 

1848-1851.— RIDERS.    By  Jameson.    8vo.  doth.    >js,ed,  r, 

1854.  — PROBLEMS    AND    RIDERS.       By   Walton    and  n- 

Mackenzie.    8vo.  cloth.     loj.  6d,  ]  '1 

1857.  — PROBLEMS    AND    RIDERS.      By   Campion   and 

Walton.    8vo.  cloth.     8j.  6d. 
i860.— PROBLEMS  AND  RIDERS.    By  Watson  and  Routh  i^ 

Crown  8vo,  cloth,    7^.  6d, 
1864,— PROBLEMS  AND  RIDIL^S.    "Bi  ^K:Lta\9.  ^^-^^ju- 
KiNSON. '  Svo.  cloth,     los.  6rf. 


f^. 


8  EDUCATIONAL  BOOKS. 

CAUBRIUGE  COURSE  OP  ELEMENTARY  NATURAL 
PmLOSOraV,  farth«DcKmorB.A.  OrigiiuUr  cotnpild  bj 
I.  C  SxoWBJiu,  U.A.,  Ule  FtUow  of  SL  John's  CoU«ge. 
rVQi  EdUko,  teroed  uid  enlarged,  uid  adapted  Tor  the  Miil^ 
Clan  Examiiiadoni  br  Tuoius  LvNn,  B.D.,  Late  Fellow  Hid 
Leclarer  of  St.  Johni  Cottesc  Editor  ai  Wood's  Algebn,  && 
CiDwii  Svo.  cloth,     ji. 

CAMBRIDGE  AND  DUBLIN  MATHEMATICAL  JOURNAL 
Tin  Cwnplete  Work,  in  Nine  VoU.    Svo.  doth,    ^l.  4j. 
0»lf  m  frm  ctfia  rrmmit  m  ituJ.    Amtm^  the  CdntrOulan  vtS 

it  fimmJ  ib-  m  Thfouen,  Sleia,  AJihu.  Bvelr,  Sir  W.  Jf.  ffamOM, 

tit  M>X«^  Caflty,  SfiMUtr,  Jdl,tt,  ami  Mka'  dilttn^kti  naiil- 

Candler.— HELP  To  arithmetic.     Desiened  for  the  lueof 
SchooU      By    II.    Ca.vdi.iik,   M.A.,   Msthemstical    Mulci  of 
Uppingham  School    Eiin  fcapi  8v&     zi.  &/. 
Cheyne.— WoikibyCH.  H.  CUEYNE,  M.A.,F.R.A.S.  I 

AN    ELEMF-NTARV    TREATISE    ON    THE  PLANETARV 
THEORY.     With  a   CoUection  of  Problem*.     Second  Edition. 
Crown  Svo.  doth.     6j.  bJ. 
THE     EARTH'S     MOTION     OF    ROTATION.      CrowoSw. 

Jt.  W 
Chtlde.— THE  SINGULAR  PROPERTIES  OF  THE  ELLIP- 
SOID  AND   ASSOCIATED   SURFACES    OF    THE    ^''^\ 
DEGREE.      Br  the   Rev.   G.    F.   Ciiildb,   M.A.,   Author     " 
"  R»r  Sur&cei,"  "  Related  Caustics,"  Ac.     Svo,     loi,  &/.  , ,  . 

TTte  ebjtcl  of  tiis  ivliime  is  Is  drvdop  fttutiaiitia  in  thi  E!Iips^'*~fi 
and,  further,  to  etlaifiii  analo^nu  propertia  in  thi  unlimitid  hm^h*^*^ 
leria  oj  wkitk  Ikis  ri-nartable  tur/aee  it  a  eoHilitiuKL 
Christie. — a    COLLECTION    OF    ELEMENTARY    TE^2 
QUESTIONS  IN  PURE  AND  MIXED  MATHEMATICS^ 
with  Answers  and  Appendices  on  Synthetic  Division,  and  on   •'^ 
Solution  of  Niinierical  Eqoalions  by  Homer's  Method,     ByjAV*— 
R.  Christie,   F.R.S.,  late   First  Mathematical   Master  at  ^* 
Royal  Military  Academy,  Woolwidi.     Crown  Svo,  doth.     8/.  C^ 
CuthbertSOn— EUCLIDIAN     GEOMETRY.        By    FltANC?j 
CuTHDEBTsON,    M.A.,  late  Fellow   of  Coqius  Chrisli  Coll^^ 
Cambridge ;    and   Head   Mathematical    Master  of   the    City     * 
LonJon  School.      Extra  fcap.  Svo.     41.  &/, 
Dalton. — Works   by    the    Rev.    T.    Dai-ton,    M.A.,    Aasisla*^ 

Master  of  Eton  CoUege. 
RULES  AND  EXAMPLES  IN  ARITHMETIC.     New  Edltioc*- 
'oth.      21.  bd.       Answer!  to  the  Eiamfla  art  affairfai 
;)  E.VAMPLES  IN   iLGF-BRK-    YaA'^.     ^>™-    -^ 
■i  ii prepared  en  the  same  plan  as  ihs  Ar«hmrtw, 
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-PROPERTIES    OF    CONIC     SECTIONS     PROVED 

Geometrically,     pakt  i.,    the  ellipse,   with 

Jwblems,  By  llie  Rev,  H.  G.  Day,  M.A.,  Head  Master  of 
ESedbnrgh  Gramnuir  School  Crown  8vo,  y.  dd. 
TgSOn. — AN  ELEMENTARY  TREATISE  ON  DETER- 
6IINANTS,  with  their  Application  lo  Simultaneous  Linear 
~  _  IS  and  Algebraical  Geometry,  By  Charles  L.  DODGSOif, 
iI.A.,  Student  and  Mathematical  Lecturer  of  Christ  Church, 
Oxford.  Small  \\o.  cloth,  lew.  6d. 
"w  vaJuaile  adiiUioH  lo  the  treatises  iiie  passes!  on  Modan  Al%Ara." 
—Educational  Times. 

Drew. — GEOMETRICAL    TREATISE     ON     CONIC    SEC- 
TIONS.    B/W.  H.  Drew,  M.A.,  SL  John's  CoUege,  Cambridge, 
Koorth  Edition.     Crown  8vo,  doi.     4J,  td. 
SOLUTIONS    TO    THE    PROBLEMS    IN    DREW'S    CONIC 
SECTIONS.     CrowD  8vo.  doth.     +f.  di. 

Barnshaw     (S.)  —  partial    differential  equa- 

g  TIONS.      An  Essay  towards  an  entirely  New  Method  of   Intc- 
liating  them.      By   S.   Eaknshaw,  M,A.,   St  John's  College, 
iunbridge.     Crown  Svo.     y. 
)bzx  (J.  H.)  and  Pritchard  (G.  S.) — note-book  ON 
Practical  solid  or  descriptive  geometry. 

mtainlng  Problems  with  help  for  Solutions.     By  J.  H.  Edgak, 
'  ,  L^turec  on  Mechanical  Drawing  at   the  Royal  Sdiool  ot 

s,    and   G.    S.    PglTCHARD,   late    Master    for    Descriptive 

rCeoraetry,  Royal  Military  Academy,  Woolwich.  Second  Edition, 
revised  and  erJarged,  Globe  Svo.  31. 
'"Crrcrs.— AN  ELEMENTARY  TREATISE  ON  TRILINEAR 
CO-ORDINATES,  the  Method  of  Redprocal  Polars,  and  the 
Theory  of  Projectors.  By  the  Kev.  N.  M.  Fekrers,  M.A.,  Fellow 
Kiand  Tutor  of  Gonville  and  Caius  College,  Cambridge.  Second 
'■dition.     Crown  Svo.     bs.  &/. 

—Works  by  PERCIVAL  FROST,  M.A.,  formerly  Fdlow 
f  SL  John's  College,    Cambridge ;    Mathematical    Lecturer  of 
"     '3  CoUege. 
^ELEMENTARY  TREATISE  ON  CURVE  TRACING.     By 

L  Frost,  M.A,     Svo.    12s. 
I  FIRST  THREE  SECTIONS  OF  NEWTON'S  PRINCIPIA. 
TTith  Notes  and  Illustralions.    Also  a  collection  of  Problems, 
idpally   intended   as   Examples   of    Newton's   Methods.       By 

L  Frost,  M,A.    Second  Edition.     Svo.  cloth.     loi.  bd. 

1st  and  W^olstcnholmc— A  TREATISE  ON  SOLID 
feEOMETRY,      By  Pbrcivai  Fmst,  M,.K.,  «ni  -Cmi  '^'f.  V 
froLSTiWHOLMSi  M.A.,  Fellow  and  ft-ssSaWiA  T-ilai  cS.  Oa>Si» 
%vQ.  cloth.     i8j. 
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Godfrajr.— w<Hu  I7  ni'Gn  godfray,  ila.,  h 

Lec^nm  i1  Pemb>«ke  Colbxe,  Ciatbiidee. 
A  TREATISE  ON   ASTRONOMV,  (or  ibe  Dse  of  CoB 

Schooli.     Np«  E.!:t-.^m.     S-nx  doih.     i»l  ti 
"A  warti^  ha^   M-'V  '**'»»»«»?  "  ^  /"A'  A**"'  *•  " 
mtlk^icitma.     .  .  .  .-I  iwl  iMckUmttlOdT  Irtt  gttmfm' 
gtady. "— G  VAKOUX. 
AN  BLEUEKTARV  TREATISE  OH  THE  LUNAR  TH 

with  ■  Biief  Skett&  of  Ibe  PraUem  op  to  tbe  time  of  Ne« 

Second  Edirioo,  lemcd.      Cnnni  Sn>.  clolk.     51. 6d. 

"  Ai  m  dtmim^ry  Inatiu  and  tMlradmOim  to  tit  ntijtct,  we  UM  H 

mmfjtf^tUnmlamfirieitatiftrmirBmtt.'' — LOKDON,   EdIK.  AND 

DusuM  Puit.  Magazinb. 

Hemming. — an   ei^mentary  treatise    on  tub 

DUFERENTIAL   AND   INTEGRAL   CALCULUS,  (m  *« 
Km   or  Cotleeet   «nd   Schools. 
Kdlc™  of  Sl  John'i  College,  Can 
CnrredtMit  «nd  Additions.     Sto.  doth.     . 
"  Tkfrt  U  K)  JAhl  ID  nrmiHim  uie/rm  vMth  le  ilo'  and  oacl ' 
kHcwItiigt «/ the  frimifta  0/ tMt  CaLtUia  titn  it  la  readi/y  eilaintJ,''~ 
LlTIftABV  Gazbttl 

Jackson. — geometrical  conic  sections.   An  Eleiua- 
Ury  Treatise  in  which  (he  Conic  Sections  are  defined  as  the  Pline 
Sections  of  >  Cone,  nn-l  Itcaled  by  the  Method  of   Projection. 
By  I.  Stu*ri  Jackson.  M.A..  laic  Fellow  of  Gonvilleind  Quia 
College,  Cambndge-    41.  6d. 
Jellet  (John   H.) — a  TREATISE   ON   THE  THEORY  OF 
FRICTION.     By  Johm   H.   Jillbt.   B.D.,   Senior   Fellow  rf 
Trinity  Collie,  Dublin ;  President  of  the  Ro>-al  Irish  Aesdemj. 
8vo.    &.  tJ. 
"  Tkiwori  u  etuof  grtal  rri/arcA,  and  wil!  add  mnck  ta  Iki  already 
l^iat  repulatioa  ef  iu  d«//ior."— SCOTSMAN. 

Jones  and  Chcyne. — ALGEBRAICAL  EXERCISES.     Pro. 
greiGirely  arranged.     By  the  Rev.  C.  A,  Jokes,  M.A.,  and  C.  H. 
CHBVNK,  M.A.,  F.R.A.S.,MatheinaticalMasten  of  Westminster 
SchooL     New  Edition.    iSmo.  doth.    ai.  €d. 
Kelland    and    Tait.  —  INTRODUCTION  TO   QUATER- 
NIONS,  with  numerous  example*.      By   V.   Keliand,    M.A., 
F.R.S..   formerly  Fellow  of  Queen's  College,  Cambridge;  and 
r,  G.  TaiT,  M.A.,  formerly  Fdlow  of  Sl.  Peter's  College,  Cam- 
bridge  i    Professors   in    the   depaitmeni   of   Mathematics  in  the 
University  of  Edinburgh.     Crown  8to.     ^s.  6d, 
KitChener.~A    geometrical    NOTE-BOOK,    cont^ning 
•iasr  Problems  in  Geometrical  Dra-trtn^  v™?»^^3  >5  **t%Sa4i 
Ceometfy-      P°'  ">«  "se  of  ScVooU.    ^^T.;t.-«.i^cw«s«, 
%  Mathemarical  Master  at Ras-bj."Se-«^A>.i«nv-     "i™-    *>■ 
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prgan. — a  collection  of  problems  and  exam,     i 

.  PLES    :N    mathematics.      With  Answera.      By  H.   A. 
MoxoAN,  M.A.,  Siidletian  and  Mathematical  lecturer  of  Jesoi 
College.  Cambridge.     Crown  Svo.  cloth,     (u.  6d. 
ewtOn'S  PRINCIPIA.     Edited  by  Professor  Sir  W.  THOMSON 

and  Proressor  Blackburn.  4to,  doth.  311.  61/, 
"Finding"  say  the  Editors,  "that  ail  the  editions  0/  the  Prindpiiajv 
umi  out  offirint,  iw  hicvt  bem  induced  to  rMint  Navlan's  last  edition 
of  I'jit'l  wilheul  nate  or  comment,  only  introducing  tie  '  Corri^ada'  of 
he  old  copy  and  correcting  typographical  errors.  The  book  is  of  a 
iandsame  sixe,  with  large  type,  fine  thick  paper,  and  cleanly  eat  figures, 
indii  tie  only  mBderHtdiiioneoutaimngtheviheleof  Newtotfsptat  work. 
'  Undoubtedly  the  finest ediHon  of  the  text  of  the  '  Prindfia  'which  has 
i^herto  appeared.'  — Educational  Times. 
Parkinson. — Works  by  S.  Parkinson,  D.D.,  F.R.S.,  Tutor  and 

Pr.elector  of  SL  John's  College,  Cambridge. 
UN  ELEMENTARY  TREATISE   ON  MECHANICS.     For  the 
Be  of  the  Junior  Classes  at  the  University  and  the  Higher  C!a£se« 
^  in  Schools.   With  a  Collection  of  Examples.    Fifth  edition,  lerlsed. 
"  Crown  8vo.  cloth,     gr.  6d. 

J  TREATISE  ON  OPTICS.  Third  Edition,  revised  and  enlai^ed. 
Crown  Svo,  doth.  lOi.  6J. 
(war.— ELEMENTARY  HYDROSTATICS.  With  Numeroiu 
Examples.  By  J.  B.  Pheas,  M.A.,  Fellow  and  late  Assistant 
Tator  of  Clire  College,  Cambridge.  Fourth  Edition.  Crown 
8vo,  cloth.     Si,  6d. 

att. — A    TREATISE    ON    ATTRACTIONS,  LAPLACE'S 

FUNCTIONS,    AND    THE  FIGURE   OF    THE    EARTH. 

By  John  H.  Pkatt,  M.A.,  Archdeacon  of  Calcutta,  Author   of 

''The  Mathematical  Frinciplea  of  Mechanical  Philosophy."   Fourth 

Edidon.    Crown  Svo.  cloth.    61.  W. 

BCklc. — AN  ELEMENTARY  TREATISE  ON  CONIC  SEC- 

I  TIONS   AND  ALGEBRAIC  GEOMETRY.     With  Numerous 

Examples  and  Hints  for  their  Soludon  ;  especially  designed  (or  the 

Use  of  Beginners.     By  G.  II.    Fucklb,    M.A.     New  Editioti, 

revised  and  erdai^ed.     Ctowh  Svo.  cloth.     Js.  6d, 

"  Displays  an  iHtimate  acquaintance  iiiith  the  difficulties  liiily  to  he 

yt,  together  znith  a  singular  aptitude  in  removing  than." — Atkhn^um, 

Rawlinson.— ELEMENTARY  STATICS,  by  the  Rev.  George 

RaWWNSON,  M.A.   Edited  by  the  Rev.  EDWARD  Sturgss.M.A., 

ot  EnunanuiJCollege,Cambridge,aQdlate  Professor  of  the  Applied 

Sciences,  Elphinstone  College,  Bombay,   Crown  Svo.  cloth.    41,  td. 

'Wished  under  the  authority  of  her  Majesty's  Secretary  of  Stale  for 

far  use  in  the  Government  Schools  attd  Colleges  in  India. 

tj-nolds MODERN      METHODS     TO     tYS-tK^"®."^  ^S:^ 

GEOafETRV.       By    E.   M.   Revnolus,  W..K.,  lAiCoras-aSJic^ 
JUaatstin  Clifton  College.     Ctown.  frvo.     ■js.fcd. 


KBOCAnOHAL  BOOKS.       ^^^1 

_    _        JirTXEATISE  ON  TBK  DnO* 
IOCS  OF  THE  SrETCX   OF   RICO)   BODIES.      Wuh 
■■V^    Br  Ebwub  \'1sm  Routh,  ILA.,  Itte 
.  .  HMM  T«Mr  or  St.  r«UT'i  Colkf^  (Unbridpi 
■  •■CH  iilii  rffa^fafc    S«a^  EdiUon,  colugcd. 


WORKS 
By  the  RBV.  BARNARD  SMITH,   M.A., 

of  St.  htBt  Cjl^b  Cnlnlce. 

ARtraiiEnc  axd  AucsutA.  ■ 


to**  OiJmit  1 


r  iMMrfM^  aW  *b  hmt  mM  jct  lUmt^J 


1^  —   -^      1  •   "^    mmr.^   ^    H— •    /—    "^■■M   — "^L 

H I t^M  * Jl«f  )wr >w)^ih«  y  1*^  amd  fnoitt  iMA  it  *** 

AUTHMXnC  FOft  SCnOOLfL  Xe*  Utk>.  Onn»^ 
datk  «>.M  AifaMBife^AeAiAn'mA  o-Arithar" 
wtAMn.' 

A  Wn"   TO  THE  ARTTHMETTC   FOR   SCHOOLS. 

■XKRCISES  t»  ARPmMETIC     Via  i 

OrMMsepMIieK,  ^tR  L  ijl  ;  fut  fL  i 
SCHOOL  CLASS-BOOK  OF  ARTTHSirnC    ttaa.  ckdi.    p 

Ot  laU  «e{«M«ty.  Puts  L  ud  IL  kmC  «9>d:  Pin  III.  it. 

KBVS  TO  SfllOOL  CLASS-BOOK  OF  ARmiMETIC.     Co*" 

Dlcte  ia  CM  rat^,  i&no.  du^  6«.  id.;  m  Vira  L,  IL.  sn- 

Ul,  ar-  M.  e*.-K 

SHILLING  BOOK  OF  AKITHIIETIC  FOR  NATIONAL  ANl 

£LCM£yTARY    SCHOOLS.      iSi»x  Aafti.     Qtse^natdy 

I*;;  rwt  n.  >ii  tm^wi-t*.  *«»«».%*. 
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Barnard  Smith — continued. 

KEY  TO  SHILLING  BOOK  OF  ARITHMETIC.      i8mo.  clolh. 

EXAMINATION    PAPERS   IN   ARITHMETIC.       18010.   cloth, 

IS.  dd.     The  same,  with  Answers,  l8mo.     11.  Oi/. 
■KEY    TO    EXAMINATION     PAPERS     IN     ARITHMETIC. 

iSmo.  cloth.  4j.  dt/. 
■THE  METRIC  SYSTEM  OF  ARITHMETIC,  ITS  PRINCIPLES 
AND  APPLICATION,  with  numerous  Examples,  written 
expressly  for  Standard  V.  in  National  Schools.  Fourth  Edition. 
iSmo.  cloth,  sewed,  xd. 
-A  CHART  OF  THE  METRIC  SYSTEM,  on  b  Sheet,  size  4a  in. 
by  34  in.  on  Roller,  mounted  and  varnished,  price  31.  6rf.  Fomtb 
Edition. 

"  We  do  nol  rtmtmbet-  thai  ever  we  hmie  seen'/eaehittg  by  a  chart  more 
happily  carried  out." -'SCHoOh  Board  Chuonicle, 
Also  a  Small  Chart  on  a  Card,  price  id. 

tEASY   LESSONS    IN    ARITHMETIC,    combining"  Exercises    in 
Reading,  WritinE,  Spelling,  and  Diclalion.     Part  I.  for  Standard 
t        I.  in  National  Schools.     Crown  811D.     grf. 
[    Diagrams  for  School-room  walls  in  preparation. 
"  We  should  strengly  adiHse  everyont  ta  study  carefully  Mr.  Barnard 
SmilA's  Lessoni'fti  Arithmetic,  IVritin^,  and  Spelling.     A  more  excel- 
lext   littlt  laorh  for  a  first  iatrodialion  to  kttmoledge  cattnet  wdl  be 
toriitm.   Mr.  Smith's  larger  Text-bocks  en  Arithmetic  and  Algebra  ore 
already  most  fimouraUy  knman,  and  he  has  proved  now  thai  the  difficult 
o/vtritinga  tat-book  which  begins  ab  ovo  is  really  atrmountable ;  but  we 
•*Aall  be  much  misla&en  if  this  little  book  has  not  cost  its  author  more 
tAought  and  mental  labour  than  atiy  of  his  more  elaborate  text-boots. 
3%eplan  to  camiine  arithmetical  lessons  wUh  those  in  readingand  spelling 
ii  perfectly  novel,  and  it  is  woried  out  in  accordance  with  the  aims  of  our 
^^tiaiional  Schools  ;  and  we  are  cotwinced  that  its  general  introduction  in 
^B^i  dementary  schools  tkroughottl  the  country  will  produce  great  educa- 
^^■Md/oiAiaH/i^j."— Westminstrk  Review. 

■bhE  METRIC  ARITHMETIC.  [Nearly  ready. 

^fenowball. — THE  ELEMENTS  OF  PLANE  AND  SPHERI. 

CAL  TRIGONOMETRY  ;   with  the  Construction  and  Use  of 

Tables  of  Logarithms.  By  J.  C.  SNOWBALL,  M.A.  Tenth  Edition. 

Crown  8vo.  cloth,     "js.  6d. 

IT&it  and  Steele.— a  treatise  on  dynamics  OF  A 
PARTICLE,  With  numeroos  Examples.  By  Professor  Tait  and 
Mr.  Steelk.  New  Edition,  enlarged.  Crown  Svo.  cloth,  loj.  6d, 
fTcbay.— ELEMENTARY  MENSURATION  FOR  SCHOOLS. 
I  With  numerous  Examples.  By  Septimits  Tbbay,  B.A„  Head 
[  Jfiuter  of  Queen  Elizabeth's  Giamnut  S<iia<i\,'^-<ai©«t>-  "^fSi: 
t  fc^i,  Svo.  2s.  6d. 
\"A  very  compact  useful  otonmo/,"— SsaCIKlOY,, 


X-jJ 


PLANE  TRIGOXOMETKT.      Fa-  Sdwds  a>a  CoO^a. 

Editiaii.     Crovs  8*0.  eIocL    y. 
A  TREATISE    OX    SPHERICAL   TKIGONOMETRT. 

Edition,  eoUrgcd.     Croini  Sto.  dot^     41.  6>/. 
"  Far  tdmalwnal  pHTfein  ttdi  ^tari  M 
en  tAc  sui/a-t."—CiUTic. 
PLANE  CO-ORDINATE  GE.OMETRV.iai.vv'^Bi  to  UutSt 
" '  p  and  the  Conic  Sections,    VJWhTmmeiDva  g-Ttawj^. 
^  reviaed  and  enlarged.     Crown  a^o.  dniii.    V-W 
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Todhunter  (I.) — conlinued. 

TREATISE  ON  THE  DIFFERENTIAL  CALCULUS.     With 

numerous  Examples.    Sixth  Edition.   Crown  Svo.  cloth.    101.  dd. 
"Has  alrtady  taken  Us  place  ai   the  Itxt-book  on  that  subject." — 
tuLosoPHicAL  Magazine, 
A  TREATISE  ON  THE  INTEGRAL  CALCULUS  AND   ITS 

APPLICATIONS,     With  numerous  Examples.    Fourth  Edition, 

revised  and  enlarged.     Crown  Svo.  cloth,     roi.  td. 
EXAMPLES    OF    ANALYTICAL    GEOMETRY    OF    THKEE 

DIMENSIONS,   Third  Edition,  revised.     Crown  8vu.  cloth.   41. 
A  TREATISE  ON  ANALYTICAL  STATICS,     With  numerout 

Examples.     Fourth  Edition,  revised  and  enlarged.     Crown  Svo. 

doth.     loi.  td. 

HISTORY    OF    THE    MATHEMATICAL    THEORY    OF 

PROBABILITY,  from  the  time  of  Pascal  to   that  of  Laplace. 

Researches  in  the  calculus   of   variations, 

principally  on  the  Theory  of  Discontinuous  Solutions :  an  Essay 
to  which  the  Adams  Prize  was  awarded  in  the  University  of  Cam- 
bridge in  1871,     Svo.    6s. 

HISTORY  OF  THE  MATHEMATICAL  THEORIES  OF 
ATTRACTION,  AND  THE  FIGURE  OF  THE  EARTH, 
from  the  time  of. Newton  to  that  of  Laplace,  a  vols.  Svo.  241. 
'  Stick  histories  are  at  priseat  mere  valuable  than  ar^inaJ  vurri. 
ice  enaile  tie  JIfaiAematician  la  make  himself  master  of  all  that 
Seen  danM  on  the  subf/tl,  and  also  give  him  a  clue  to  the  right  methed 
dealing  vdlh  Ike  subject  in  fulnre  by  sioimng  Aim  t/u paths  by  whieh 
'vanee  Aas  iam  mads  in  the  fast  .  ,  .  Itisiidlh  anmu^led  saHs/a^tioa 
it  -wt^sce  this  branch  adofttd  as  Ais  special  subject  by  ohc  uikuse  cast  cj 
'\mi  and  self  cuilure  hove  made  Aim  one  of  the  mast  accurate,  as  he  or- 
mly  is  the  most  learned,  of  Cambridge  Mathematicians." — .SATURDAY 


'ilson     (J.     M.) — ELEMENTARY   GEOMETRY,      Books 
I.  n.  III.     Containing  the  Subjects  of  Euclid's  first  Four  Boolis. 
Hew  Edition,  follon-inE  the  Syllabus  of  .the  Geometrical  Associa- 
,lion.     By  J.  M.  WdsoN,  M.A.,  late  Fellow  of  St.  John's  Col- 
lege, Cambridge,  and   Mathematical   Master  of  Rugby  School. 
Extra  fcap.  Svo.     3^.  bd. 
lOLlD  GEOMETRY  AND  CONIC   SECTIONS.     With  Appen- 
dices on  Transversals  and  Ilaimonic  Division.     For  llie  use  of 
Schools.    By  J.  M.  Wilson,  M.A.    Second  Edition,    Extra  fcap. 
Svo.     31.  bd. 
Wilson  ( W.   P.)  —  A  TREATISE.  OlS  -DN-SWIAC.?.. 
'-      W.  P.  Wilson,  M         "  ""         ---■--.■        -— 


,  Fellow  o£  St.  "JotIi!sCo^k.lJ.«.CB.t 


EDUCATIONAL  BOOKS. 

•  College  Bdbtt    810. 
— EmrcATimii 

Wehteaholme.— A  book  of  mathematical 

WtOBLtatS.  OM  Sriiecti  tadaded  In  tlic!  Cunbridge  Conne. 
Br  J«rv  Wounxaout^  Fdlow  of  Chiisfs  CoU^e,  eoid(- 
ikwFribvaf  Si.  Jaka'k  C^lfcc  ud  btely  Lectnnr  in  Uulie- 
■■tiri  M  Ckn(^  CiSm-  down  Svo.  doth.  Si.  6</: 
■i"— Gpaediam. 
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It  is  the  intentioo  of  the  Publishera  to  produce  a  com- 
plete series  of  Scientific  Minuils,  affording  full  and  Ac- 
curate elementary  information,  conveyed  in  dear  and 
lucid  English.  The  authors  are  well  known  as  among 
the  foremost  men  of  their  several  departments  ;  and  their 
names  form  &  ready  guarantee  for  the  high  character  of  the 
books.  Subjoined  is  a  list  of  those  Manuals  that  have 
already  appeared,  with  a  short  account  of  cacK  Others 
are  in  active  preparation ;  and  the  whole  will  constitute  a 
standard  series  specially  adapted  to  the  requirements  of  be- 
ginners, whether  for  private  study  or  for  school  instruction. 
ASTRONOMY,  by  the  Astronomer  Royal. 

POPULAR  ASTRONOMY.    With  Illustration!.     By  SiH  G.  B. 

AlSY,    K.C.B.,    Astronomer    Royal.       New   Edition.       iSmo. 

cloth.     41. 61/. 
Six  tatura,  intendtd  "  la  txflain  le  initlli^nt  pcrsont  Ikt  prindfits 
en  ■mhkk  Ike  instmntenU  of  an    Oistrvaiiiry  art  contfruitidy  tm^  '' ' 
prirtciples  en  which  t/U  ehstrvatioHi  modi  with   Ihiu  instt          ~' 
triaicd  far  dediutien   of  the  diilaices  and  wiigkb  of  Iht  b. 
Solar  System. " 
ASTRONOMY,  

ELEMENTARY    LESSONS     IN     ASTRONOMY.        Wilt 

Coloured    Diagram    of  the    Spectra   of  the    Sun,    Stars,    and 

Nebula,  «nd  numerous  lUuBtrotions.     By  J.  Ndrkan  Lockvek, 

F.R.S.     New  Edition.     l8mo.     ^s.  (ui. 
"JW/,^Uar,}»iinii,atidviBrthyofaUentian,niitonly  asafofutaTtc^e- 
JWiw*,  iuf  as  a  scKntific  ' /ni/sjc.'"— ATHB,Nff.^m.     "  TJumoii  fiwSf 
fiU^£-^ eiefnenlary  booki  ok  the  icMnwi."— 'SoBCois^ov.mst. 


t  Ike  frinc^tt 
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Slementary  CI  ass- Books— «in//awa/, 

JUESTIONS    ON    LOCKYER'S    ELEMENTARY    LESSONS 
■^      IN  ASTRONOMY.     For  the  Use  of  Schoola.     By  JOHN  FORBBS- 
EOBBK.T50N.     iSmo.  cloth  limp.     ti.  611'. 
>HYSIOLOGY. 

LESSONS     IN    ELEMENTARY    PHYS:OLOGy.        With 

nnmerous  niustralioD!.      By  T,  H,  HuxiXY,  F.R.S.,  Professor 

of  Natnial  Histoty  in  the  Royal  School  of  Mines.     New  Edition, 

tSmo.  cloth,     41.  fid. 

"  Pure  gold  lAraugkout." — Guard:  an,     ' '  Unijuestionably  the  clearest 

md  most  complete  dementary  treatise  oa  this  subject  that  we  possess  in 

fiy[angtiegt."—'WES.rM.:tisTEa.  Review. 

JDESTIGNS  ON  HUXLEY'S  PHYSIOLOGY  FOR  SCHOOLS. 

By  T.  Alcock,  M,D,     iSmo.     u.  6d. 
30TANY. 

LESSONS  IN  ELEMENTARY  BOTANY.     By  D.  Oliver, 
r.R.S.,F.L.S.,  rtofcssor  of  Butany  in  University  College,  London. 
Wilh  nearly  Two  Hundred  Illustrations.     Ntw  Edition.    iSmo. 
cloth.     4J.  6d. 
CHEMISTRY. 

LESSONS  IN  ELEMENTARY  CHEMISTRY,  INORGANIC 

AND  ORGANIC.     By  Henry  E.  Roscok,  F.R.S,,  Professor  of 

Chemistry  in  Owens  College,  Mancheater.     Wilh  nnmerous  IlJns- 

tn-lions  and  Chromo-Litho  of  the  Solar  Spectrum,  and  of  the  Al- 

lialies  and  Alkaline  Earths.    New  Edition.     iSmo.  cloth,    \s.6d. 

"  At  a  staiulard  gateral  text-book  it  deserves  ta  taJct  a  leadingplcue,"— 

^     "  IVe  unhesita/ingly  frontmitee  it  the  best  of  all  our 

freatiies  on  Chentistry." — Medical  Times. 

•OLITICAL  ECONOMY. 

TOLITICAL  ECONOMY  FOR  BEGINNERS.   By  Millicbnt 
G.  FAWCETT.     New  Edition.      iSmo.     is.  &/. 
"  Clear,  compact,  and  comprehensive:'— HhVLy  tiJLVls.   "  The  relations 
cttfilal  and  labour  have   never  been    more  simply  or  more  eleariy 

tpoMlietL"~CQSTY.MVOSJ.Y.Y   REVIEW. 

.OGIC. 

ELEMENTARY  LESSONS  IN  LOGIC  ;  Dednctive  and  Induc- 
tive, with  copiouB  QueslLons  and  Examples,  and  a  Vocabulary  of 
Lineal  Terms.   By  W.  Stanley  Jevons,  M.  A.,  Professarof  Logic 
in  Owens  CoDege,  Manchester.     New  Edition.     lEmo.     31.  td. 
"  Nothing  can  be  better  for  a  sckool-book." — GUARDIAN, 
"\A  manual  alike  simple,  interesting,  and  scientifie."—A-[iiEtlMVK. 
»HYSICS. 

LESSONS  IN  ELEMENTAB.Y  TllXSlC?,.  "ft-j  ■?,^.\N^i^ 
Stsvart,  F.R.S.,  Professor  oE  T:Ja.Wm\  TVio=c^V'j  to  t'- 
CoU^e^  Manchester,     Wilh  numerovis  lfliif,Wi.^OTis  o.-^i  C 


I^^H^     EDUCATIONAL  BOOKS^ J 

Blementary  Class-Books — amtimted. 

lilhtudlie  S|>cclniortheSun,  SCitn,  and  NebuLe.    New  £di!i(K 
■Brno.     y.  6,/. 
"  Tii ilau  uitalsf  a  icuntificUxt-hoei,  clear,  occurale,  and Ihorm^" 
EimCAriiiNAL  I'lUK. 

VH-hCTlQAl.    CHEMISTRY. 

THK  OWKNS  COLLEGE  JUNIOR  COURSE  OF  PRAC- 
TICAL CHEMISTRY.  By  FliA^CIS  Ionks.  ChemiMi  Mwlet 
in  Uic  Grammar  School,  Mancliester.  wiih  Preface  bf  Profawi 
RoscoK.    With  Illustrations.    N<w  Edition.     iSmo.  zj.  6^. 

ANATOMY. 

LESSONS  IN  ELEMENTARY  ANATOMY.    ByST.  Geo«g« 
MivAflT,  F.R.S.,  Lecturer  in  Compiralive  Anatomy  at  St.  Msij"* 
lltMpilaL    With  upwnrdu  nf  400  DlustratJoiu.     iSmo,  61.  &/ 
"  /I  may  bt  ytteslioHtil  iiiktikn'  any  oiker  ■mark  on  Anatemy  fnUiil 

in  Hi^eemjiosito pro/isrliiiHalily great  amats of  in/Brmatisii.''—'L/X(Xi' 
"TAtwrkis  exeellenl,  and  sAimlJ  bein  ihehands  0/ rvtiy  slfienl^ 

Auman  aoir/OTK)'."— Meiiical  Timbs, 

STEAM.— AN  ELEMENTARY  TREATISE.  ByJoHwPBMif. 
Itnchtlor  of  KnRincering,  Whitworlli  Scholar,  etc,  late  LeclurB^ 
I'hysics  at  Cliftun  CoUcge.  With  numerous  Woodcuts  iW^ 
Nuiuciicnl  Exainiiles  and  Exercises.     iBmo.     4J.  6d. 

MANUALS    FOR    STUDENTS. 

Flower  (W.  H.)— an  introduction  to  the  oste  ■^\ 

OLOGY   of   the   MAMMALIA.      Being   the   substance  0   '^i 
tlie  CouFM  of  Lectures  delivered  at  the  Royal  College  of  SuiEeon^    ^, 
of  Enyland  in  1870.      By  W.  H.  Flower,  F.R.S.,  F.R.C.S.,--  -*, 
Ilunteriul  Professor  of  Comparative  Anatomy  and   Physiolc^. -^ 
Wilh  numerous  lUustrations.     Globe  8to.     71.  6d.  _-^ 

Hooker    (Dr.)— the   students   flora    of   the  ■^-'^ 

BRITISH   islands.      By   J.    D.    Hooker,   C.E,,    F.R.S.,      " 

M.D.,  D.CU,  President  of  ihc  Royal  Society.  Globe  8vo. 
lOJ.  &/.  ^ 

' '  CaHHoifail  is  petjectly  fulfil  tkt purpose  for  which  it  is  inlrndtd.''—     _ 
Land   and    Water. — "CQHtaimng  lie /ullat   and   nasi  acatratt    ~'^ 
manual  oj  the  timl  thai  hai yet  appeared."— Vji.\.\.  Mall  Gazkttb. 
Oliver(Profcssor).— FIRST  BOOK  of  INDIAN  BOTANY.        ' 
By  Daniel  Oliver,  F.R.S.,  F,L.S,,  Keeper  of  the  Herbarium       .^ 
and  Library  of  Ibe  Royal  Gardens,  Kew,  and  Professor  of  Botany 
in   University  College,   London.     With  numerous   UlnstratiDns. 
Ektra  fcap.  8vo.     ts.  td. 
"  It  conlains  a  wcU-digaltd  summary  0/ all  mttilial  knowlidge  ferlt^-         ^ 
ini'/o  Iniiian  dotany,  tvrmghl  euC  in  accardanct  ■wUk  lAt  lest  friua^^^^M 
<'////iW/*;fr  o//H«^(moi/,"— Allbk's  iNDlX-StH-KW-  V^^l 

^,  o/Aer-Mlumtso/thtHManuahwUSMw).  ^^^M 


\ 


SCIENCE.  19 


NATURE  SERIES. 

HE  SPECTROSCOPE  AND  ITS "  APPLICATIONS.  By  J. 
Norman  Lockyer,  F.R.S.  With  Coloured  Plate  and  numerous 
illustrations.    Second  Edition.    Crown  8vo.     y,  6d, 

HE' ORIGIN  AND  METAMORPHOSES  OF  INSECTS.     By 
Sir  John  Lubbock,  M. P. ,  F.  R.  S.    With  numerous  Illustrations. 
Second  Edition.     Crown  8vo.  3^.  6d, 
"  We  can  most  cordially  recommend  it  to  young  naturalists^ — Athe- 

liEUM. 

:HE  BIRTH  OF  CHEMISTRY.    By  G.  F.  Rodwell,  F.R.  A.S., 
F.C.S.,  Science  Master  in  Marlborough  College.     With  numerous 
Illustrations.     Crown  8vo.     ^s.  6d, 
"  We  can  cordially  recommend  it   to  all  Students  of  Chemistry. '^^ — 

'hemical  News. 

^HE  TRANSIT  OF  VENUS.  By  G.  Forbes,  M.A.,  Professor  of 
Natural  Philosophy  in  the  Andersonian  University,  Glasgow, 
Illustrated.     Crown  8vo.     y.  6d, 

Other  volumes  to  follow. 


K«v 


►all  (R.  S.,  A.M.)— EXPERIMENTAL  MECHANICS, 
A  Course  of  Lectures  delivered  at  the  Royal  College  of  Science 
for  Ireland.  By  R.  S.  Ball,  A.M.,  Professor  of  Applied 
Mathematics  and  Mechanics  in  the  ^Royal  College  of  Science 
for  Ireland.     Royal  8vo.     ids, 

lodd THE   CHILDHOOD    OF   THE   WORLDS    a  Simple 

Account  of  Man  in  Early  Times.  By  Edward  Clodd,  F.R.A.S. 
Third  Edition.  Globe  8vo.  3J'.  Also  a  Special  Edition  for 
Schools.     iSmo.     u.  jT. 

1?rofessor  Max  Muller,  in  a  letter  to  the  Author^  says:  **Iread  p 

^r  book  with  great  pleasure.     I  have  no  doubt  it  will  do  good,  and  I  |t^ 

'pe  you  will  continue  your  work.     Nothing  spoils  our  temper  so  much  as  :\ 

^"^ing  to  unlearn  in  youth^  manhood,  and  even  old  age,  so  many  things  ,  \ 

1^2 ck  we  were  taught  as  children,     A  book  like  yours  will  prepare  a  pir  'Q 

^ter  soil  in  the  child's  mind,  and  I  was  delighted  to  have  it  to  read  to  \  > 

y  children:' 

'Ooke     (Josiah     P.,    Jun.)— FIRST   PRINCIPLES   OF  ^ 

CHEMICAL  PHILOSOPHY.      By  JosiAH  P.  Cooke,  Jun.,  ;, 
Ervine  Professor  of  Chemistry  and  Mineralogy  in  Harvard  College. 

Third  Edition,  Revised  and  Corrected.     Crown  8vo.     \2s.  ■. 

Phorpe  (T.  E.)— a  series  of  chemical  problems,  1. 

for  use  in  Colleges  and  Schools.    Adapted  iot  \\v^  ^t^-^w^-^^-cl  vi\ 
Students  for  the  Government,  Science,  axid  ^ocAfc\.>j  CA  K^sNs.  ^-^-^ 

aminations.       With    a    Preface   by   Pxo^essot  ^o^coi.,      \%«^<^. 

cloth.    IS,     Key.    is. 


EDUCATIONAL  BOOKS. 


SCIENCE  PRIMERS  FOR  ELEMENTARY 
SCHOOLS. 


ouir  lOCe  ar  th«  puinl  t  cnunc  hai  now  become  generally  iHOg- 
nlMd,  uk]  is  cnlorcni  ia  (II  Schools  under  Government  inspectiiu. 
For  the  purpine  of  fuiliuiing  Ihe  inlroduction  of  Sdoicc 
Tetchtn^  Into   Elcnentjuy  ScbooU,  Mesrs.  MacmillBii  ue  txiv 

E'lliUilni;  >   Krw  Series  of  Science   Primers,  under  tlie  jobu 
ilonhift   of    I'rofessan    HitXLiv,    Roscob,    and    Buvom 
Stkwart.     The  object  of  Iheae  Primers  is  to  convey  iabmudia 
in  nch  *  nuuinei  w  to  oukc  it  both  intelligible  and  intoeidne  in 
]>apik  In  the  most  elementary  cUs«e&     They  ore  clearly  printed  m 
good  iai>er,  and  illustiations  are  given  whenever  they  are  neccuaiT 
(o  the  proper  undentauding  of  the  text.     The  following  ut  jut 
pubtisJied  !— 
PRIMER    OK    CHEMISTRY.     By  11.   E.   Roscos.   Profeiiot  of 
Chemiitry  in    Ovreiu  College,  Manchester.     iSmo.     Ii.   1U 
EdiiioD. 
PRIMRK   OK   PHYSICS.      By   BALirot;R  Stkwaut,   Profcssot  of 
Natural  Philoiiophy  jin  Owens  College,  Mancbester.     iSmo.   I'' 
Third  Edition. 
PRIMER     OF     PHYSICAL    GEOGR.\PHV.       By    AacaiBAUi 
Gkikir.  K.  R.  S.,  Murchisun- Professor  of  Geology  and  Minenlogr 
at  Edinburgh.     Second  Edition.     tSmo.     U. 
Evayant  mt^hl  it  know  lemethiHg  aieut  tht  air  vie  irtaihe  "t^^f 
mitk  VI*  lift  Kfait,  anJ  about  ihi  rdatimu  ittaxtH  than  ;  and  i"  H" 
iktit  meri  lit  autkar  laiskri  la  sAi/a  viiat  sort  0/  fuaHont  may  btf^ 
aitta  Hunt  aftht  thief  parU  a/ lit  ioai  ofnaltirt.  and  apecially  aituttm 
ef  tkem—tht  AW  and  tht  Earth.     The  dttiitumt  ef  Hi  ioak  art  " 
fbl/ova.—TTu  Shaft  ef  Iht  Earth— Dav  and  Nkht—Tke  Air-Ty 
CireulatioH  of  IValtr  on  Ike  Land—  Tit  Sea—  The  Insvie  of  the  Earli. 
PRIMER  OF  GEOLOGY.     ByPROFBSSOR  Gkikik,  F.R.S.    W* 
numerous  IHustnitiaivE.     Second  Edition.     iSmo.  cloth.     U. 
In  these  Primers  the  authors  have  aimed,  iv>l  sa  mtieh  to  give  injbfW 
tian,   as  la  endeavour  to  disciplint  the  mind  in  a  imy  viiicA  has  *^ 
hitherto  beat  customary,    by  brining  il  into   immediate  cenlati  vil* 
Nature  herself.     For  this  farpose  a  series  of  simple  experimenU  (*(  * 
performed  by  the  teacher)  has  been  deiiised,  leading  up  to  the  chief  tn0 
of  each  Scunce,      TAus  the  paaier  of  observaSien  in  the  pufOs  viS  « 
aiuakened  and  strengthened.     Each  Manual  is  copiously  illuuraled,  iK* 
appended  are  lists   of  all  the  Haesiary  apparatus,   with  prieis,  t*' 
li^atiom  as  to  hme  ih^  may  be  obtained.     Profciior  Huxl^'s  in^ciit- 
Ar>y  i/ff/ume  Aas  been  delayed  through  t^  illnesi  of  Ihi  auflW,  but  it  t' 
V  tK^IeJ  to  appear  very  shortly.      "  Thry  arc  ■uiondtrJuU^  rtiir  wi 
■-'  OT  /4^  inslruetion,  simple  in.  itylc,  ttnd  odmirabte  in  (Un.  - 
afOHAL  TiUSS. 


MISCELLANE  0  US. 

Science  Primers — coniimud. 
PRIMER    OF    PHYSIOLOGY.      By   MiCnAEt    FnsTi 
F.R,S,     Wllh  numerous  lUustralions.     l8mo.     u. 


rTRODUCTORY,     By  Profbssor  Huxiet. 
IIMER  OF  BOTANY.     By  Dr.  Hooker,  C.B.,  F.R.S. 
SRIMER  OF  ASTRONOMY.     By  J.  Norman  Lockver,  F.R.S, 

MISCELLANEOUS. 

Lbbott.— A  SHAKESPEARIAN  GRAMMAR.  AnAttemptlo 
illustrate  some  of  the  DifTerenees  between  Eliiabetlian  and  Modern 
English.  By  the  Rev.  E.  A.  Abbott,  M.  A,,  Head  Master  of  the 
City  of  London  School.  For  tbe  Use  of  Schools.  New  Bad 
EnkrEfid  Edition.     Extra  fcap.  Svo.     d(. 

'  A  critical  inquiry,  conducted  with  great  sUll  and  knowlalge,  auii 
all  the  appliances  ej  modern  phUology  ....  We  venture  te  ieiitT-'i 
these  whe  consider  themsdves  most  proficient  as  Shakespearians 
ill  find  lemetking  to  learn  from  its  pages." — Pall  Mall  Gazette. 
Valuable  not  only  as  an  aid  to  the  critical  study  of  Shakespeare,  but 
lending  to  faoaliarixe  the  reader  with  Elisabethan  English  in 
teral. " — Atbenaum. 

larker.— FIRST    lessons  IN  the  principles    op 

COOKING.  By  Lady  Barker,  i8mo.  ii. 
"An  unpretending  but  imialuaile  little  ii/ork  ....  7^  plan  is 
^irabU  in  its  completeness  and  simplicity  ;  it  ii  hardly  fossiblt  that 
went  who  can  read  at  all  can  fail  to  understand  the  practieal  lessons  en 
and  ieeff  fish  and  vegetables  ;  Tuhile  the  explanation  of  the  chemical 
tpeiiHon  of  our  food  must  lie  intelligible  to  all  viho  possess  su^ciint 
ration  to  follam  the  argument,  in  which  thefniiist  possible  techiaedl 
ns  are  used." — Spectator. 

jrnera,— FIRST  lessons  on  health.    By  j.  ber- 

NERS.     iSmo.      IS.     Third  Edition. 

eaant. — studies  in  early  French  poetry.    By 

Waltbr  Besant,  M.A.     Crown  Svo.     8i.  6d. 
'  In  one  moderatily  sieed  volume  he  has  contrived  to  introduce  us  to  the 
vbest,ifnot  to  all  of  the  early  French  poets. "—ti.Tias.(tK.\sv..    "/«- 
by,  the  insight  of  a  scholar ,  and  a  genuine  enthusiasm  for  his  subject, 
\hini  to  make  it  of  very  considerMe  value." — Spectator. 

ireymann.— A  French  grammar  based  on  phi- 

LOLOGICAL    principles.      By    Hkrmank    Bbbvmann, 
PJlD.,   Lecturer  on  French  Language  8Si4  UAe.ts.'oit*  w.  Q-wt-BS, 
College,  Manchester.     Extra  fcnp.  &vo.     i^.  fid. 
H^ediimiss  the  work  viith  every  ct^eiiion  0/  jolii/oc&in.     I*^". 
'•■'  '1  ie  taken  into  use  by  all  scheoU  whicH  cndja-uouT  W  mo.»« 
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ihtdy  of  Frm<h  a  nuani  tiixanis  Iki  kigkn  cullnre." — EDUCATtoHjiL 


nallyviaHts  la  himi  Frinek  iatll,  and  le  tutitrttaad  Hi  spirit  ,  .  .  Al 
the  tnd  a  long  ekufttr  calUJ  '  Xtaiant  and  JlluitratiaKi '  farmt  m 
txcttdingly  inttrnting  and  valuailt  liuieHation  upon  J-rtnth  fiib- 
/f*y."— School  liOAHu  CiisoNiCLB, 

Calderwood.— HANDBOOK  OF  MORAL  rniLOSOFIty, 
y  the  Bcv.  IIenkv  Caldkkwood,  LL.D.,   Professor  oC  Mocil 


By  the  Bcv.  IIenkv  Caldkhwood,  LL.D.,   Professor  oi  Mocil 

Philosophy,  Univeralty  of  Edinbureh.     Second  Edition.    Crtnii' 

8vo.    6t. 
"^  lomfact  and  mtful  u»rt  ....  vHll  It  an  aiiiilance  to  nui} 
thtdmti  mtliidt  fAt aiilAm'i miin  I'niviriUy." — Guardian. 
DelamOttC— A  BEGINNER'S  DKAWING  BOOK.    By  P.  H, 

Delauotti,  F.S.A.      ProgrFstivcly  wianged.      New  HJition, 

imjirovcd.     Crown  8vo.     3/.  f>J. 
"  Wt  havttim  ondexaminal  a  grail  many  dramnr-beeki,  ^tlhiMi 
nmi  before  HS  strika  m  at  bang  the  best  nf  them  oil?' — Illustbamo 
Times.      "A  condse,   limtle,  and    Ihtrmghly  fraetkal  tuark.      Tin 
IHterpras  U  thrimg/uiul  inlMigibli  and  to  Ikefoiitt." — Guabdian. 
Goldsmith,— THE  traveller,  or  n   Prospect  of   Soekly; 

and  THE  DESERTED  VILLAGE.     By  Ouver  GouJSMim 

Wilh  Notes  Philologicnl  and  ExpUiiatory,  by].  \V.  IIalbs,  M,A. 

Crown  Svo.     (>d. 

Green. — a  history  of  the  English  people.    By  the 

Rev.  J.  R.  Green,  M.A.     Foi  the  use  of  Colleges  nnd  Sdiools. 
Crown  Bvo. 

Hales.— LONGER  English  poems,  with  Noim,  phUoiodod 

and  Explanatory,  nnd  an  Introduction  on  the  Teaching  of  Engluh. 

Chiefly  for  use  in  Schools.    Edited  by  J.  W.  Hales,  M.A„  Ule 

FeUow   and    AssUtuit    Tutor  of   Christ's   College,    Cambridge, 

Lecturer  in  English  Literature  and  Clasacal  ComposliioQ  at  Kii^s 

CoU^e  Sdiool,  London,  &c.  &c     Extra  foap.  Sto.    41.  td. 

Helfenstein  (James).— a    comparative    GRAMMAR 

OF  THE   TEUTONIC   LANGUAGES.     Bebg  at  the  stine 

limea  Historical  Grammar  of  the  English  Language,  and  comprising 

Gothic,  Anglo-Saxon,  Early  English,  Modem  English,  Icelandic 

(Old  Norse).  Danish,  Swedish,  Old  High  German,  Middle  High 

German,  Modem  German,  Old  Saxon,  Old  Frisian,  and  DutdL 

By  James  Hklfknstein,  PIlD.    Svo.     i8j. 

Hole.— A  GENEALOGICAL  STENlMfL  OY  Ttt^  YiSca  <i« 

ENGLAND    AND   FRANCE.      Bj  rtie  Ucf.  C.  VWivi       '^ 

Sheet     If. 
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Jephson.— SHAKESPEARE'S  "TEMPEST."  With  Glossarial 
and  Explanatory  Notes.  By  the  Rev.  J.  M.  Jephson.  Second 
Edition.     i8mo.     is* 

Kington-Oliphant.— THE    SOURCES    OF     STANDARD  % 

ENGLISH.    By  J.  Kington-Oliphant.     Extra  fcap.  8vo.    6j. 
**  Mr,  Oliphanfs  book  is,   to  our  mind,  one  of  the  ablest  and  most 
scholarly  contributions  to  our  standard  English  we  have  seen  for  many 
years,  .   .  .    TTie  arrangement  of  the  work  and  its  indices  make  it  in- 
valuable  as  a  work  of  reference,  and  easy  alike  to  study  and  to  store,  when  l.' ' 

studied,   in  the  fnemoty,^* — School  Board  Chronicle.       **  Comes  ■  .^ 

nearer  to  a  history  of  the  English  language  than  anything  thcU  we  have  ^. 

seen  since  such  a  history  could  be  written  without  confusion  and  con-  ^^ 

tradictionsy — SATURDAY  Review.  j^  ■" 

Martin.— THE  poets  hour  :  Poetry  Selected  and  Arranged  <! 

for  Children,    By  Frances  Martin.    Second  Edition.     i8mo.  ;  j 

2j.  6d,  y 

Nearly  200  Poems  selected  from  the  best  Poets,  ancient  and  modem,  "^ 

4ind  intended  fnainly  for  children  between  the  ages  of  eight  and  twelve,  f  •, 

SPRING-TIME  WITH  THE  POETS.    Poetry  selected  by  Frances 
Martin.     Second  Edition.     i8mo.     3^.  (id,- 
Intetidcd  mainly  j or  girls  and  boys  between  the  ages  of  twelve  and  seven' 
teen. 


..■*< 


■  / 
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Masson  (Gustave).— a  compendious  dictionary  . 

OF  THE  FRENCH  LANGUAGE  (French-English  and  English-  }S 

French).     Followed  by  a  List  of  the  Principal  Diverging  Deriva-  I 

tious,  and  preceded  by  Chronological  and  Historical  Tables.    By  / 

Gustave    Masson,    Assistant-Master   and    Librarian,    Harrow 
School.     Square  half-bound,  6f. 
This  volume,  though  cast  in  the  same  form  as  other  dictionaries,  has  ^ 

several  distinctive  features  which  iftcrease  its  value  for  the  student.  In  the  \ 

French' English  part,  etymologies,  founded  on  the  researches  of  Messrs, 
Littri,  Schller,  and  Bracket,  are  given.  The  list  of  diverging  deriva- 
tions, at  the  end  of  the  volume,  will  be  very  useful  to  those  who  are 
interested  in  tracing  the  various  developments  of  original  Latin  words. 
But  that  which  makes  it  almost  iftdispensable  to  students  of  the  political 
and  literary  history  of  France,  is  to  be  found  at  the  beginning  oj  the  work, 
where  M,  Masson  has  drawn  up  clear  and  complete  tables  of  historical 
events,  viewed  in  connection  with  the  developments  of  literature  and  lan^  ^ 

guage,  between  the  death  of  Charlemagne,  814  A.D.,  and  that  of  Louis 
Philippe,  1850.  These  tables  are  illustrated  by  remarks  on  the  various 
social  moods,  of  which  the  works  produced  were  the  expression.  Appended  1 

also  is  a  list  of  the  principal  Chronicles  and  Memoirs  on  the  History  of  [■ 

France  which  have  appeared  up  to  the  present  time  \   the  FrtncK  Re-  > 

pud/uan  Caiendary  compared  with  the  Gregorian  ;  and  a  CKronolog>cal 
^ist  0/ 1^ principal  French  Newspapers  published  during  tKe  Reuolutvjn 
andiAe  First  Empire, 
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Morris. — Works  by  Die  Rev.  R.  Morsis,  LL.D.,  Lectni«« 
Eogliafa  LsitpiAge  and  Literature  id  King's  College  School 

HISTORICAL     OUTLINES     OF     ENGLISH     ACCIDENCE, 
cumiirisiDg  Chapter!  on  Llie   Ilislor;  aiid    Dcvelupmenl  of  tlie 
Lancnagc,  and  on  Word-funnatUin.    Thin]  Ediiion,    Eitr«fc»p. 
8vo.    bs. 
"  II  mates  an  ira  in  Iht  tluJy  »f  thi  EnstUh  tof^fiw."— Sahismv 

Revisw.     "Ht  Aai  dmi  his  work  toilA  a  /ulniss  anJ  mmfldiiai' 

Ikal  leovt  nelhinf;  ta  be  ^^r«/."— NuNCONF»itMiST.      "A  gmuim 

and  inuik/  ioei. "— Atuenaum. 

ELEMENTARY  LESSONS  IN  HISTORICAL  ENGUSH 
GRAMMAR,  Conliunini- Accidence  and  Word-fonnatlan.  lBna> 
II.  td. 

Oppen.— FRENCH    READER.     For  the  Vx  of  College*  nJ 

Schools.  Contnining  a  gtnduiLled  Selection  from  modem  Aulhini 
in  Prose  and  Verse;  aiid  coiiious  Notes,  chiefly  Etymological.  Bj 
Edward  A.  Ocpen.     Fcap.  8vo,  cloth.     41.  61/. 

Pylodct.— NEW  GUIDE  TO  GERMAN  CONVERSATION: 
containing  an  Alphabetical  List  of  neaily  800  Familiar  Wotdi 
similar  in  Orthography  or  Sound  and  the  same  Mc.iilii^  in  both 
Langnages,  followed  by  Exercises,  Vooiliulary  of  Words  In 
frequent  use.  Familiar  Phrases  and  Dialoguea;  s  Sketch  of  Geraun 
Lileralute,  liliomalic  Expressions,  &c.  ;  and  ft  Synopsis  of  Getmiiv 
Grammar.     By  L.  Pvlodet.     iSmo.  cloth  limp.     ar.  W. 

Sonnenschein  and  Meiklejohn.  —  THE  ENGLISH 
METHOD  OF  TEACHING  TO  READ.  By  A.  SoNNENSCHSm 
and  j.  M.  D.  Meiklejohn,  M.A.     Fcap.  8vo. 

(""MPBISING  ! 

mtaining  aU  the  Two-Letter  Word*  ii 
(Also  in   Large  Type  on  Sheets  to 


usting  of   Short  Vowels  with   Singli 


The  Nursery  Book,  ci 

the  Language,      id. 

School  Walls.     Sj,  ) 
The  First  Course,  c 

Consonants.     3//. 
The   Second   Course,  with  CombinaSons    and   Bridges,  cod 

sistlng  of  Short  Vowels  with  Double  Consonants.     ^. 
The    Third    and    Fourth     Courses,    consisting   of  Loni 

Vowels,  and  all  the  Double  Vowels  in  the  Language,    td, 
"  These  art  admirable  hooks,  btcauselhey  are  eomtructcd  oh  a  prinrifii 
and  thai  the  ',simjdest  frincifU  m  -which  it  ii  passible  to  learn  to  rea 

English. "—  S  PKCTATOR. 

Taylor. — WORDS  AND  PLACES  ;  or.  Etymological  IHu! 
trations  of  HistoiT,  Ethaology,  and  Geogra^h^.  By  the  Re* 
Isaac  Tavlor,  M.A.  Third  and  c\veo.¥«  YAvlion,  leHiaejl  ™, 
'      With  Maps,     Globe  Xio.     fes. 


ly  tea(hcrs,.aKd  firticrVici. 

r  Examination  for  Wonit"- 


ins  TOR  V. 


'S 


Thring. — Works  by  EnwAso  Thring,   M.A.,   Head  Master   of 

Uppingham. 
THE  ELEMENTS  OF   GRAMMAR  TAUGHT  IN  ENGLISH, 

with  Questions.     Fourth  Edition.     l8mo.     nt. 
THE    CHILD'S    GRAMMAR.     Being   the    Substance    of    "The 

Elements  of  Grammar  taught  in  English,"  adapted  for  the  Use  of 

Junior  Classes.     A  New  Edition.     l8mo.     is. 
SCHOOL  SONGS.     A  Collection  of  Songs  for  Schools.     With  the 

» Music  arranged  for  four  Voices.     Edited  by  the  Rev.  E.  Thrino 
uid  H.  Riccius.     Folio.     71.  6(i. 
inch  (Archbishop).  — HOUSEHOLD  book  of  Eng- 
lish   POETRV.        Selected  and   Arranged,   with   Notes,   by 
R.  C.  Trench,  D.D,,  Archbishop  of  Dublin.    Extra  fcap.  gvt>. 
Si.  W.    Second  Edition. 
"  Tkt  Archbishop  has  tonferred  itt  this  delightful  volumt  an  impor- 
tOHl  gifi  9H  Ikt  iiihoU  English-sptaking  popiilatien  a/ the  vim-ld." — Pall 
Mall  Gazette. 

ON  THE   STUDY   OF  WORDS,     Lectures  addressed   (originally) 
to   the   Pupils  &t   the    Diocesan   Training  School,   Winchester, 
Fourteenth  Edition,  revised.    Fcap.  Svo.      4J.  td. 
ENGLISH,   PAST   AND   PRESENT,      Eighth    Edition,   revised 

and  improved.     Fcap.  8vo.    4-r.  6//. 
A  SELECT  GLOSSARY  OF  ENGLISH  WORDS,  used  formerly 
in  Senses  Different  from  their  Present.     Fourth  Edition,  enlarged. 
Fcap.  8vo.    41.  6r/. 
Vaughan  (C.  M.) — a   SHILLING   book  OF  WORDS 
^B  FROM  THE  POETS.     By  C.  M.  Vaughan.     i8mo,  dolh, 
^Blitney — Works  by  William  D.  WanNKV,  Professor  of  San- 
^^Blkrit  and  Instructor  in  Modem  Languages  in  Yale  Collie ;  first 
^^■President   of  the  American   Philological   Association,   and  hon. 
^^Vnember  of  the  Royal  Aaatic  Society  of  Great  Britain  and  Ireland ; 
^^bnd  Correspondent  of  the  Berlin  Academy  of  Sciences. 
^^RMPENDIOUS  GERMAN  GRAMMAR.     Crown  8vo,     fo. 
^HkRMAN  reader  in  prose  and  verse,  with  Notes  and 
^^  Vocabulary.     Crown  8vo.     7,r.  tii. 

yonge  (Charlotte    M.)— THE  abridged  book  of 

Golden  deeds,     a  Reading  Book  for  Schools  and  General 
I        Readers.    By  tlie  Author  of  "The  Heir  of  Reddyffe."     iSmo. 
^Clotli.      U.  _    

HISTORY. 

•■man    (Edward    A.)— OLD-E^GUSU  YV\.?>TCi«S- 
-  Edwasd  a.   Freeman,     D.C.L.,   We   Yetoti   o^  "^tcrw?! 
lege,  Oxford.     With    Five  Coloured  Mays.      T\\na. 'EK'SuaR- 
-  fcap.  Svo.  half- bound,     6\. 
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"Ikave,  I  haft,"  the  author  layi,  "thuuit  liaX  it  irfiirfeafy  mo'  * 

teach  clitlJrm,  from  ike  viry  first,  IS  dutingutih  true  hUfoty  aiSufnm 
l^imJ  and /rBmwilJvl  invention,  BnJ aha  IS  unJiritanil  til  nolwi^ 
historiial  out/ivritia  and  to  wdgh  em  itatemnti  agnnit  another,  J  tm 
Ihrmghtui  itrhien  to  (onnect  fhi  history  cf  England  xmth  the  tcf^ 
hiilff^  of  (itiUitei  Europe,  and  I  hat'C  etpeciaUjr  tried  to  mate  At 
hoi  retvi  at  an  iitteHlivt  to  a  men  aecurale  study  of  hittfrifi 
geopv/hj'."  In  the prtsent  editioH  the  vihole  has  tem  earefitilf  naitd, 
and  uah  improvtmenls  as  sufgesltt/  themsthts  have  beem  iHlfodiM 
"  The  inch  indefd  it  fiiU  of  mstniHion  and  interat  to  ituJeHti  tfoB 
agti,  and  he  must  be  a  vMi-informid  man  indeed  who  aiill  not  riie-fiw 
its  peritial  with  dearer  and  more  accurate  ideas  of  a  too  Hiueh  ne^i^ 
forlien  of  English  Historv." — Spectator. 

Historical  Course  for  Schools. — Edited  by  Edwaw 

A.  Fkekman,  D.CL,.,  lale  FeUow  of  Trinity  ColIcEe,  Oifori 

The  object  of  the  present  seriei  is  to  put  forth  cleat  and  coirecc  rlra 

of  bistarjrin  simple  language,  and  in  the  smallest  spieeuiddteapat 

forro  in  which  it  coMld  he  done.     It  is  meant  in  the  firat  plawfa 

Schools ;  but  it  U  ofien  found  that  i.  boolc  forschools  pruret  ^s^ 

for  other  renders  as  well,  and  it  is  hofied  that  this  may  be  tha  0« 

with  tlie  little  books  the  first  Instalment  of  which  bnowpTaiM 

the  world.     The  General  Sketdi  will  be  Ibllowed  by  ■  geiiei  «l 

Bpeeiftl  hisloriei  of  purticulw  countries,  which  will  take  for  psalrf 

toe  main  priDclplo  laid  down  in  the  General  Sketch.     Iner^cM 

the  results  of  the  latest  hbtorica!  research  will  be  given  in  its  sWP^ 

a  form  as  may  be,  and  the  several  numbera  of  the  series  wiH  nil  W 

so  fur  under  the  supervision  of  the  Editor  as  to  secure  genenl  u* 

curacy  tif  atatemenl  ajid  a  general  harmony  of  plan  and  lendmcBlj 

but  each  book  will  be  the  original  work  of  its  author,  who™ 

be  responsible  for  his  own  treatment  of  smaller  detult. 

The  first  vclunu  is  vteant  to  be  introductory  to  thevthole  count    " 

is  intended  to  give,  as  its  name  implies,  a  gcnrral  stelch  oj  the  hidm  V 

the  etidiited  world,  that  is,  Qf  Europe,  <tnd  of  the  lands  vihick  hatiein^ 

their  civiliiation  from  Europe.     Its  eijeet  is  to  trace  out  the  generoir^' 

lions  of  differettt  periods  and  diJereiU  countries  to  one  another,  lerfW* 

going  minutely  into  t/ie  a/fairs  of  any  particular  country,     jhilis^ 

ohjcetof  the  first  importance,  fir  ■aiithaat  clearnotions  of  generai  le^>^ 

the  history  of  particular  countries  can  never  be  rightly  understood.    «^ 

narrative  extends  from  the  earliest  movements  of  the  Aryan  peoples,  if^ 

la  the  latest  eoents  both  on  the  Eastern  and  Western  Continents.    ^ 

book  consists  of  seventeen  moderately  sixid  chapters,  each  chapter  f** 

divided  into  a  number  of  short  numbered  paragraphs,  each  with  *  ^ 

pre/tied  clearly  indicative  of  the  subject  of  the  paragraph. 

I.     GENERAL    SKETCH    OF    EUROPEAN     HISTORV. 

Euv/KKD  A.  Freeman,  D.CL.    "Ytiul  tiv\\o^.     iBmo,  lA*^ 

3s.  6d, 

"JfSH/'/>iies  the  A-reat  want  of  a  good  fwuniilvin  /or  hvitgrtaACW 

'%■-       ^4e  scAeH,e   is  an   excellent   ont,    and  lh«  mitai™— - 
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Historical  Course  for  Schools — continued, 

executed  in  a  way  thai  promises  muck\far  the  volumes  that  are  yet  to  '  ■  '^ 

appear y — EDUCATIONAL  Times.  [/■.  j 

II.  HISTORY  OF  ENGLAND.    By  Edith  Thompson.    Fourth  :(d 
Edition.     i8mo.    2x.  6^.  j^,^' 

,"  Freedom  from  prejudice^  simplicity  ofsfyUy  and  accuracy  of  statement, 

are  the  characteristics  of  this  little  volume.     It  is  a  trustworthy  text-book  \.j^ 

and  likely  to  be  generally  serviceable  in  schools.** — Pall  Mall  Gazette.  y} 

**  Upon  the  whole,  this  manual  is  the  best  sketch  of  English  history  for  the  -y 

use  of  young  people  we  have  yet  met  with.** — Athen^^jum.  [^ 

III.  HISTORY  OF  SCOTLAND.     By  Margaret  Macarthur.  jj 
l8mo.     2s.  ''■- 

^^  An  excellent  summary,  unimpeachable  as  to  facts,  and  putting  them  in  j^ '. 

the  clearest  and  most  impartial  light  attainable. " — Guardian.     "  Miss  rV" 

Macarthur  has  performed  her  task  with  admirable  care,  clearness,  aftd  ' , ' 

fulness,  and  we  have  now  for  the  first  time  a  really  good  School  History  ■  ^ 

of  Scotland.** — Educational  Times.  j^"^ 

IV.  HISTORY  OF  ITALY.    By  the  Rev.  W.  Hunt,  M.  A.    i8mo.  \  \ 

3-f.  ^., 

**  //  possesses  the  same  solid  merit  as  its  predecessors  ....  the  same  ;-y 

scrupulous  care  about  fidelity  in  details.   .  .   .  It  is  distinguished,  too,  by  -\ 

information  on  art,  architecture,  and  social  politics,  in  which  the  writer^ s 

gr^j/  is  seen  by  the  firmness  and  clearness  of  his  touch,  ** — Educational 

Times. 

V.  HISTORY  OF  GERMANY.     By  J.  Sime,  M.A.     iSmo.     3^. 
"^  retnarkably  clear  and  impressive  History  of  Germany,     Its  great 

events  are  wisely  kept  as  central  figures,  and  the  smaller  events  are  carefully 
kept,  not  only  subordifiate  and  subsei'^'icnt,  but  most  skilfully  woven  into 
the  texture  of  the  historical  tapestry  presented  to  the  eye,** — Standard. 

The  following  will  shortly  be  issued : —  ^ 

FRANCE.    By  the  Rev.  J.  R.  Green,  M.A.  '^ 

GREECE.    By  J,  Annan  Bryce,  B.  A. 

AMERICA.     By  John  A.  Doyle. 

Vonge   (Charlotte  ,M.)^a  parallel  history  of 

FRANCE  AND  ENGLAND  :  consisting  of  OuUines  and  Dates. 
By  Charlotte  M.  Yonge,  Author  of  "The  Heir  of  Redclyffe," 
**  Cameos  of  English  History,"  &c.  &c.      Oblong  4to.     3J.  dd. 
*  *  We  can  imagine  few  more  really  advantageous  courses  of  historical  ' 

'^^^^dyfor  a  young  mind  tlian  going  carefully  and  steadily  through  Miss 
^^Gnge's  excellent  little  book,** — Educational  Times. 

^^-AMEOS  from  ENGLISH  HISTORY.     From  Rollo  to  Edward 

II.     By  the  Author  of  "  The  Heir  of  Redclyffe."    Extra  fcap.  1 

8vo.     Second  Edition,  enlarged.     35.  6i.  j 

^  doo^  ^ }foung people  just  beyond  ike  dementary  histories  of  En^land^  m 

^J^^I^  ^0  enter  in  some  degree  into  the  real  i^rM  of  euents,  and  to  bt  ^    ^ 

'^»^c^  witA  characters  and  scenes  presented  in  some  rcKef,    **  Instead  o\ 
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Yongc  (Charlotte  M.) — continued. 

dry  dtlaiti,   wc   have  living  pictura,  faithful,  miiJ,\afd  itrildl^''— 

NONCnN  FOR  MIST. 

A  Skcono  Series  ok  CAMEOS  FROM  ENGLISH  HISTORT. 

The  Wars  in  Francs,  Second  Edilion.  Extra  fcap.  8to.  S» 
"  Though  miditly  inltmStd  for  young  rtadfrs,  tkiy  ■will,  i/vn  mllfut 
tut,  ht  fiund  vay  accfplsbli  to  Ihote  ef  mert  mattrt  ytari,  and  Ai 
Hfe  and  rtalUy  imparttd  to  the  dry  bona  of  history  eannat  fi^H  ^ 
attractivi  It  rrndtri  of  every  agr."—JOH}l  Bui.t_ 
EUROPEAN  HISTORY.     Narrated  in  a  Series  of  HislotioJ  Sdec- 

tiong  from  the  Best  Authorities.      Ediied  and  arranged  by  E.  M. 

Sewell  and  C.  M.  Yongk.      Firsl  Series,   1003—1154.    Thirf 

Edition,    Crown  gvo.    61.     Second  Series,  loSS— laiS.    Cum 

Svo.    6s.     Second  Edition. 
"  IVe  tnaw  of  teart^y  anything  vihUh  is  so  liluly  to  raise  to  gk^nt 
Inrtl  thi  aviragt  ilandard  »f  En^h  eduiatioH."—Gv ARiitk«. 

DIVINITY. 

•,*  For  other  Works  liy  these  Authors,  see  Tkbological  CataloGW      | 

Abbott  (Rev.   E,  A.)— hible    lessons.    RytheBw. 

E.  A.  Addott,  M.A.,  Head  Maaterof  the  City  of  London  SdWH- 
Second  Edition.     Crown  8to,     41.  fid.  ^      ' 

"  Wist,  suggaHvt,  and  really f'ro/imndiHitiafion  into  r^igieut  thMfU- 
— GuARDUN.      "  I  think  nobedy  eotdd  read  Ikem  without  itimMk^ 
belter  for  them  himself,  and  being  also  able  lo  see  how  thU  difficml  intf  ^ 
imparting  a  sound  religioHs  edmation  may  te  effected." — Bishop  otST-     ' 
David's  at  Abergwilly. 

Arnold.— A   bible-reading    for    schools     Tte    I 
Great  Prophecy  of  Israel's  Restoration  (Isaiuh,  Ch*piH* 
40 — 66).     Arranged  and  Edited  for  Young  Learners.    Bj  MAT- 
THEW Arnold,   D.C.L.,   formerly  Professor  of  Poetry  in  ih* 
Unfversilyof  Oxfoid,andFellowofOricl.  Third  Edition.    iSbu*. 
cloth.     If. 
"  l^ere  can  be  no  doubt  that  it  will  be  found  excellently  ciiliulaled   " 
further  instruction  in  BitHcal  literature  at  any  icAoei  into  vihich  U  ^« 
be  introduced !  and  we  can  safely  say  that  whatever  school  uses  At  ^^^f^ 
it  will  enable  its  pupils  lo  tmderslaitd  Isaiah,  a  great  advaulage  nutftt^^ 
with  other  esiabliikments  which  do  net  avail  themselves  of  it." — Tw^^T 
■  'Mr.  Arnold  has  done  the  greatest  possible  servici  to  Ihi  puUie.    We  nf^r 
read  any  Iranslation  of  Isaiah  whuh  interfered  so  tittle  with  the  mus^'^' 
rhythm  and  assxiations  of  our  English  Bible  translation,  while  Jiri^ 
Iff  muci  to  display  the  mttsing  links  in  the  cnHnecHen  of  the  parts.' 
Sfbctator. 


Golden  Treasury  Psa\tet. — stiietiv^'  ■tK\\s 

Edition    of   "The    Psalms   ChtonoVogvc^^-J   M™«*' M  ^ 
yneads,"  with  biieiei  Haiti.     iSioo-    V-*^-  _ 
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IHardwick. — a  HISTORY  OF  THE  CHRISTIAN  CHURCH. 

Middle  Age.     From  Gregory  the  Great  to  the  Excomcaunication 

of  Luthet,     Edited  by  William  Stubbs,  M.A,,  Regius  ProfesEor 

of  Modem  History  in  the  University  of  Oxford.   With  Four  Maps 

constructed  for  this  work  by  A.  Kbitk  Johnston,   Tliird  Edition. 

Crown  Svo.     loi,  dd. 

For  this  eHtian  Pre/csim-  SluHs  has  careful!}/  revised  both  text  and 

ta,  Moiing  tuch  correclUiti  of  facts,  dates,  and  the  like  as  the  remits 

recent  research   warrant.     The  doctrinal,   histprieal,  and  generally 

__  wlatwe  vinos  of  the  late  author  have  been  preserved  intact.     ''  As  a 

manual  for  the  student  of  ecclmastical  history  in  the  Middle  Ages,  -we 

tnoai  ne  English  work  which    can   be  compared  to   Mr.    HardviicUs 

book. " — Guardian. 

A  HISTORY  OF  THE  CHRISTIAN  CHURCH  DURING  THE 
REFORMATION.      By     Archdeacon   Hakdwick.       Third 
EiSition.     Edited  by  Professor  Stubbs.     Crown  Svo.      loi,  6<i. 
►Maclear.— Works  by  the   Rev.  G.  F.  MACLEAR,  D.D.,  Head 

Master  of  King's  College  SchooL 
A  CLASS-BOOK  OF  OLD  TE.STAMENT   HISTORY.      Eighth 
Edition,  with  Four  Mips.     iSoio.  cloth.    4/.  6d, 
"A  careful  and  elaborate  though  brief  compettdiuiii  of  all  thai  modem 
research  his  done  for  the  illustration  of  the  Old  Testament.     We  inovi 
ef  no  -wort  vihich  contains  so  much  important  information  in  so  small 
OTiB^wj."— British  Quarterlv  Review. 
CLASS-BOOK  OF  NEW  TESTAMENT  HISTORY,  Including 
the  Conneiion  of  the  Old  and  New  Testament.    With  Four  Maps. 
Fifth  Edition-     iSmo.  doth.     51. 6d. 
'A  singularly  clear  and  orderly  arrangement  of  the  Sacred  Story, 
t  viorh  is  solidly  and compldely  done." — Athen^um, 
SHILLING   BOOK    OF    OLD    TESTAMENT     HISTORY, 
for   National  and   Elementary   Schools.      With   Map.       iSmo, 
cloth.     New  Edition. 
SHILLING   BOOK   OF    NEW    TESTAMENT    HISTORY, 
for   National   and   Elementary  Schools.       With   Map.      iSmo. 
cloth.     New  Edition. 
T%est  viorii  haoi  been  earsfully  abridged  from  the  author's  larger 
xrtuali, 
telJi.SS-BOOK  OF  THE  CATECHISM  OF  THE  CHURCH  OF 
ENGLAND.    Third  and  Cheaper  Edition.     l8mo.  cloth,   u.  61I. 
"11  is  indeed  the  wort  of  a  scholar  and  divine,  and  at  such,  though 
:tremely  linip/e,  it  is  also  extremely  instructive.     There  are  few  clergy- 
K  tlihe   Ttvuld  not  find  it  useful  in  preparing  candidates  for  Confir- 
;  and  there  are  not  a  few  who  would  find  it  useful  to  themsdves 

" — LiTRRARy  Churchman. 
i  FIRST   CLASS-BOOK    OF    THB.  CM:Y.C.\W?j'».  "^"^   "^W*.  I 
CHVRCH  OF  ENGLAND,  -witk  SciipWie  ■Bio«^,  ^■^^  "S-soikb-^ 
*"' — IS  and  Schools,      igmo.     61?.     Se-w  "EAi.Uii'o.. 


ED  UCA  TIONAL  BOOKS. ^Kk 

Maclear — continued. 

A  MANUAL  OF  INSTRUCTION  FOR  CONFIRMATION  AND 
FIRST  COMMUNION.     Wilii  Preyere  and  Devotiooi.     Rojd 
3^1110,  clnth  tr.itta.  red  odg«i>     a*. 
"  it  'I  tamest,  BflhndBX,  and  affaiienati  in  Itmi.     The  fwm  »f  sif- 
fzamintitioH  U  patiualarly  good." —]ovKi  IIUU- 

Maorice.— THE  lord's  prayer,  the  creed,  and 

THE  COMMANDMENTS.     A  Manual  for  Parents  and  School- 


in  Iho  Ltnivenitf  of  Cunbiidgc     iSmo.  clolh  limp. 

Procter. — a  history  of  the   book  of  commoM 

FRAYER.wilha  Ralionale  of  its  Offices.    By  Francts  P»octI», 

M.A.       Eiuventh  Edition,  reviied  iiid  enluged.      Crown  Bro. 

I<w.  bd. 

"  We  admirt  lAe  au/iar's  dUigenie,  and  bear  tidlUHg  ialimmy  Ulir 

exitnl  and  accuracy  of  his  readiHg.     The  cri^H  of  a'try  part  if  1^ 

Prayer  Book  has  bint  dili^Hlly  invttHgaled,  and  there  are  fern  fMtStim 

of  facts  connteted  vaik  it  tehich  an  n«t  sither  sufficitntly  txftainid,  or  St 

rtferreJ  to  that  persons  inlerttled  may  leori  out  the  Inith  for  thrmsihut" 

— Athkn^um. 

Procter   and    Maclear. — an  elementary  intro- 
duction to  the  hook  of  common  pkayer. 

Re-nrriiRged  and  sup;ilcnicnted  by  an  Explanation  <if  the  Morning 
and  Evening  Piayer  and  Ihe  LRany.     By  the  Rev.  F,  ProctkB 
and  the  Rev.  G.  F.  Maclear.     New  Edition.     i8mo.    2j.  bd. 
Psalms  of  David  Chronologically  Arranged.    Sy 
Four   Friends,      An   Amended   Version,    with    Histoiicit- 
Introdtiction    and    Explanatory  Notes.      Second    and    Cheapec:^^ 

Edition,  with  Additions  and  Corrections.     Crown  8vo.     Zi,  &i.     

"  Oiieafthe  moil  inslrMtHDe  and  valuable  hooks  that  has  been  puhHshe^^ 
for  BJiinj'j'ftin."— Spbctator. 

Ramsay. — the  CATECHISER'S  manual;  or,  the  Chnrcfc;* 

Catechism  Illustrated  and  Explained,  for  the  ute  of  Cler(^nien    ^ 

Schooltn asters,   and  Teachet^     By  the   Rev.  Arthur  Ramsay-"* 

M.A.    Second  Editioiu     i8mo.     u.  6d. 

A  clear  explanation  of  lie  Catechism,  by  -way  of  Question  and  Aitiwa—^^ 

"  This  is  by  far  the  best  Manual  an  the  Catechisn^  vje  have  met  vnSk.  -^ 

—English  JouRNAt  of  Education. 

Simpson. — AN   EPITOME   of   the   HISTORY    OF   TlC^i 

CHRISTIAN    CHURCH.     Bv   Wilt-iam    Simpson,    M,- 

FiTili  Edhkm.     Fca]i,  8vo.    ji.  dJ. 
Swainson. — A  HANDBOOK  to  BU'r^.'E.^;^  n.iskvsjcn. 

(^.A.  SlVAINSON,D.D.,CaoonQtChvc1rLeB\.M.  Cta*-o.W  «.■'" 
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rrench.— SYNONYMS  OF  THE  NEW  TESTAMENT.     By 

R.    Chenevix  Trench,   D.D.,    Archbishop  of  Dublin.     Ne# 

Edition,  enlarged.     8vo.  cloth.     \2s. 

Seventh  Edition^  carefully  revised^  and  with  a  considerable  number  of 

teiv  synonyms  added.     Appended  is  an  Index  to  the  Synonyms^  and  an 

^ndex  to  other  words  alluded  to  in  the  work.     **ffe  is  a  guide  in  this  de- 

'>artment  of  knowledge  to  whom  his  readers  may  intrust  themselves  with 

onfidence.     Bis  sober  judgment  and  sound  sense  are  barriers  against  the 

nisleadifig  injluence  oj  arlntrary  hypotheses^ — Athenaeum. 

iA^estCOtt.— Works  by  BROOKE  FOSS   WESTCOTT,  B.D., 

Canon  of  Peterborough. 

^  GENERAL  SURVEY  OF  THE  HISTORY  OF  THE 
CANON  OF  THE  NEW  TESTAMENT  DURING  THE 
FIRST  FOUR  CENTURIES.  Third  Edition,  revised.  Crown 
8vo.      loj.  6df. 

"  Theological  students,  and  not  they  only,  but  the  general  public^  owe  a 
leep  debt  of  gratitude  to  Mr,  Westcott  for  bringing  this  subject  fairly 
^efore  them  in  this  candid  and  comprehensive  essay,  ,  .  ,  .  As  a  theo- 
ogicai  work  it  is  at  once  perfectly  fair  and  impartial,  and  imbued  with 
i  thoroughly  religious  spirit;  and  as  a  manual  it  exhibits,  in  a  lucid 
^orm  and  in  a  narrow  cornpass,  the  results  of  extensive  research  and 
iccurate  thought.     We  cordially  recommend  it,^ — Saturday  Review. 

:ntroduction  to  the  study  of  the  four  gospels. 

Fourth  Edition.    Crown  8vo.     lOJ.  (yd, 
**  To  learning  and  accuracy  which  commands  respect  and  confidence, 
he  unites  what  are  not  always  to  be  found  in  union  with  these  qualities^  the 
10  less  valuable  faculties  of  lucid  arrangement  and  graceful  and  facile  eX' 

''ression." — LONDON  QUARTERLY  REVIEW. 

the   bible  in  the   church.      a   Popular  Account  of  the 

Collection  and  Reception  of  the  Holy  Scriptures  in  the  Christian 

Churches.     New  Edition.     iSmo.  cloth.    4^.  6d. 

*^  We  would  recotnmend  every  one  who  loves  and  studies  the  Bible  to  read 

>zd  ponder    this   exquisite  little  book.      Mr,    Westcotfs  account  of  the 

Canon^  is  true  history  in  its  highest  sense.^* — LITERARY  CHURCHMAN. 

IIE  GOSPEL  OF  THE  RESURRECTION.  Thoughts  on  its 
Relation  to  Reason  and  History.  New  Edition.  Fcap.  8vo. 
4^.  6d. 

Vilson.— THE  BIBLE  STUDENTS  GUIDE  to  the  more  Correct 
Understanding  of  the  English  translation  of  the  Old  Testament, 
by  reference  to  the  Original  Hebrew.  By  William  Wilson, 
D.D.,  Canon  of  Winchester,  late  Fellow  of  Queen's  College, 
Oxford.  Second  Edition,  carefully  Revised.  4to.  cloth.  25^. 
**  For  all  earnest  studetits  of  the  Old   Testament  Scriptures  it  is  a 

^♦F/  z/aiuable  Manual.     Its  arrangement  \%  lo  sim|>le  that  those  -udIvo 

^-^^ss  onfy^  their  mother-tongue,  if  they  imZZ  %d}Rjt  a  little   f>a\ns,  ma^ 

^^<^y  t(  Tvitk  gr^l profit.^' — NoNCON¥0^iiiiST. 


Yonge  (Charlotte  M.)— scripture  readings  for 

SCHOOLS  AND  FAMILIES.       ByCHARtOTTK  M.  Yongb, 
Amhot  of   "The  Heir  of  Reddyffe."     FrBST   Series.     Cencis 
to  iJeutGTonamy.    Globe  Svo.     ii.  6d.    Wiih  CommentB.    Secoud 
KUition.    31.  bd. 
Second   Seribs.     From   Joshua   to   Solouon.     Exbs   fcap. 

Svo.  ij.  6d.  Willi  Comments,  y.  fid. 
Thikd  Skkies.  Tlie  Kmns  and  the  PKorHEis.  Extra  fcap. 
Sva  li.  dJ.  With  CotnmenU,  ji.  bJ. 
jletual  atol  Aai  lidthtaiUkertotn'laa/aartafr^rta  reading  igei  cen- 
vcnientfor  ttitdy  viUh  ehildren,  tOHimmingthivayw^di  o/tAcBiile,  witi 
tnly  a /tui  exfialient  eiMiiiieai,  and  anvHgtd  in  IJsiimi  of  tuck  length  at  by 
tiptrimet  tht  hat  found  to  ttai  iiiilh  ehildrm'i  nrdinary  power  qfactumit 
attentuit  interetU  The  vtrtifarm  has  been  rrlaintJ,  baaute  of  iti  ten- 
vtnienctfor  thildrm  rtaditig  in  clan,  and  as  more  rarmHiHg  Iheir  Bibles ; 
bnt  thi  pottiealMiHam  hsait  ban  grvtH  in  Ihar  linet.  lv%en  PstUmi  or 
portionifnm  th4  Fropheti  iilmtratt  or  fill  in  with  the  narratkie  thty  art 
givm  in  their  ehromtogicai  tiqmnei.  The  Scrifture  portion,  with  a  vtry 
fivi  naitt  txplaMOlory  of^  men  worJr,  it  baund  up  apart,  to  be  used  by 
thildren,  ivkUe  the  latne  is  alio  supplied  with  a  brief  eojummt,  the  purpose 
ej  which  is  lUhtr  to  assist  the  teacher  in  exptaining  Ike  lesson,  or  to  be 
used  by  more  adooMted young  people  to  vihem  it  may  not  be  postibli  to  give 
aceeis  l»  Itu  authorities  whence  it  hat  ban  taken.  Profasor  Huxley,  at  a 
mitting  of  lAt  London  School  Board,  particularly  mentioned  the  sdeclion 
made  by  Mis'  Vonge  at  an  example  of  haw  sdections  might  be  madt  fiwa 
the  suit  for  Stiotl  Heading.    SetTimss,  March  30,  1871. 
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PREFACE 


In"  the  prepai'ation  of  this  book  the  author  haa  had  in 
mind  the  ftict  that  the  atudeut  finds  much  difficulty  in 

►seeing  the  applications  of  theory  to  practical  problems. 
For  this  reason  each  new  principle  developed  is  followed 
by  a  number  of  applications.     In  many  cases  these  are 
illustrated,  aud  they  aU  deal  with  matters  that  directly 
^oneern  the  engineer.      It  is  believed  that  problems  in 
C^echanica  should  be  practical  engineering  work.      The 
r-author  has  endeavored  to  follow  out  this  idea  in  writing 
Cthe   present  volume.      Accordingly,  the   title  "Applied 
'"iMechanics  for  Engineers  "  haa  been  given  to  the  book, 
p^     The  book  is  intended  as  a  text-book  for  engineering 
^students  of  the  Junior  year.     The  subject-matter  is  such 
j  ^as  is  usually  covered  by  the  work  of  one  semester.     In 
"j^Borae  chapters  more  material  is  presented  than  can  be  used 
l^win  this  time.     With  this   idea   in   mind,  the  articles  in 
'      '  these  chapters  have  been  ari-anged  so  that  those  coming 

Qlaat  may  be  omitted  without  affecting  the  continuity  of 
the  work.  The  book  contains  more  problems  than  can 
usually  be  given  in  any  one  semester. 

While  it  is  difficult   to   present  new  material  in  the 
matter  of  principles,  much  that  is  new  has  been  intro- 
duced in  the  applications  of  these  principles.     The  sub- 
■  jaet  of   Couples  is  treated  by  representing  the  couples 
I  by  means  of  vectors.     The  author  claims  that  the  chap- 
iters on   Moment   of   Inertia,  Center   of  Gravity,  Work 
Bttnd   Energy,    Friction    and   Impact  are   more  complete 
theory    and   applications   than    those    of    any   other 
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American  text-book  on  the  same  subject.  These  are  1 
matters  upon  which  the  engineer  frequently  needs  infor-  I 
mation ;  frequent  reference  is,  therefore,  given  to  origi-  I 
nal  sources  of  iuformatiou.  It  is  hoped  that  tliese  chaptera  I 
will  be  especially  helpful  to  engineers  as  well  as  to  students  1 
in  college,  and  that  they  will  receive  much  benefit  as  | 
a  result  of  looking  up  the  references  cited.  In  general,  \ 
the  answera  to  tlie  problems  have  been  omitted  for  the  1 
reason  that  students  who  are  prepared  to  use  this  book  I 
should  be  taught  to  check  their  results  and  work  inde-  J 
pendently  of  any  printed  answer.  I 

The  author  wishes  to  acknowledge  the  helpful  sugges-  I 
tions  obtained  from   the   ninny  standard  works   on  me-  6 
chanics.     An  attempt  has  been  made  to  give  the  specific  I 
reference  to  the   original  for  material  taken  from  engi- 
neering works  or  periodical  literature.     He  wislies,  more- 
over, to  express  his  thanks  to  Dean  C.  H.  Benjamin  and 
Professor  L,   V.   Ludy  for  their  careful  reading  of  the 
manuscript,  to  Professor  W.  K.   Hatt  for  many  of  the 
problems  used,  and  to  Dean  W.  F.  M.  Gobs,  whose  con-  i 
tinued  interest  and  advice  have  been  a  constant  source  of 
inspiration.     It  is  hoped  that  the  work  may  be  an  inspira- 
tion to  students  of  engineering. 

£.  L.  HANCOCK. 

PUEDBK   UNITBHSITY, 

NOTsmber,  1908. 
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CHAPTER   I 


DEFINITIONS 

Introduction.  —  The  study  of  the  subject  of  mechanica 
of  engineering  involves  a  study  of  matter,  space,  and  time. 
The  subject  as  presented  in  this  book  eonaista  of  two  parts  j 
viz.,  statics,  including  the  study  of  bodies  under  the  action 
of  systems  of  forces  that  are  in  equilibrium  (balanced), 
I  And  dykamici,  including  a  study  of  the  motion  of  bodies. 

2.  Force.  —  A  body  acted  upon  by  the  attraction  or 
repulsion  of  another  body  is  said  to  be  subjected  to  an 
attractive  or  repulsive  force,  as  the  case  may  be.     Forces 

m  are  usually  defined  by  the  effects  produced  by  them,  as 
I  for  example,  we  say,  a  force  is  something  that  produces 
motion  or  tends  to  produce  motion,  or  changes  or  tends 
to  change  motion,  or  that  changes  the  size  or  shape  of  a 
body.  The  study  of  relations  between  forces  and  the 
motions  produced  by  them  is  usually  designated  as  the 
study  of  Statics  and  Dynamics.  Forces  always  occur  in 
pairs ;  for  example,  a  book  held  in  the  outstretched  hand 
exerts  a  downward  pressure  on  the  hand,  and  the  hand 
exerts  an  equal  upward  pressure  on  the  book. 

3.  Unit  of  Force.  —  The  unit  of  force  used  by  engineers 

I  in  this  country  and  England  is  the  pound  avoirdupois.     It   i 
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is  sometimes,  however,  necessary  to  use  the  ahtolute  unit   j 
of  force.     Tliis  may  be  defined  as  follows  :  The  absolute 
uuit  of  force  is  that  force  which  acting  on  a  unit  mass 
during  unit  time  will  produce  in  tlie  mass,  unit  velocity. 
I   This  absolute  unit  of  force  is  called  a  poundal.    In  France,    i 
■   Germany,  and  other  countries  where  the  centimeter-gram- 
Becond  system  is  used,  the  engineer's  unit  of  force  is  the 
kilogram.     The  absolute  unit  of  force,  in  such  countries,    ' 
is  the  force  which  acting  upon  a  mass  of  one  gram  weight 
,   (at  Paris)  will  produce  a  velocity  of  one  centimeter  per 
I  second,  in  a  second.     Such  a  unit  is  called  a  dyne. , 

4.  ITnit  Weight.  — The  weight  of  a  cubic  foot  of  a  sub- 
stance will  he  called  the  unit  weight  of  the  substance  and 
will  be  represented  by  7.     Below  is  given  a  table  of  such 

I  weights  taken  at  the  sea  level.     It  will  be  seen  that  the 
'  unit  weight  of  a  substance  divided  by  the  unit  weight 

of  pure  water  gives  its  specific  gravity.     (See  Table  I  on 

opposite  page.) 

5.  Bigid  Body.  —  In  studying  the  state  of  motion  or 
rest  of  a  body  due  to  the  application  of  forces  acting  upon 
it,  it  is  not  necessary  to  consider  the  deformation  of  the 
body  itself,  due  to  the  forces.  When  so  considered  it  is 
customary  to  say  that  the  body  is  a  rigid  body.  Unless 
otherwise  stated  bodies  will  be  considered  as  rigid  bodies 
in  this  book. 

6.  Inortift,  —  The  property  of  a  body  that  causes  it  to 
continue  in  motion,  if  in  motion,  or  remain  at  rest,  if  at  rest, 
unless  acted  upon  by  some  other  force,  is  called  inertia. 
This  is  Newton's  First  Law  of  Motion,     (See  Art,  76.) 
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TABLE  I 
TThit  Weights  amo  Specific  Gravity  of  Some  Matsbulh 

(Kunt's  "  Enfe-lnBar's  Pocket  Book  ") 


MoTIBItL 

S™r,no  G-A-iT, 

tTNrT  W,«»r 

Bruss 

8.2  to  8.0 

511  to  536 

Brick 

Soft 

1.6 

100 

Common 

1.79 

112 

Hard 

2.0 

125 

Pressed 

S.lfl 

135 

Fire 

■2.24--2A 

140-150 

Brickwork  — mortar 

1,0 

100 

Brickwork  —  cement 

1.79 

112 

Concrete 

1.93-2.24 

130-140 

Copper 

8.85 

552 

Earth —  loose 

1.15-1.28 

73-80 

Earth — Tamiced 

1.4i-1.70 

90-110 

Granite 

2.56-2.73 

160-170 

Gum 

.92 

57 

Hickory 

.77 

48 

Iron — cast 

7.21 

450 

Iron-wrought 

7.7 

480 

Lead 

11.38 

709.7 

2.72-3.2 

170-300 

Masonry — dressed 

2.24-2.88 

140-180 

Nickel 

8.8 

548,7 

Pine— white 

.45 

28 

Pine— yellow- 

.61 

38 

Poplar 

.43 

30 

Saiidatone 

2.24-2.4 

140-150 

Steel 

7.85 

490 

Wliite  Oak 

.TT 

43 

7.  UagB.  ^The  mass  of  a  body  is  the  quantity  of 
matter  it  contains.  Mass  differs  from  weight,  in  that 
the  weight  varies  with  the  position  on  the  surface  of  the 
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earth  and  with  the  height  above  the  surface,  while  tlie 
mass  remains  the  same.  The  engineer's  definition  of 
mass,  viz,  that  it  is  equal  to  the  weight  divided  by  the 
acceleration  of  gravity  (see  Art.  76),  may  be  expressed 
M=  —.  Both  &  and  ff  vary  for  different  localities,  but 
the  quotient  is  constant ;  that  is,  the  quantity  of  matter  in 
a  body  is  independent  of  its  position  with  reference  to  the 
earth.  The  weight  of  a  body  may  be  determined  by 
means  of  the  spring  balance,  Snch  a  balance  is  tlie  only 
true  measure  of  weight,  since  the  equal-armed  balance 
gives  the  same  weight  regardless  of  distance  from  tlie 
center  of  the  earth.  The  equal- armed  balance  really 
measures  mass. 

8.  Displacement.  —  By  the  displacement  of  a  body  is 
meant  its  change  from  one  position  to  another.  A  dis- 
placement involves  a  movement  in  a  definite  direction. 
It  may  be  represented  by  an  arrow,  the  length  of  the 
arrow  representing  the  distance  moved  and  the  direction 
of  the  arrow  the  direction  of  the  motion.  Thus,  if  a  man 
walks  due  east  one  mile  and  then  due  north  one  mile,  we 
might  represent  his  displacement  from  the  original  posi- 
tion by  an  arrow  drawn  northeast  of  a  length  equal  to  V2 
miles.  Or,  in  Fig.  1,  if  P^  represents  a  displacement  of 
a  body  in  the  direction  indicated  and  P^  a  subsequent  dis- 
placement in  the  direction  of  P^,  then  It  represents  a  dis- 
placement equivalent  to  P^  and  P^.  It  is  seen  tliat  M 
may  be  determined  by  constructing  a  parallelogram  on  P^ 
and  7*3  as  sides  and  drawing  the  diagonal.  Quantities 
that  may  be  represented  by  arrows  are  known  as  vector 
qiiantitiee,  and  the  arrows  themselves  as  veetors. 
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9.  Bepresentation    of    Forces.  —  Forces   have   a   certain 

magnitude,  act  in  a  certain  direction,  and  have  a  definite 
point  of  application.  If  a  man,  for  example,  attaches  a 
rope  to  a  log  and  pulls  on  the  rope,  his  pull  may  be  meaa- 
ured  in  pounds ;  it  acts  along  the  rope,  and  it  has  a  point 
of  application  which  is  the  same  as  the  point  of  attach- 
ment of  the  rope  to  the  log.  It  has  been  found  convenient, 
for  the  purpose  of  analysis,  to  represent  forces  hy  arrows 
(vectors  of  Art.  8),  the  length  of  the  arrow  representing 
the  magnitude  of  the  force  and  the  direction  of  the  arrow 
giving  the  direction  in  which  it  acts.  Thus,  a  10-poand 
force,  acting  in  a  direction  30°  with  the  horizontal,  is 
represented  by  an  arrow  drawn  in  the  same  direction  and 
having  its  point  of  application  in  the  body  and  having 
a  length  representing  10  lb.  (In  this  ease,  if  2  lb. 
represents  1  in,,  the  length  of  the  arrow  is  5  in.)  The 
line  along  which  a  force  acts  will  be  referred  to  as  its 
line  of  action. 

10.  Concoirent  Forces.  —  When  two  or  more  forces  act 

upon  the  same  point  of  a  body,  their  lines  of  action  are 
concurrent,  and  the  forces  are  known  as  concurrent  forces. 

U-  Besnltant  of  Two  Concnrrent  Forces.  —  If  two  forces 
having  the  same  point  of  application  act  on  a  body,  there 
is  some  single  force  that  might  be  applied  at  the  same 
point  to  produce  the  same  effect.  This  single  force  is 
called  the  resultant  of  the  two  forces,  and  ia  found  as 
follows :  construct  upon  the  arrows  representing  the 
forces  a  parallelogram  and  draw  the  diagonal  from  the 
point  of  application.  This  diagonal  represents  the  re- 
sultant  of   the   two  forces   in   magnitude  and   direction 
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(Art.  8).     Thus,  if  P,  and  P^  (Fig.  1)  are  the  forces, 
then  R  is  the  resultant. 

AlgebraieaUy  B^VP.^  +  F^^aj-.r.cos  JOB. 

12.  Sesolntion  of  Force.  —  We  have  juat  seen  how  two 
concurrent  forces  may  be  replaced  by  a  single  force  called 
their  resultant.  In  a  similar  way  a  single  force  may  be 
resolved  into  two  forces.  These  forces  are  the  sides  of  a 
parallelogram  of  which  the  single  force  is  a  diagonal.  It 
is  clear,  then,  that  there  are  an  infinite  number  of  compo- 
nents into  which  a  single  resultant  may  be  resolved.  It 
is  necessary,  therefore,  in  speaking  of  the  components  of 
a  force,  to  state  specifically  which  are  intended.  It  will 
be  seen  in  problems  that  follow  that  the  components  most 
often  used  are  at  right  anjrlea  to  each  other,  and  usually 
the  vertical  and  horizontal  components.  In  such  a  case 
the  compoaents  are  the  projections  of  the  force  on  the  verti- 
cal and  horizontal  lines. 

13.  Force  Triangle.  —  It  follows  directly  from  the  par- 
allelogram law  of  forces  (Art.  11)  that  if  we  draw  from 
any  point  a  line  parallel  to  and  representing  one  of  two 
concurrent  forces,  P^  say,  and  from  the  extremity  of  this 
line  another  line  parallel  to  P^  and  of  the  same  length,  then 
the  remaining  side  of  the  triangle  will  be  represented  by  R. 
This  triangle  is  called  the  force  triangle.  In  general,  the 
resultant  of  two  concurrent  forces  may  be  found  by  drawing 


DEFINITIONS 


lines  parallel  to  the  forces  as  aliove.  The  line  necessary 
to  complete  the  triangle  is  the  resultant,  and  its  arrow  is 
always  away  from  the  point  of  application.  The  equal  and 
opposite  of  this  resultant  would  be  a  single  force  that 
luld  hold  the  two  concurrent  forces  in  equilibrium. 


,14.  Force  Polygon.  — If  more  than  two  forces  are  con- 
current, we  may  find  their  resultant  by  proceeding  in  a  way 
similar  to  that  outlined  above.  Thus,  let  the  forces  be  ^|, 
Pg,  Pg,  P^,  etc.  (Fig.  2),  all  passing  through  a  point ;  from 
any  point  draw 


parallel  to  P^  from  the  extremity  of  this  last  line  draw 
another  equal  and  parallel  to  P^,  and  proceed  in  the  same 
way  for  the  other  forces.  The  figure  produced  will  be  a 
polygon  whose  sides  are  equal  and  parallel  to  the  forces. 
The  resultant  will  be  given  in  magnitude,  direction,  and 
point  of  application  by  the  line  necessary  to  close  the 
polygon.  The  arrow,  representing  the  direction  of  the 
resultant,  will  always  be  away  from  the  point  of  applica- 
tion. (See  Fig.  2.)  If  the  polygon  be  closed,  the  system 
of  forces  will  be  in  equilibrium.  The  single  force  neces- 
sary to  produce  equilibrium  will,  in  any  case,  be  equal  and 
opposite  to  R.  The  student  shoidd  construct  force  poly- 
gons by  taking  the  forces  in  different  orders  and  cheeking 
the  resultant  in  each  case. 
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By  drawing  the  lines  OA,  OB,  00,  etc.,  it  is  easy  to 
Bee  that  OA  represents  the  resultant  of  Pj  and  P^.  that 
OH  represents  the  resultant  of  OA  and  Fg,  and  so  of  Pj,  P^, 

and  Pg,  etc.  That  is,  it  is  easy  tu  see  that  the  force  poly- 
gon follows  directly  from  the  force  triangle.  By  means 
of  the  force  polygon  it  is  easy  to  find  graphically  the 
reMultant  of  any  number  of  concurrent  forces  in  a  plane. 
The  work,  however,  must  be  done  accurately. 

The  student  should  show  that  the  force  polygon  may  be 
used  for  finding  the  resultant  of  concurring  forces  in  space, 
by  considering  two  forces  at  a  time.  The  force  polygon 
in  this  cose  is  called  a  twUted  polygon. 

IS.  TrB&imiBiibility  of  Forces.  —  It  is  a  matter  of  expe- 
rience that  the  point  of  application  of  a  force  may  be 
changed  to  any  point  along  its  line  of  action  without 
changing  the  effect  of  the  force  upon  the  rigid  body. 
This,  of  course,  is  on  the  assumption  that  all  the  force  is 
transmitted  to  the  body.  The  law  may  be  stated  as  fol- 
lows :  Tlie  point  of  application  of  a  force  may  be  tran^erred 
anywhere  along  its  line  of  action  without  changing  its  effect 
upon  the  body  upon  which  it  acta. 


CHAPTER  II 


COnCURSENT   FORCES 

16.  Concurrent  Forces  in  a  Plane. — It  will  often  ba 
convenient  to  consider  forces  as  acting  on  a  materiaL 
point;  this  is  equivalent  to  considering  the  body  without 
weight     and  y 

simply  a  point. 
If  a  material 
point  (  0)  (Fig. 
3)  be  acted  up- 
on by  a  num- 
ber of  forces  in 
a  plane,  ^j,  I*^, 
Pj,  I*^,  etc., 
each  one  mak- 
ing angles  a-^, 
(tj,  Ug,  a^,  etc., 
respectively, 
with  the  posi- 
tive 3:-axis,  it 
is  desirable  to  find  the  resultant  of  all  of  them  in  magni- 
tude aud  direction;  that  is,  the  single  ideal  force  that 
could  produce  the  same  effect  as  the  system  of  forces. 

M'ce  P  may  be  resolved  into  components  along 
[  y-axes,  giving  P  cos  a  along  the  a;-axis,  and  P 
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Bin  a  along  the  y-axia.     The  sum  of   these   components 
along  the  z-axia  may  be  expressed, 

2a:  =  P^  cos  ct^  ■+■  P^  cos  a^  +  Pg  cos  u^  +  etc., 

'  the  proper  algebraic  sign  being  given  eoa  a.  in  each  case. 
'  In  a  similar  way  the  sum  of  the  components  along  the 
f  y-axia  may  be  written, 

2y  =-PiSintti  +  Pjsina3+i'a8in«g+  etc. 

I   These  forces,  2a;  and  J.y,  may  now  replace  the  original 
system  as  shown  in  Fig.  4.     And  these  may  be  combined 
into  a  single  re- 
sultant    which 
is  the  diagonal 
of  the  rectangle 
of     which    the 
two  forces  are 
sides  (Art.  11). 
^-^         y      j:     This  gives  the 
resultant    in 
magnitude  and 
direction,     and 
this     resultant 
force  is  the  sin- 
gle force  which 
if    allowed    to 
act    upon    the 
^material    point   would    produce   the   same   effect   as   the 
I  system  of  forces.     It  should  be  reniemhered  in  all  that 
f  follows  that  this  resultant  force  has  no  real  existence ;  it 


I 


CONCURSENT  FORCES 


t 


is  used  to  simplify  the  solution  of  problems. 
the  resultant  may  be  expressed, 


a=^.    (See 


and  its  direction  a  as  such  an  angle  that  tan  a  =  ^■ 

Fig.  5.)  If  the  material  point  be  at  rest  or  moving 
uniformly,  this  resultant  force  must  be  equal  to  zero; 
that  is, 


This  means  that  CS.xy+  (S?/)- 

of  two  squares 

must    be   zero ; 

but     this     can 

happen        only 

when  each  one. 


0,  that  i 


that  the  sum 


zero  (since 

neither   can  be    -^ 

negative   being 

squared).     We 

therefore    have 

as  the  necessary 

and      sufficient 

conditions     for 

the  equilibrium 

of  a  material  point,  acted  upon  by  a  system  of  concurring 

forces  in  a  plane, 

E  =  0  or  Sic  =  0,  and  Sj/  =  0. 

When  R  is  not  zero,  the  system  of  forces  causes  accel- 

erated  motion  in  the  direction  of  ij;    when  ^=0,  the 


I 
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\  material  point  remains  at  rest,  if  at  rest,  or  continues  i 
'  motion  with  uniform  velocity,  if  in  motion.  In  this  case 
the  system  of  forces 
is  said  to  be  balanced. 
As  an  illustration 
of  the  foregoing, 
consider  the  case  of 
a  body  of  weight  Cf 
situated  on  an  in^ 
clined  plane,  making^ 
an  iingle  0  with  tht 
horizontal.  (Se«j 

Fig.  6.)  There  isl 
a  certain  force  i*. 
making  an  angle  ^ 
with  the  plane, 
whose  component  along  the  plane  acts  upwards,  and  also 
a  force  of  friction  F  upwards.  The  other  forces  acti 
on  the  body  are  (?,  the  force  of  gravity  acting  vertieallyi 
and  iV,  the  normal  pressure  of  tlie  plane.  Taking 
X-axis  along  the  plane  positive  upward  and  the  ^-asi 
perpendicular  to  it  positive  upward,  we  get, 


i 


[and 

I'For  equilibrium 


Sj;  =  P  cos  i  +  f-  (?  sin  6, 
S7=.  iV+i>  sin  ^-  (?cos(9. 


JV+Psin^-ffeose  = 
iV=  ff  cos  e  -  P  sin  (/), 
„_(?sine-J?'. 
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This  last  equation  gives  the  magnitude  of  P  required  to 

preserve  equilibrium,  supposing  that  the  force  of  friction, 

6,  and  <^  are  known- 
Problem  1.     An    angle    iron   whose 

weight  is  20  lb.  and  angle  a  right  angle, 

reste  upon  a  circular  shaft,  radius  2  in. 

Find  the  norma!  pressure  at  A   and  B 

(Fig-  7). 

Problem  2.     (iiven  three  concurring  forces,  100  lb.,  60  lb.,  and 

200  lb.,  whose  directions  referred  to  the  i-axis  are  0°,  60°,  180% 


Fra.  T 


respectively ;  find  the 
resultant  in  magnitude 
and  direction. 


^1                       \            >^  (Fig.  8)   whose  weight 

^H                     ,/>^  is   (7   is   drawn    up    the 

^^a              p     y''''^     '  inclined  plane  with  uni- 

^^B              -^                  ir  form  velocity  due  to  the 

^^^  j^  ^3"'  action   of   the   forces  P 

^  and  I".    Find  the  force 
of     friction     and     the 

normal  pres,Httre,  if  P  =  100  lb.,  P'  =  100  lb.,  G  =  160  lb.    P  acts 


parallel  to  the  plane  and  P'  acta  horizontally. 

Problem  4.     A  wheel  is  about  to  roll  over  au  obstruction, 
diameter  of  the  wheel  {Fig.  0)   is  3'  and  its  weight  800  lb. 
the  obstruction. 


I 


The 
Find 
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Problem  5.     A   weight   of  10   tons    is   supported   fts    sfaoym   J 
Fig.  10.     Find  tiie  force  acting  in  the  tie  A  and  the  member  B. 

17.   Cononrrent  Forces  in  Space.  —  IF  the  material  point  ' 
(0)  be  acted  upon  by  a  aysteni  of  concurrent  forces  not 
2  in  a  plane  jP^, 


I 

^H  may  be  found  in  magnitude  and  direction  by  an  analysis 
^^^similar  to  that  used  in  the  preceding  ease.     The  Hum  of 
^H'the  components  of  all  the  forces  along  the  :c-axi3  is 
^H     Si  =  P^  cos  a,  +  Pj  cos  a^  + P^  cos  a^  +  P^  cos  a^  +  etc. 
^^K.Similarly,  the  sum  of  the  components  along  they-axia, 
^B   Xy  =  i*j  cos  ^1  +  Pj  cos  ;8j  +  Pg  cos  ^g  +  P^  cos  yS^  +  etc., 


CONCURRENT  FORCES 

and  the  sum  of  the  oomponeQts  along  the  z-axis, 
£  £  =  -Pj  cos  7j  +  Pj  cos  7j  +  P^  eoH  73  +  P,  coa  7^  +  etc, 
The  original   system   of   forces   may  now  he  replaced 

by  a   system   of    three   rectangular   forces   2a:,   E^,   and 

tz     (Fig.   12).  a 

Finally,        this 

system  may  be 

replaced    by    a 

resultant  which 

is  the  diagonal 

of  a  paral- 
lelepiped con- 
structed     with 

"Zx,  £^,  and  ^z 

Fig.  13 

ni£^nitude  this  resultant  may  be  expressed 

R  =  ■^/(J.xy+(l.yy+{;S.z)\  (See  Fig. 

and  its  direction  given  by  the  angles  a.,  yS,  and  7.     T] 

angles  are  given  by  the  equations 

cos«  =  -^,  cos^  =  -^,  cos7  =  -^. 

or  equilibrium  R  must  be  0 ;  that  is, 

and  therefore, 

Sa5  =  0,  Sy  =  o,  Sa  =  0. 

This  gives  three  equations  of  condition  from  which  three 
unknown  quantities  may  be  determined.  In  the  preced- 
ing case  of  Art,  16  there  were  only  two  equations  of 
condition  ^x=Q  and  Sy  =  0 ;  consequently,  only  two  un- 
known quantities  could  bo  determined. 


I 
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Ptoblsm  6.    Three  men  (Pig.  U)  are  each  pulling  with  a.  force  P 

I  at  the  points  a,  h,  and  c,  respectively.     What  weight  Q  can  they  raise 

with  uniform  motion  it  each  man  pulls  100  lb.? 

Each  Force  makes  an  angle  of  G0°  with  Uie 

horizontal. 

Pioblem  7.  Three  concurring  foroes  ut 
upon  a  rigid  body.  Find  the  resultant  in  mag- 
nitude and  direction.  The  forces  are  daflned 
as  follows : 

P,  =  75  1b.;  ai  =  63''27';  jS,=48''38';  -y,  =  ? 
Pj  =  80  lb. ;  «j  =  153°  44' ;  ^j  =  67°  13' ;  yj  =  ? 

W     P\^  Hint,     y^,  y^   and  yj  may  he  found  from 

b  either  of  the  following  relations ; 

'  '  «o«  («  +  P)  "O^  («  -  ^)  +  COs»y  =  0, 

*'"'■  '*  cos'a  +  cos'^  +  cosV  =  I. 

Problem  S.  Each  leg  of  a  pair  of  shears  (Fig.  1.5)  is  50  ft.  long. 
They  are  spread  20  ft.  at  the  foot.  The  back  stay  is  75  ft.  long. 
Find  the  forces  acting  on  each  member  when  lifting  a  load  of  20  tons 
St  a  distance  of  30  ft.  from  the  foot  of  the  shear  legs,  neglecting  the 
weight  of  structure. 


i 


18.   Hofflent  of  a  Force.  —  The  moment  of  a  foree  with 

respeat  to  aiiy  point  in  its  plane  may  be  defined  as  the  prod- 
uct of  the  force  and  a 
perpendicular  let  fall 
from  the  point  on  the 
line  of  action  of  the 
foree.  Let  P  (Fig.  16) 
be  the  force  and  0  the 
jioint  and  a  the  perpen- 
dicular distance  of  the 
force  from  the  point; 
then  Pa  is  the  moment 

of  the  force  with  respect  to  the  point  0.  This  moment 
is  measured  in  terms  of  the  units  of  both  force  and 
length,  viz.  foot-pounds  or  inch-pounds,  and  is  read  foot- 
pounds moment  or  inch-pounds  moment  to  distinguish 
it  from  foot-pounds  work  or  inch-pounds  work. 

For  convenience  the  algebraic  sign  of  the  moment  i 
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I 


said  to  be  positive  when  the  moment  tends  to  turn  thn 
body  in  a  direction  cownter-clochvite,  and  negative  when  i 
tends  to  turn  the  body  in  the  clockicite  direction. 

The  moment  may  be  represented  geometrically  as  fot^ 
lows :  let  SF  represent  the  magnitude  of  P,  drawn  tol 
the  desired  scale,  and  draw  £0  and  FO.  The  area  of  thaf 
triangle  OFF  =  \EFa,  or  UFa^HAOEF;  that  is, 
moment  of  the  force  with  respect  to  a  point  is  geometrically 
repretented  by  twice  the  area  of  the  triangle,  wlioge  hate  n 
the  line  representing  the  magnitude  of  the  forue  and  whotem 
vertex  is  the  given  point. 


19.   Varignon's   Theorem   of  Homents.  —  The  moment  < 

the  resultant  of  two  concurring  forces  with  respect  to  ai 
point  in  their  plane  is  equal  to  the  algebraic  sum  of  t 
moments  of  the  two  forces  with  respect  to  the  same  point. 

The  given  forces  P  and  P^  may  be  represented  by  OPM 
.  and    CPj    and  J 


tapect  to  0  ia  twice  the  area  of  the  triangle  OOP 
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angles  have  the  same  base  and  the  same  altitude.  That 
is,  the  moment  of  CP  with  respect  to  0  is  the  same  as  the 
moment  of  OB  with  respect  to  0  =  CBa,  where  a  is  the 
perpendicular  let  fall  from  0  on  OR.  In  a  similar  way,  it 
is  seen  that  the  moment  of  CP^  with  respect  to  0  is  equal 
to  the  moment  of  CM  with  respect  to  0;  that  is,  to  CA  ■  a. 
Therefore,  the  sum  of  the  moments  of  P  and  P^  with 
respect  to  0  equals  (OS  +  OA)  ■  a.  But  (0B+  CA)a  = 
QCA  +  AR)  ■a  =  BA,  since  CB  =  AR  (equal  triangles 
CPB  and  APyR^.  When  the  point  is  taken  between  the 
P  and  Py,  the  moment  of  the  resultant  equals  the  differ- 
ence of  the  moments  of  P  and  Py  Let  the  student  show 
that  this  is  true. 

Cor.  1.  If  there  are  any  number  of  concurring  forces 
in  a  plane,  it  may  be  shown  that  Varignon's  theorem  holds 
by  considering  the  resultant  of  two  of  them  with  the 
third,  and  so  on.  The  more  general  theorem  may  then  be 
stated  as  follows  :  The  moment  of  the  reBultant  of  any  num- 
ber of  concurring  forces  in  a  plane  with  respect  to  any  point 
in  thai  plane  is  equal  to  the  algebraic  sum  of  the  moment*  of 
the  forces  with  respect  to  the  same  point. 

Cob.  2.  If  the  point  be  taken  in  the  line  of  action  of 
R,  then  a  =  0,  and  therefore  the  sum  of  the  positive 
moments  equals  the  sum  of  the  negative  moments. 

The  moment  of  a  force  with  respect  to  a  line  at  right 
angles  to  the  line  of  action  of  the  force  is  the  product  of  the 
force  and  the  shortest  distance  between  the  two  lines. 

The  moment  of  a  force  with  respect  to  a  line  not  at  right 
angles  to  the  line  of  action  of  the  force  ia  the  same  as  the 
moment  of  the  component  of  the  force  in  a  plane  perpendic- 
ular to  the  line. 


CHAPTER  III 


PARALLEL  FORCES 

20.  Tbe  Sesnltant  of  Two  Parallel  Foroei.  —  In  consid--' 
firing  two  piirallel  forcea  in  a  plane  three  cases  arise : 
(a)  wlien  the  forces  are  in  the  same  direction;  (6)  when 
they  are  unequal  and  in  opposite  directions;  (c)  when 
they  are  equal  and  in  opposite  directions,  but  having  dif- 
ferent lines  of  action. 
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equal  and  oppoaite  forces  7  as  shown  in  Fig.  18,  These 
forces  will  liave  no  effect  as  far  as  the  state  of  motion  of 
the  body  is  concerned.  The  resultant  of  T  and  P  is  R, 
and  that  of  T  and  Py  is  Ry  Transfer  R  and  R^  to  the 
point  of  intersection  of  their  lines  of  action  A.  Here 
resolve  them  into  components  parallel  to  their  original 
components ;  the  two  forces  T  nullify  each  other,  and  there 
are  left  the  two  forces  P  and  P-^  acting  along  the  same  line 
AE.  The  resultant  of  P  and  Py  then,  is  equal  to  i*  +  ^j 
and  acts  in  the  game  direction  as  the  forces. 

To  determine  the  position  of  R  with  reference  to  the 
forces  we  have  from  similar  triangles 


^Hdis 


■~  =  4-  and  ^ 


which 


Is. 
p 


-      Pa 


That  is,  the  resultant  of  two  parallel  forces  in  the  same  direc- 
tion  divides  the  distance  between  them  in  the  inverse  ratio 
of  the  forces. 

Cor.  For  any  point  0  in  the  same  plane,  it  is  easy  to 
show  that  the  moment  of  the  resultant  is  equal  to  the 
algebraic  sum  of  the  moments  of  the  two  forces  with 
respect  to  this  same  point.  Draw  a  line  through  0  paral- 
lel to  T  and  let  m  be  the  distance  from  0  to  the  line  of 
action  of  Py  If  now  Rm  be  added  to  both  sides  of  the 
equation 


Rx=Pa, 


\\m 


RQm  +  a;)  s=  P(a  +  m)  +  P^m, 
aad  this  is  the  relation  we  were  to  find. 


I 

I 
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When  0  ia  a  point  on  the  line  of  action  of  R,  the 
moment  oi  R  =  0,  and  we  have  the  moment  of  P  equal  to 
the  moment  of  I*^.  This  is  often  a  convenient  relation  to 
use  in  the  solution  of  problems.  Following  out  the  above 
reasoning,  let  the  student  show  that  the  moment  of  the 
re8ultant  of  any  number  of  parallel  forces  in  a  plane  with 
renpect  to  a  point  in  the  plane  is  equal  to  the  algebraic  eum 
of  the  moments  of  the  forces  with  respect  to  that  same  point. 

Cash  (6).  When  the  forces  are  unequal  and  opposite  in 
direction.  In  this  case  the  analysis  is  exactly  similar  to 
Case  (a)  and  leads  to  exactly  the  same  conclusions.  It  is 
left  as  an  exercise  to  be  worked  out  by  the  student. 

Case  (e).  When  the  forces  are  equal  and  opposite,  but 
not  acting  along  the  same  line,  they  form  a  couple.  These 
will  be  treated  later.     (See  Art.  30.) 

Problem   9.    Two    parallel    forces,  one   of    20  lb.  and  one  of 

100  lb.,  have  lines  of  action  24  in.  apart.  Find  the  reBultant  in  mag- 
nitucJe,  direction,  and  point  of  application ;  || 

(1)  When  they  are  in  the  same  direction.  ^M 

(2)  When  they  are  in  opposite  directions.  ^ 
Problem  10.     A  horizontal  beam  of  length  I  h  supported  at  its 

ends  by  two  piers  and  loaded  with  a.  single  load  P  at  a  distance  of 
g  from  one  end.     Find  the  pressure  of  the  piera  against  the  beam. 

Problem  11.  The  locomotive  shown  in  Fig.  19  ia  run  upon  a 
turntable  whose  length  ia  ]00  ft.  Find  the  position  of  the  engine 
BO  that  the  table  will  balance. 

21.   System  of  Parallel  Farces  in  Space.  —  If  the  forces 

are  all  parallel,  it  is  evident  that  the  resultant  is  equal  in 
magnitude  to  the  algebraic  sum  of  the  forces,  and  that  its 
line  of  action  is  parallel  to  the  forces.  It  remains,  then, 
to  determine  the  point  of  application  of  this  resultant. 


mS^^m£J>MS^J!'JL:iS 


11    11   i  i  i  i 

FiO.  19 

Suppose  the  forces  represented  by  P,,  Pj,  Pg,  P^,  etc.,  and 
let  their  points  of  application  be  x^y^z^,  ^-iHi^v  ^a^a^S' 
z^jZ,,  etc.  (Fig.  20).  (In  order  to  avoid  a  eompUoated 
figure    only  two    forces    are    shown.)     The    two  forces 


1  , 

L 

^1 

/ 

7/ 

L, 

/ 

/ 

/ 

I 

/ 

/ 

1 
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Pj  and  Pj  lie  in  a  plane  and  have  a  resultant  R'  =  P^  +  P^ 
whose  point  of  application  ia  at  a  distance  z'  from  the  zi/- 
plane  and  on  a  line  joining  Xj  jind  L^  at  L'.  Draw  L^A 
perpendicular  to  XjA.  Then  from  Art.  20,  R'L^B  = 
P^L^,  which  multiplied  by  sec  a  gives  R'L^L'  =  P^L^L^, 


I 


L,L'  _ 
L,L, 


P, 

P,  +  P, 


Now  in  the  plane  of  2,  and  z^  draw  ij^  and  L'V  perpen- 
dicular to  Z|,  and  we  have 


i,i;_ 

AA 


C'l  -  2i). 


_P,i,+P^ 
P,  +  P, 


J 


Consider  now  R'  with  P^;  these  forces  lie  in  a  plane. 
Let  their  resultant  be  R"  and  its  point  of  application 
3^',y",z",  Following  out  the  above  reasoning  for  this 
case,  the  resultant  is  seen  to  be  R"  =  P.^-\-  P.^  +  P^   and 

„  ^  R'Z'  +  P^^  ^  P,Z,  +  P^Z^+PsZg_ 


R'  +  Ps  i'l  +  A  +  A, 

Extending  this  process  so  as  to  include  all  of  the  forces 
-P4!  -Pg,  etc.,  and  calling  the  final  resultant  R  and  its  point 
of  application  x,  y,  i,  we  have 

R=  Pi+  Pa +  7^8  +  ^4+  etc. 

Pi+Pa  +  Pg  +  Pi  +  ctc. 


PARALLEL   FORCES 


and  by  a,  reasoning  similar  to  the  above 


^Tii 


,  -P..V.  +  -Pa  +  P^,  +  -P.^.  +  etc.  ^  SPy 


Pi  +  Pa  +  Pg  +  P,  +  etc. 


2P 


^~  Pl  +  P3  +  PB  +  P4+etC.  "    SP' 


lis  point  of  application  of  the  resultant  is  called  the  cen- 
ter of  tJie  »y»tein  of  parallel  for  ce». 

As  an  illustration  of  the  above,  suppose  Pj  =  50  lb.,  Pj 
=  100  lb.,  Pj=300  lb.,  P^=10  1b.,  andpB=-400  lb., 
and  their  points  of  application  respectively  2,  1,—  5;  —  1, 
-2,4;  2,1,-2;  -2,1,1;  1,1,1.  The  resultant  in  this 
case  equals  50  lb.  +  100  lb.  +  300  lb.  +  10  lb.  -  400  lb.  = 
60  lb.  and  its  point  of  application 

_      .50(2)+100(-l)  + 300(2)+ IOC- 2)- 400(1)      o 
x  =  - -^ 3, 

_  _  50(1)  + 100(- 2)+ 300(1)  + 10(1)- 400(1)  _ 


_     50(-5)  +  100(4)  +  300(-2)  +  10(l)-400(l)_ 

^-  m  " 

As  another  illustration  consider  the  problem  of  finding 
the  center  of  the  system  of  parallel  forces  Pj,  Pj,  Pa'  ^" 
Fig.  21.  The  figure  represents  a  Z-iron  of  the  same  cross 
section  throughout,  and  Pj,  Pj,  and  Pg  are  therefore  the 
weights  of  the  individual  parts  (considering  the  Z-iron  as 
divided  into  three  parts — two  legs  and  the  connecting  ver- 
tical portion).  If  the  weight  of  a  cubic  inch  of  iron  =.26 
lb..  Pi  =  .78  lb., Pa  =2.08  lb.,  Pa  =  1.04  lb.,  and  therefore 
£  =  3.9  lb.     The  points  of  application  of  P,,  Pj,  and  Pg 
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are  (-  ^,  -  J,  9^), (J,  -  \,  5),  and  (2,  -  J,  ^),  respectively, 
80  tliat 


^ 

.78  f- 

-J)+2.08(i)+ 1.04(2) 

.78(^ 

S.9 
-})  +  2.08(-i)+1.04( 

-P 

3.9 
.78  (.^»)+ 2.08(5)+ 1.04(i) 

4,7  ii 

-  .60  in.. 


I 


This  point  x,  y,  z  is,  in  this  caae,  the  center  of  gravity  of 
the  Z-iron. 

Problem  12.  Parallel  forces  of  P,.  P,.  P^,  and  P,  act  at  the  comers 

of  a  rectangle  3  ft.  by  2  ft.  a.nA  perjieiidicular  to  ita  plane.     Find  the 

point  of  application  of  the  resultant,  it  P^  =  10  lb.,  P,  =  50  lb.,  Pj  = 

100  lb.,  P,  -  200  ]b.,  P,  and  P,  being 

2  ft.  apart,  and  P^  on  aanie  side  aa  Pj. 

Problem  13.  Eight  parallel  forces 
act  at  the  corners  of  a  one-inch  cube, 
making  an  angle  of  45°  with  one  of  ita 
faces.  Find  the  point  of  application, 
of  the  resultant  force,  if  P,  =  30  lb., 
P,  =  50  lb.,  Pj  =  10  lb.,  P,  =  20  lb., 
P,  =  100  1b.,  pB=5  1b..  P,  =  10  1b., 
P„  =  40  lb. 

The  student  should  prove  tliat 

the  moment  of  the  resultant  of 

any  system  of  parallel  forces  in 

space   with    respect   to    any  line 

)  in  space,  equals  the  sum  of  the  moments  of  the  forces  with 

respect  to  this  same  line.     The  solution  of  Problems  12 

and  13  is  made  much  shorter  by  using  this  principle.  _ 


CHAPTER  IV 


CENIBfi  OF  6RAVITT 

22,  Definition  of  the  Center  of  Gravity.  —  The  center  of 
gi'Hvity  of  a  body  may  be  defined  as  the  point  of  appli- 
cation of  the  resultant  attraction  of  the  earth  for  that 
body,  and  the  center  of  gravity  of  several  bodies  con- 
sidered together,  as  the  point  of  application  of 
the  resultant  attraction  of  the  earth  for  the 
bodies.  The  expressions  for  S,  y,  and  z,  Art. 
21,  may  be  used  for  locating  the  center  of 
gravity,  in  the  latter  case,  without  change,  J*j, 
J*2i  -Pgi  ^tc,  representing  the  weights  of  the 
individual  bodies.  In  such  cases  the  center  of 
the  system  of  parallel  forces  it  the  center  of  gravity 
of  the  body.  The  attention  of  the  stu- 
dent is  called  to  the  fact  that  the  forces 
acting  upon  the  particles  of  a  body,  due 
to  the  attraction  of  the  earth,  are  not 
parallel,  but  meet  in  the  center  of  the 
earth.  For  all  practical  purposes,  how- 
ever, they  are  considered 
parallel. 


If  the  unit  weight  times  the  volume  he  suhstituted  for 
weight,  that  is,  if  we  write  instead  of  /*j,  y^  I'j  and  i*j 
7,  T'^,  etc.,  then  x,  y,  z  become 


lyV 


27  r 


I 


And  if  the  hodies  are  all  of  the  same  material  and  so 
have  the  same  heaviness,  7  ia  constant  and  may  be  taken 
outside  the  summation  sign,  where  it  cancels  out.  This 
gives  values  for  x,  y,  and  i, 


formulEB  exactly  similar  to  those  of  Art.  21,  where  the  P's 

are  replaced  by  F"a. 

If  the  bodies  are  thin  plates  of  the  same  material,  of 
constant  thickness  S,  we  may  write  for  V^,  F^,  V^,  etc., 
ftj*!,  bF^,  bF^,  etc.,  where  the  /"s  represent  the  areas  of 
the  faces  of  the  plates.  Making  this  substitution  for  the 
Pb,  X,  y,  z  may  be  written 


_hF,x,+hF^,  +  bF^^  + 
hF^  +  bF^  +  bF^  +  etc. 

IFz 


etc. 


IFx 
'  2#' 


21"' 


"  Sf' 


the  b  being  a  constant  factor,  cancels  out.  Tliese  formulae 
are  applicable  to  linding  the  center  of  gravity  of  areas,  and 
are  much  used  by  engineers  for  finding  the  center  t>f 
gravity  of  sections  of  angles,  channels,  T-sections,  Z-aec- 
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_L. 


FiQ.  23 

angle  section  shown  iu  Fig.  22.  It  is  convenient  to  select 
the  X-  and  y-axes  as  shown  and  to  divide  the  area  up  into 
the  two  indicated  areas  F^  and  F^     We  then  have 


--=^^--^y-~ 


J'l  +  l'a 


^iffi  being  the  center  of  gravity  of  Fy  and  x^^  the  center 
of  gravity  of  F^.  It  is  left  to  the  student  to  make  the 
numerical  substitution  and  to  calculate  the  values  for  x 
and^. 

Second  Method.     The  same  results  for  x  and  y  might  be 
obtained  from  the  expressions 

-_Fa    '     ^  Fi~Fj    ' 


^1 


where  now  F^  is  the  area  formed  by  completing  the  rec- 
tangle whose  sides  are  4  in.  and  3  in.  and  x^y^  the  center  of 
gravity  of  this  rectangle  referred  to  the  coordinate  axes, 
and  Fj  the  area  of  the  rectangle  whose  sides  are  3  in.  and 
2  in.  and  x^^  the  coordinates  of  its  center  of  gravity  re- 
ferred to  the  same  axes.  Let  the  student  find  the  center 
of  gravity  of  the  angle  section  by  this  method  and  com- 
pare the  results  with  those  obtained  by  the  previous 
method. 


Problem  14.  Find  the  center  of  gravity  of  the  channel  Bection 
BfaawD  in  Fig.  23. 

Problem  15.  Find  the  center  of  gravity  of  the  T-eection  shown 
in  Fig.  2i. 


-K^^ 


Problem  IS.    Find  the  center  of  gravity  of  the  U-section  shoi 
n  Fig.  25.   Given  the  fact  that  the  center  ot  gravity  of  a  a 
,Tea  is  —  from  the  diameter.     (See  Pmb.  22.) 


Problem  17,    Find  the  positio 
trapezoidal  area,  the  lengths  of  vrho) 


of   the  center  of  gravity  of  a 

p3.rallel  aides  are  □,  and  a^  re- 

„    Hpectively,  and  the  diertance 

between  them  ft.    (See  Fig. 

26.) 

HiMT.     Draw  the  diago- 
nal AB   and   call   tlie   tri- 
angle  ACB,    Fi,    and    the 
""'■  '""  triangle  ABD.  F^     Given, 

the  center  of  gravity  of  a  triangle  is  |  the  distance  from  the  base  to 
the  vertex.    (See  Prob.  21.)     Select  AD  as  the  i-axifl,  then 

■P'l  +  Pi    ' 

1  where  y,  =  f  i  and  ^j  =  i  ft-    The  center  of  gravity  ia  seen  to  lie  on  a 
e  joining  the  middle  points  of  the  parallel  sides. 
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31 


Problem  18.  A  cylbtdrical  piece  of  cast  iron  whose  height 
6  in.  and  the  radius  of  whose  base  is  2  io.,  has  a  cylindrical  hole  of  1  i 
radius  drilled  in  one  end,  the  axis  of  which 
coincides  with  the  asia  ot  the  cylinder.  The 
hole  was  originally  3  in.  deep,  but  has  been 
filled  with  lead  until  it  is  only  1  in.  deep. 
Find  the  center  of  gravity  of  the  body,  the  unit 
weight  of  lead  being  710  and  of  cast  iron  450. 
(Fig.  27.) 

Problem  19.    Find  the  center  of  gravity  of 
a  portion  of  a  reinforced  concrete  beam.     (See  i'"'-  -" 

Fig.  23.)  The  beam  is  reinforced  with  three  half-incli  steel  rods, 
centers  1  in.  from  the  bottom  of  the  beam  and  1  in.  from  the  sides. 
The  center  of  the  middle  rod  ia  4  in.  from  the  aides. 

»{y  for  steel  =  490  lb.  per  cubic  foot ; 
y  for  concrete  =  125  lb.  per  cubic  foot.) 
Note.     It  is  seen  that  the  thickness  cancels  out  of  the  expression 
for  the  center  of  gravity,  and  might,  therefore,  have  been  ne 


1 


■m 


_<$•.. 


s. 


APPLIED  MECHANICS  FOR  ENOIlfEEBa 


23.  Center  of  Gravity  determined  by  Symmetry.  —  In 
some  arenB  and  solids  it  is  often  possible  to  determine  the 
center  of  gravity  from  coiisiderations  of  the  symmetry  of 
the  figure  ;  for  example,  the  center  of  gravity  of  a  paral- 
lelogram i8  at  its  geometrical  center;  This  13  also  true  of 
the  circle,  square,  cylinder,  sphere,  etc.  Whenever  any 
axis  is  an  axis  of  symmetry,  that  is,  an  axis  such  that  for 
every  element  of  area  or  volume  on  one  side  there  is  an 
equal  area  or  volume  on  the  other  side,  symmetrically 
placed,  the  center  of  gravity  must  be  on  that  axis.  This 
was  found  to  be  true  in  the  ease  of  the  channel  section, 
the  T-section,  and  the  U-section.  In  each  of  these  cases 
the  vertical  line  through  the  center  of  gravity  is  an  axis 
of  symmetry.  The  student  will  be  able  to  note  many 
more  such  cases,  and  by  a  little  thought  will  often  be 
able  to  find  either  x,  y,  or  z  from  observiition. 

24.  Center  of  Gravity  determined  by  Aid  of  the  Calcnliu. 

—  The  expressions  for  x,  y,  and  i  used  to  locate  the  center 
of  gravity  in  Art.  22  may  be  put  in  the  form  of  the  quo- 
tient of  two  integrals,  and  these  expressions  may  be  inte- 
grated when  there  is  no  discontinuity  in  the  expressions 
between  the  limits  taken.  With  this  understanding  we 
nmy  write  ^p^      ^dPCji) 


IP1. 
'  -LP  ' 


5- 


dP 


tP,j  JdP(y) 
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Aa  an  illustralion,  suppose  it  is  desired  to  obtain  the 

center  of  gravity  of  a  right  circular  cone  of  altitude  A  and 
radius  of  base  r.  Take  the  ar-axis  as  the  axis  of  the  cone 
with  the  vertex  at  the  origin.    (See  Fig.  29.)    It  is  evident 


that  y  =  0  and  5  =  0,  so  that  it  is  only  necessary  to  find  x. 
The  volume  of  any  dv  cut  from  the  cone  by  two  parallel 
planes,  perpendicular  to  x  and  separated  by  a  distance 
dx,  is  vy^dx,  and  the  weight  of  this  do  is  'fjry^dx  =dl'. 
Therefore  „  ^^ 

I  xdP      I  xyTTJ/^dx 
*  —  ^1 — ?i? _. 


But  from  similar  triangh 
gives 


CdP      Jyirp^dx 

ingles  y.x::r:h  c 

I,2J^  _4J„_8 
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The  expreseiona  for  x,  y,  and  z,  involviog  dP,  may  be  J 
changed  to  similar  ones  involving  dv,  and  these  become  J 
for  homogeneous  bodies,  since  dP  =  ydv, 


fdv  jdx 


^fzdv 
fdv' 


and  for  thin  plates  of  constant  thickness  h  the  dv  may  be  1 
replaced  by  hdF,  giving  values  of  x,  y,  and  i  for  area, 


fydF     _     jzdF 
JdF^    '     JdF 


The  center  of  gravity  of  thin  homogeneous  wires  of  con- 
stant cross  section  may  be  found  by  replacing  the  dv  in 
the  above  formulce  by  ad»,  where  a  is  the  constant  area 
of  cross  section  and  t^a  is  a  distance  along  the  curve.  The 
formulEB  then  become 


I  xds      _       i  yds  I  zd 

{d»  \d«  \dt 
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Problem  20.   Find  die  center  of  gravity  of  a  parabolic  area  shown 
in  Fig.  30,  tlte  equation  of  tlie  parabola  being  y*  =  2px. 

.-til  -,JjfZ. 

Here  dF  -  ydx,  so  that 

-Jh"  _^i^''"_"']!_8^ 
p.'   v^pi.  1''];  ° 

It  is  left  as  a  problem  for  the  student  to  show  that  y  =  i  A. 


fe 

-- 

\. 

"^ 

f,. 

!/' 

Problsm  21,  Find  the  center  of  gravity  of  a  triangle  whose  alti- 
tude is  h  and  whose  base  is  a.  Take  the  origin  at  the  vertex  and 
draw  the  :l^-axis  perpendicular  to  the  base.     (See  Fig,  31.) 


(xdF 

\dF 


Here  dF  =  (y  +  y')dx,  and  from  similar  trianglea 
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The  center  of  gravity  ia  j  the  distance  from  tlie  vertex  to  the  base,  ■ 
and  sinoe  the  median  is  a  line  of  ajmnietvy,  it  ia  a  point  on  tlie  median. 
It  is,  in  fact,  the  point  where  the  niediana  of  tlie  triaogle  intersect. 

Problem  22.  Find  the  center  of  gravity  of  a,  section  of  a  flat 
ring,  outside  radius  /f,  and  inside  radius  R^  (See  Fig.  32.)  Let 
the  angle  of  the  sector  be  \i  $.  Take  the  origin  at  the  center  and  let 
tfae  z-axiB  bisect  the  angle  '2  0. 


\xdF 


~  here,  ilF  =  pdpda,  and  x 


,-it 


^^pdpila. 


Fia.  a2 

Integrating  the  numerator  firat. 
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Integrating  the  denominator, 


U  il,  =  0,  the  Hector  becomes  the  sector  of  a  circle,  and  x  becomes 


If  the  sector  is  a  semicircle,  that  is,  if  2  d  =  tt,  then. 


Problem  33.  Find  the  center  of  gravity  of  a  portion  of  circular 
wire  (Fig.  33)  of  length  L  and  wbosB  chord  =  2b.  Take  the  center 
of  the  circular  arc  as  origin  and  let  the  z-azia  bisect  L.    Then 


_  radina  x  chord 
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For  a  semicircular  wire  _  ^  jy^^^^ 

Frobl«in  24.  Find  the  center  of  gravity  of  a  paraboloid  of  levo- 
Intiou.  Tlie  equation  of  tlie  generating  curve  beingy'  =  2pi,  and 
the  greatest  value  of  x,  is  it. 


Note.    Use  the  same  method  as  that  used  for  the  right  circular 


Problem  2S.     Find  the  center  of  gravity  of  a  semi-ellipBe  (Fig.  34) 
whose  equation  is  r    ,  r. 


CENTER   OF  GBAVITT 
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2^  fv^S^^di 


Problem  26.  Find  the  center  of  grarity  of  a  hemisphere,  the 
radius  of  the  sphere  being  r.  Let  the  equation  of  the  generating 
circle  of  the  surface  be  x^-i-y^  =  t".     Then 


I 


1' 


-~,vhere  dp =yTr3^x  =  yTr(r'-x^)dx, 


and        j'^WC'-'  -  »^')''^=  ')*[''^  -  H„=^^3— 

-  ~r-   8_ 

3 

Problem  27.  Find  the  center  of  gravity  of 
the  area  between  the  parabola,  the  y-axis,  and  the 
hne  AB  in  Problem  20. 

Probleni  28.  A  quadrant  of  a  circle  is  taken 
from  a  square  whose  aides  equal  the  radius  of  the 

circle.    (See  Fig.  35.)    Find  the  center  of  gravity    K  it A 

of  the  remaining  area.  Fjo.  36 

Problem  29.  Suppose  that  the  corners  A  and  Cof  the  angle  in 
in  Fig,  22  are  cut  to  tlie  arc  of  a  circle  of  ^  in.  radius  and  the  an^ 
at  fi  is  filled  to  the  arc  of  a  circle  of  |  in.  radius ;  what  would  be  ti 
cb&nge  in  i  and  y1 
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Pioblem  30.  Show  that  the  center  of  gravity  of  the  segment  of  a 
circle  (Fig.  30),  included  between  the  arc  2*  and  the  chord  2d,  is 
given  by  X  =  rr-^.  vhere  F  ia  the  area  of  the  segment. 


25.  Center  of  Gravity  of  Coiinterbalance  of  LooomotiTe  Sriv* 
Wheel  —  Iq  Fig.  37  the  drive  wheel  iw  indicated  by  the 
circle  and  the  counterbalance  by  the  portion  inclosed  by 
the  heavy  lines,  the  point  0  in  the  center  of  the  wheel,  and 
a  13  the  angle  subtended   by  the  counterbalance.     The 


point  0'  13  the  center  of  the  circle  forming  the  inner 
boundary  of  the  counterbalance,  and  /3  is  the  angle  sub- 
tended by  the  counterbalance  at  this  point.  Let  Fi  repre- 
sent the  area  of  the  segment  of  radius  r  and  F^  the  area 
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of  the  segment  of  radius  j-j.  Also  let  x^  represent  the 
distance  of  the  center  of  gravity  of  J",  from  0,  and  x^'  the 
distance  of  the  center  of  gravity  of  F^  from  0'.  Then, 
from  Problem  30, 


_  8a3 
~12F, 


and  x^'  ■■ 


8flS 
'  12  F' 


But  a;^,  the  distance  of  the  center  of  gravity  of  F^  from  0, 
So  that  X,  the  distance  of  the  center  of  gravity  of  the 


counterbalance  from  0,  equals  - 


It  is  seen  that 


F^  equals  area  of  sector  minus  area  of   triangle  equals 


Therefore, 


^1-^1 


26.  Bimpson'B  Eule.  —  When  the  algebraic  equation  of  a 
curve  is  known,  it  is  expressed  as  y  =f(x'),  and  the  area 
between  the  curve  and  either  axis  is  always  determined 
by  integration.  In  Fig.  38  the  area  ABGD  is  expressed 
by  the  integral  ^  ^^ 

when  the  curve   represented   by   y=f(x')  is  continuous 
between  A  and  B. 

In  many  engineering  problems  the  curve  is  such  that 
ita  equation  is  not  known,  so  that  approximate  methods  of 


obtaining  the  areas  under  tlie  curve  must  be  resorted  t 
One   of   these  methods   of    approximation   is   known   as 
<,pton'»  Bide.     Suppose  the  curve  in  question  is  the 


curve  AB  (Fig.  39)  and  it  is  desired  to  find  the  area 
between  the  portion  AB  and  the  ir-axis.  Divide  the 
length  b  —  a  into  an  even  number  of  equal  parts  «  (here 
?i  =  10).  Considerthe  portion  CDEF &i\A  imagine  it  mag- 
nified as  shown  in  Fig.  iO.     Pass  a  parabolic  arc  through 


c°-f-r-|    I    I    r-f 

Va      V,     y,     y.     l/(      Vi      V,     y,      Va      V,     v,„ 
E  f\ I        I        I 


the   points  C,   7),    ff;    then  the  area   CDEF  is  appro: 

mated  by  the  area  of  the  parabolic  segment  CGDI  plus 

the  area  of  the  trapezoid  ODEF,  therefore  area  CQ-DEF 

<2/a  +  yd^^-^  liVs  -  11.^2  + ViV)^^^  since  the  area  of 


X 

1 
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the  parabolic  segment  is  |  the  area  of  the  circumscribing 

parallelogram.     Since   EH— =  A  z,  thia  area  may  be 

n 

written  I A  x(jf^  +  ^yz  +  y^^^ 

In  a  similar  way  the  next  two  strips  to  the  right  will  have 
an  area,  -T'Cyi  +  'i^B  +  ^fl}' '^^I'l  the  next  two  strips,  an 
area,  —^(,y^  +  iyi+y^i  and  so  on.  Adding  all  these  so 
as  to  get  the  total  area  under  the  portion  of  the  curve  AB, 

h- 


weget 
total  ai 


3-10'-' 


[^0  +  Myi  +  3'3  +  3'6  +  ^7  +  ya) 

-(.yi+yt  +  ya  +  ys)  +  yio]' 

general  for  n  divisions, 
Sn  ' 


total  area  = 


r  [^0 + -1(^1 + ^3 + ^6  +  -  y~-i) 

+ 2(1/2 +yi+ys+ -  y--.) + y~]. 

and  this  is  Simpson's  formula  for  determining  approxi- 
mately the  area  under  a  curve.  It  is  easy  to  see  that 
the  smaller  Ax,  the  less  the  approxi- 
mation will  be. 

27.    Application  of  Simpson's  Etile.  — 

Simpson's  Rule  may  be  made  use  of 
in  determining  approximately  not  only 
areas,  but  volumes  and  moments.  On 
account  of  its  use  in  adding  moments 
Simpson's  formula  may  be  employed  in 
finding  the  center  of  gravity  of  areas 
or  volumes  bounded  by  lines  or  sur- 
faces whose  equations  are  not  known. 
Suppose,  for  example,  it  is  desired  to 


I 


i 


know  the  volume  and  position  of  the  center  of  gravity  o£ 
a  coal  bunker  of  a  ship  as  shown  in  Fig.  41.  The  bunker 
is  80  ft.  long  and  the  areas  ^g,  A^,  A^,  A^,  A^,  are  as 
foUowa:  ^„  =  400  8q.  ft., 

Aj=700  8q.  ft., 

^j  =  650Bq.  ft., 

^3=600  sq.  ft., 

^,=  400  sq.  ft. 
The   distance  between  the  successive   areas  is  20  ! 
Applying  Simpson's  formula  for  volume, 

volume  =^^tA  +  ^(^,  +  ^)+2A  +  ^J- 

Summing  the  values  A^Xf,,  -i4-,Xp  A^^,  etc.,  we  obtain 


(8)  (4) 


lA^,  +  4(^,1,  +  A^,)  +  2  A,»,  +  A,iJ, 


/!  yi   A 

y 

y 

"Z 

-yt^ 

^ 

where  a;,  =  0,  a;^  =  20,  x^  =  40,  x^  - 


The^jo- 


sition  of  the  center  of  gravity  from  the  fore  end  can  now 
be  obtained  from  the  relation 
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A  value  of  x  might  also   have    been  obtained  from  the 
iormula 

L  -  ^  fp^o  +  "1=^1  +  fy^a  +  "8^  +  Vji^t 

■  «o  +  f  1  +  t'a  +  ^B  +  "4 

by  simply  adding  the  terms  in  the  numerator  and  denom- 
inator. Compare  the  value  obtained 
by  using  this  formula  with  that  ob- 
tained by  using  Simpson's  formula. 
Problem  31.  A  reservoir  with  five- 
foot  contour  lines  is  shown  In  Fig.  42. 
Find  the  volume  of  water  and  the  distance 
of  the  center  of  gravity  from  the  surface 
of  the  water,  if  the  areaa  of  the  contour 
lines  are  aa  follows r  Ag  —  0,Aj  =  100  sq. 
ft^  A^  =  200  sq.  ft.,  A,  =  500  aq.  ft.,  A^  =  ' 
600  aq.  ft.,  ylj  =  1000  aq.  ft.,  A^  =  1500  Bq.  ~ 

ft.,  Aj  =  2000  sq.  ft.,  Ag  =  2500  sq.  ft.     Making  aubstitutions  ii 
Simpson's  formula,  it  becomes,  for  the  volume, 


I 


Summing  the  values  A^„ 


A^x^,  A^2<  s*"''  ^J  Simpaon's  formula. 


+  i(A,i,-i-A^,  +  A^i  +  A^,-) 

+  2(A^j  +  A,x,+Agrt-)+A^^. 
=  5  ft.,  X,  =  10  ft.,  etc.,  so  that 


—Both  numerator  and  denominator  are  computed  by  Simpson's  formula. 
L  Compute  X  by  means  of  the  formula, 

■  ;  _  tyn  4-  »|J|  +  I'lXi  +  v^,  +  etc. 

■  f„+ii,  +  iij  +  i'3  +  ete.        ' 
and  compare  with  previous  result. 

Problem  32.    Compute  x  for  the  parabolic  area  of  Fig,  30,  by 


using  Simpson's  Rule,  and  compare  the  reeolt  with  that  obtained  hj 
integration. 

Frobl«m  33.    By  Simpson's  Rule  find  the  area  and  center  at 


I 


grayity  of  the  rail  section  shown 

in  Fig.  43. 

.ln=2.05 

^,  =  .40      ^3=   .55 

^19  =  2.07 

^,-.51      Aj=  .61 

A^  =1.89 

^5  =  .51      vl,  =  l.S5 

A^  =    .82 

^(-.51      yi„  =  2.85 

and  the  horizontal  distances  are 

as  follows : 

"l:!  =  ^" 

«,  =  1.24"    u,  =  1.0" 

u„  =  4,08" 

u,  =  1.18"   u,  =  1.24" 

u,„  =  4.2l" 

«,  =  1.0"     a,  =  2.23" 

«,  =  2.5" 

uj=1.0"     w,  =  5.5" 

Problem  34.    Find  the  center  of  gravity  of  the  deck  heani  section 
shown  in  Fig.  44.     Use  the  formula. 


and  divide  the  bulb  area  into  convenient 
areas,  say  J",,  F^,  F^  etc.  Check  the  re. 
suit  thus  obtained  with  that  obtained  by 
balancing  a  stifi  paper  model  over  a  knife 
edge. 

28.  Dnrand'B  Rule. —  A  method 
of  finding  the  area  of  irregular 
areas  was  published  by  Professor 
Durand  in  the  Sngineering  News, 
Jan.  18,  1894.  The  rule  states 
that  the  total  area  of  an  irregular 
curve  equals 
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:)[(l-0.6X  +  (H-0.1X4-K,  +  «3  +  «,  +  W, 
+ -(H-0.1)u„_, +(1  -  0.6)m,]. 
where   the   u'a  have   the   same    y 
meaning  as  before.     The  divi- 
sions may  be  even  or  odd.     The 
student  is  advised  to  make  nee 
of  this  rule  as  well  as  Simpson's 
Rule  and  compare  the  results. 

29.   Theorems   of   Pappus   and 

QaldiauB.  —  Let  the  disk  in  Fig. 

45  be  any  slice  cut  from  a  solid 

of    revolution   by   two  parallel 

planes  perpendicular  to  the  axis 

of  revolution  and  at  a  distance  (ia;  apart.  The  volume  of  this 

slice  is  dv  =  "T^y^  —  y^)dx,  so  that  the  volume  of  the  whole 

solid  is  V  =  IT  \  {y^  ~  y-^')dx.  The  generating  figure  of 
this  slice,  dF,  equals  Cy^—yiidx,  and  the  distance  of  its 
center  of  gravity  from  the  3;-axis  is  "  t,  ^^  have 

seen  that  r^p 

then  J  ^^ 

y^^JydF=y(y^±M^(ji,-y{)dx=^j(_y,^-y,^)dx, 

and  this,  considering  the  expression  for  volume,  becomes 
-^     1 

^      i-n-F^  ' 


This  may  be  stated  as  a  general  principle  aa  follows : 
The  volume  of  any  solid  of  revolution  ia  equal  to  the  or 
qf  the  generating  figure   times   the   distance   its   center  of 
gravity  moves. 

Problem  35.  Find  the  volame  of  a  sphere,  radius  r,  by  the  above 
method,  assuming  it  to  be  generated  by  a  semicircular  area  revolving 
about  a  diameter. 

Problem  36.  Assuming  the  volume  of  the  sphere  known,  find  the 
center  of  gravity  of  the  generating  semicircular  area. 

Problem  37.  Find  tlie  volume  of  a  right  circular  cone,  asBaming 
that  the  generating  triangle  has  a  base  r  and  altitude  h. 

Problem  38.  Assuming  the  volume  of  the  cone  koown,  find  the 
center  of  gravity  of  the  generating  triangle. 

Problem   39.   The  parabolic  area  of  Problem  20  revolves  about 
the  z-axis ;  find  the  volume  of  the  resulting  solid. 
T  Problem   40.     Find   the   vol- 

ume of  an  anchor  ring,  if  the 
radius  of  the  generating  figure  is 
a  and  the  distance  of  its  center 
from  the  axis  of  revolution  in  r. 

Let  the  curve  AB  (Fig. 
46),  of  length  I,  be  the  gen- 
^^°'  ^  erating  curve  of   a  surface 

of  revolution.  The  area  of  the  surface  generated  by  de  will 
be  dF=  2  tryds,  and  the  area  of  the  whole  surface  will  be 
J*  =  2  Tr  j  yds.  The  center  of  gravity  of  thia  curve  A  H  is 
given  by  the  expression 
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This  may  be  stated  as  follows :    The  area  of  any  tutfaee  of 
revolution  is  equal  to  the  length  of  the  generating  evrve  times 

the  distance  its  center  of  gravity  moves. 

Problem  41.  Find  tbe  surface  of  a  sphere,  radius  r,  EMSumiug  the 
generating  line  to  be  a  semicircular  arc. 

Problem  42.  Find  the  center  of  grayity  of  a  quadrant  of  a  circu- 
lar wire,  radiua  of  the  circle  r;  use  reault a  obtained  aboTe- 

Fioblem  43.    Find  the  surface  of  the  paraboloid  in  Problem  38. 


CHAPTER  V 

CODFLBS 

30.  Conplos  Defined.  —  Iii  Art,  20,  Case  (c),  it  was  shown 
that  the  resullaiit  of  two  parallel  forces  in  a  plane  was 
equal  to  the  algebraic  sum  of  the  two  forces.  The  con- 
sideration of  the  case  when  the  forces  are  equal  and  oppo- 
site in  direction,  that  is,  where  the  resultant  is  zero,  will 


b 


j'-<- 


((•)  p,         w 
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now  be  considered.  It  is  easy  to  see  that  since  the  result- 
ant ia  zero,  the  two  forces  tend  to  produce  only  a  rotation 
of  the  rigid  body  about  a  gravity  axis  perpendicular  to  the 
plane  of  the  forces.  Such  a  pair  of  equal  and  opposite 
parallel  forces  is  called  a  couple.  Let  it  be  represented  as 
in  Fig.  47  (a),  the  two  forces  being  7*,  and  d  the  distance 
between  the  lines  of  action  of  the  forces.  This  distance 
d  is  called  the  arm  of  the  couple ;  one  of  the  forces  times 


the  arm  is  called  the  moment  of  the  couple.  It  was  found 
in  Art.  20  that  the  algebraic  sum  of  the  momenta  of  the 
resultant  and  the  system  of  parallel  forces  with  reapect  to 
any  point  in  their  plane,  is  zero.  In  this  case,  ainee  the 
resultant  is  zero,  the  moment  of  the  forces  of  the  couple 
with  reapect  to  any  point  in  the  plane  is  equal  to  the  sum 
of  the  moments  of  the  two  forces  with  respect  to  that 
point.  Let  the  point  be  C,  Fig.  47  (a),  distant  x  from 
the  force  J';  then  — ^a;  — ^(— ti  — a;)  repreaenta  the  sum 
of  the  momenta  of  the  two  forces  with  reapect  to  the  point 
0  (calling  distance  below  0  negative).  This  sum  is  equal 
to  Pd,  the  moment  of  the  couple.  The  student  should 
take  0  in  different  poaitions  and  show  that  the  moment  of 
the  two  forces  with  respect  to  any  point  in  the  plane  ia 
always  Pd.  Since  the  moment  consists  of  force  times 
distance,  it  ia  measured  in  terms  of  the  units  of  force  and 
distance  ;  that  ia,  foot-pounds  or  inch-pounds,  usually.  If  • 
the  couple  tends  to  produce  rotation  in  the  clockwise 
direction,  the  moment  is  said  to  be  negative,-  and  if  counter- 
clockwise, positive. 

31,  HepresentatioH  of  Couples.  —  The  couple  involves  mag- 
nitude (moment)  and  direction  (rotation),  and  may,  there- 
fore, be  represented  by  an  arrow,  the  length  of  the  line 
being  proportional  to  the  moment  of  the  couple,  and  the 
arrow  indicating  the  direction  of  rotation.  In  order  to 
uiiike  the  matter  of  direction  of  rotation  clear,  the  agree- 
ment is  made  that  the  arrow  be  drawn  perpendicular  to 
the  plane  of  the  cou[)le  on  that  side  from  which  the  rota- 
tion appears  counter-clockwise.  This  means  that  if  we 
^look  along  the  arrow  pointing  toward  us,  the  ^ot6^tio^^ 
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appears  counter-clockwise.  Thus,  the  couple  of  Fig,  47 
(a),  whose  moment  is  Pd,  may  be  represented  by  the  arrow 
in  Fig.  48  (a),  where  the  length  of  line  AB  is  propor- 
tional to  Pd  and  the  couple  ia  in  a  plane  through  B  and 
perpendicular  to  AB.  The  line  AB  is  sometimes  called 
the  axis  of  the  couple;  it  may  be  drawn  perpendicular 
_4  to    the     plane 

of  the  couple 
at  any  point 
in  that  plane, 
since  the  mo- 
ment is  con- 
stant for  any 
point  in  the 
plane.  In  a 
similar  way, 
^'°-  **  the  couple  (6) 

in  Fig.  47  whose  moment  is  P^d^  ia  represented  completely 
by  the  arrow  (6),  Fig.  48,  the  length  QD  being  propor- 
tional to  Pid-^. 

UoTE.  The  arrows  are  placed  slightly  away  from  the  enda,  bo  that 
the  moment  arrows  may  not  he  confused  with  force  arroWH.  Thesa 
arrows,  like  force  arrows,  may  he  added  algebraically  when  parallel, 
reaolved  into  coniponents  and  compounded  into  resultants;  the  prin- 
ciple o(  trausraissibility  holds  and  also  the  triangle  and  polygon  lawa 
as  Been  for  force  arrows.  Several  important  concluaions  follow  easily 
as  a  result  of  thia  arrow  representation. 

Since  a  moment  arrow  represents  hoth  force  and  distance  and  direc- 
tioa  of  rotation,  it  ia  evident  that  it  cannot  be  balanced  fay  a  single 
force  arrow  even  though  they  have  the  same  line  of  action  and  ara 
opposite  ill  direction.  Hence,  we  conclude  that  a  single  force  cannot 
balance  a  couple.  ^_ 


Conplu  ia  One  Plane.  — If  the  couples  are  all  in  the 

'«ame  plane,  their  moment  arrows  are  all  parallel,  and  may 

lie  added  algebraically,  so  that  the  resultant  couple  lies  in 

the  same  plane  and  its  moment  is  the  algebraie  sum  of  the 

7noment8  of  the  individual  couples. 

For  example,  in  Fig.  49,  the  couples  P^d^,  -Pa'^a-  ^s*^ 
Pjrfj,  -Pfi'^Bi  ■^e'^B'  ^^^  ^^  ^°  *^^  plane  (aft);  their  resultant 
couple  must  also  be  in  this 
plane,  and  its  moment  must  be 
equal  to  the  algebraic  sum  of 
the  moments  of  these  couples. 

It  is  evident  since  the  above 
is  true  that  a  couple  may  be 
transferred  to  any  part  of  its 
plane  without  changing  its 
effect  upon  the  rigid  body 
upon  which  it  acts.  This 
means,  when  applied  to  some 
particular  rigid  body,  as  a 
closed  book,  that  the  effect  of  ^'"'  *^ 

a  couple  acting  in  the  plane  of  one  of  the  covers  of  the 
book  (book  remains  closed)  tends  to  produce  rotation 
about  an  axis,  perpendicular  to  the  cover  through  the 
center  of  gravity  of  the  book;  and  that  this  rotation 
is  the  same  no  matter  where  the  couple  acts,  provided  it 
remains  always  in  the  same  plane.  The  moment  arrow 
of  the  resultant  couple  will  be  perpendicular  to  the  cover 
of  the  book  and  on  the  side  from  which  the  rotation 
appears  counter-clockwise.  The  student  should  endeavor 
to  see  the  application  of  the  above  theorem  and  to  see  that 
it  agrees  with  bis  observations. 
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33.  Couples  in  Parallel  Fl&nes.  —  The  oioment  arrow 
represents  a  couple  in  magnitude  and  direction  of  rotation 
and  siiowa  that  the  plane  of  the  couple  is  perpendicular  to 
its  line.  This  moment  arrow  represents  any  couple  of 
given  moment  and  direction  in  any  plane  perpendicular  to 
its  line.  It  is  evident,  then,  that  a  couple  may  be  trane- 
f erred  to  any  parallel  plane  without  changing  it»  effect  upon 
the  rigid  body  upon  which  it  acta.  Applied  to  the  case  of 
the  book  in  the  preceding  article,  it  may  be  said  that  the 
effect  of  the  couple  would  be  unchanged  if  it  acted  in  the 
plane  of  the  other  cover  or  in  any  of  the  leaves. 

34.  Conples  in  Intersecting  Flanes.  —  Suppose  all  the 
couples  in  a  plane  (1,  2_)  be  added  and  let  AB  (a)  (Fig, 
48)  represent  the  moment  arrow  of  the  resultant  couple, 
and  let  the  sum  of  all  the  couples  in  the  plane  (2,  3)  in- 
tersecting  (1,  2)    be  represented  by   OB  (6)  (Fig.  60). 

These  moment  ar- 

c ^^^D 

(ft)         -^  rows  are   perpen- 

B  B  E   dicuiar    to     their 

respective    planes 

and  may  be  moved 

about      without 

changing   the   ef- 

""'■ ""  feet  of  the  couple. 

Move  A  and  C  to  some  point  on  the  line  of  intersection 

of  the  two  planes.     The  resultant  moment  arrow  is  now 

found  by  the  parallelogram  law.     The   resultant  couple 

has  a  moment  represented  by  AB  and  acts  in  a  plane 

perpendicular  to  AE  and  making  an  angle  a  with  the 

plane  (2,  3). 
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Problem  44.  Two  forces,  each  equal  10  lb.,  act  in  a  Terticat  plane 
so  aa  to  form  a  positire  couple.  The  distance  between  the  forces  is 
2  ft. ;  another  couple  whose  moment  ia  equal  to  20  in. -lb.  acta  in  a 
horizontal  plane  and  is  negative.  Eequired  the  resultant  couple,  its 
plane,  and  direction  of  rotation. 

Problem  45.  A  couple  whose  moment  ia  10  ft.-lb.  acts  in  the 
ij-plane;  another  couple  whose  moment  is  —30  in. -lb.  acts  in  the 
K-plane,  and  another  couple  whose  inoineiit  is  ~  25  ft.  in-lb,  acta  in 
the  ^::-plaue.  Required  thn  amount,  dii'ection,  and  location  of  the 
resultant  couple  that  will  hold  these  couples  in  equilihrium.  (i,  y, 
and  z-axes  are  at  right  angles  with  each  other  in  this  case.) 


CHAPTER  VI 

HOH-COKCDRHENT  FORCES 

35.  Foroea  in  a,  Plane.  —  The  moat  general  case  of 
forces  in  a  plane  U  that  one  in  which  the  forces  are  noD- 
concurrent  and  non-parallel.  We  shall  now  consider  such 
a  case.     Let  the  forcea  be  Pj,  P^,  Pg,  P^,  etc, 


Fig.  51,  and   let  them  have   the  directions  Bhown, 

the  sake  of   analysis,  introduce  at  the  origin  two  equal 

and  opposite  forces  Py,  parallel  to  P-^,  two  equal  and  oppo- 
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site  forces  P^  parallel  to  P^  and  so  on  for  each  force. 
The  introduction  of  these  equal  and  opposite  forces  at 
the  origin  cannot  change  the  state  of  motion  of  the  rigid 
body. 

The  original  force  Py  taken  with  one  of  the  forces  P^, 
introduced  at  the  origin,  forms  a  couple  whose  moment  is 
P^dy  The  same  is  also  true  of  the  forces  P^,  P^  P^, 
etc.,  giving  respectively  momenta  P^d^,  P^d^.  Pi<iti  ®'°' 
In  addition  to  tliese  couples  there  is  a  system  of  con- 
curring forces  at  the  origin  P^,  P^,  Pg,  P^,  etc.  The 
resultant  of  this  system  is,  as  has  been  shown  (Art.  16), 

The  moments  Pii^i,  P^d^t  Psdg,  etc.,  being  all  in  one 
plane,  may  be  added  algebraically  (see  Art.  32),  giving 
the  moment  of  the  resultant  couple  as  "ZPd. 

The  gysteiR  of  non-concurrent  forces  in  a  plane  may  he 
reduced,  then,  to  a  single  force  R  at  the  origin  (^arbitrarily 
selected')  and  a  single  couple  whose  plane  is  the  plane  of  the 
forces. 

For  equilibrium,  E  =  0  and  SPa=0,  orEa;=^0,  Zy=0, 
and  SJ'd  =  0;  that  is,  for  equilibrium,  the  sum  of  the  com- 
ponents of  the  forces  along  each  of  the  two  axes  is  zero 
and  the  sum  of  the  moments  with  respect  to  any  point  in 
the  plane  is  zero. 

Considering  as  a  special  case  the  case  where  the  forces 
are  concurring,  it  is  seen  that  Pd  is  always  zero  (see 
Art,  16).  The  case  of  a  system  of  parallel  forces  in  a 
plane  may  also  be  considered  as  a  special  ease  of  the  above. 
(Art.  20  and  Art.  31). 
^     Problem   46.     The   following  forces  act  upon  a  rigid  body:    a 
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force  of  100  !li.  whose  line  of  action  makes  an  angle  of  4D  with  the 
horizuntal,  and  whose  diatimce  from  an  atbitririlj  selected  origin  ia 
2  ft  also  a  force  al  50 
lb  whose  line  of  action 
makes  ati  angle  of  120° 
with  the  horizontal,  and 
who^e  distance  from 
the  origin  i<i  3  ft.;  and 
a  force  of  500  lb  whoae 
line  of  action  makes  an 
angle  of  300°  vith  the 
horizontal  and  whose 
resultant  force  and  the 


Fm.  Ii2 


distance  from  the  origin 
resultant  couple. 

Problem  47.     It  ia  rei;uired  to  find  the  stress 
BC,  CD,  and  CE  of  the  bridge  truss  shown  in  Fig.  52, 

Note.     The  member  AB  is  the  member  between  A  and  B,  the 
member  CD  is  the  member  between  C  and  D,  etc.     This  is  a  type  of 
Warren  bridge  truss.    All  pieces  (members)  are  pin-connected 
that  only  two  forces  act  o 
fore,  under  simple  tension 

Usually,  in  such  eases  there  are 


the  forces  act  along  the  p 
loads  on  the  upper  piua. 

Solution  of  PttosLfiM. 
by  considering  all  the  e 


Find  the 


wh  member.    The  members  are,  there- 
compression  ;  that  is,  in  each  member 


The  reactions  of  the  supports  are  found 
■nal  forces  acting  on  the  truss.  Taking 
momenta  about  the  left  support,  we  get  the  reaction  at  the  right  sup- 
port, equal  4500  lb.  Summing  the  vertical  forces  or  taking  moments 
about  the  right-hand  support,  the  reaction  at 
the  left-hand  support  is  found  to  be  3500  lb. 

Cutting  the  truss  along  xy  and  putting  in  the 
forces  exerted  by  the  left-hand  portion,  consider 
the  right-hand  portion  (see  Fig.  53).  The  - 
forces  C  and  T  act  along  the  pieces,  forming  a 
system  of  concurring  forces.  For  equilibrium, 
then,  2i  =  0  and  Si/  -  0,  giving  two  equations,  ^°-  ^ 

sufficient  to  detnrmine  the  unknowns  C  and  T.     The  forces  ii 
members  CD  and  CE  may  now  be  considered  known. 
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Cntting  the  truss  along  the  line  ZW  and  putting  in  the  forces 
exerted  by  the  remaining  portion  oi  the  truss,  we  have  llie  poition 
represented  in  Fig.  54.     This  jT" 

gives   a   system    of   concurring  | 

forces  of  which  C  and  2  T  are  r 

known,  so  that  from  the  equa- 
tions Sj  =  0  and  2^  =  0  the 
remaining  forces  d  and  e  may 
he  found. 

Problem  48.    Find  the  stress 
in  each  of  the  members  AB  and  ^"'-  " 

BC  of  the  simple  roof  truss  shown  in  Fig.  55.  The  truss  is  pin-con- 
nected, and  all  the  members  are  under  Bimple  tension  or  compression  ex- 
cept the  horizontal 
piece,  which  is  under 
flesure.  The  method 
of  cutting  the  truss, 
employed  in  the 
preceding  problem, 
mot  be  employed 
to  advantage  here, 
the  stress  in 
the  horizontal  piece 
IS  not  along  the 
The  simplest  method  of  solution  for  such  a  case  is  to  take 
question  and  consider  all  of  the  forces  actdng. 


Fig.  B5 


e  (see  Fig. 


the  whole  member 

56}  a  systei 

ring  forces  in  a  plane.    For         ^^^ ^ •*'«>.^^ 

equilibrium  Sx  =  0  and  2y  =    ^f"--  -^ 

0  and  2Prf  =  0,  from  which     T  T 

P,  P,  and  /*,  may  be  deter-  ,  ton  i  to-. 

mined.  ^"^  ^ 

Pioblem  49.  In  the  crane  shown  in  Fig.  57  («)  find  the  forces 
acting  on  the  pins  and  the  tension  in  the  tie  AC.  The  method  of 
cutting  cannot  be  used  in  this  case  since  the  vertical  and  horizontal 


i 


membera  are  in  flexure.  Taking  the  horizootal  luember  and  consid- 
ering all  of  the  farces  acting  upon  it,  we  hare  the  system  of  non-con- 
curring forces  shown  in  Fig. 
5T  (6).  Three  unknowns  are 
involved,  P^  Pi,  and  P,,  and 
these  may  be  determined  by 
three  equations  2z  =  0,  2y 
=  0,  and  2Pd  =  0.  It  is  to 
be  remembered  that  the  pin 
pressure  at  £  is  unknown  in 
magnitude  and  direction.  In 
all  such  cases  it  is  usually 
more  convenient  to  resolve 
this  unknown  pressure  into 
its  vertical  and  horizontal 
components,  giving  two  un- 
known forces  in  known  di- 
rections instead  of  one  un- 
known force  in  an  unknown 
direction.  This  wiU  be  done 
in  all  problems  given  here. 
In  the  present  case  the  two 
forces  Pi  and  P,  are  the 
components  of  the  unknown  pin  pressure. 

The  tension  in  the  tie  A  C  may  be  found  by  considering  the  forces 

acting  on  the  whole  crane  and  taking  moments  about  B.    Thus 

2P(/  =  0  gives,  calling  the  tension  in  the  tie  T,  ^ 

TS6  sin  45°  =  BOOO  (25),  ^d 

or  r^  8000  (25).  ™ 


i" 

(6) 

r     ■.■    y'i ,.'  ,1 

35  s: 


i45° 
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PiDblem  50.  In  the  crane  shown  in  Fig.  58  (a)  find  the  tension 
in  the  ties  T  and  T  and  the  cocnpression  in  the  boom.  The  method 
of  cutting  may  be  used  here  to  determine  the  tension  T  and  the  com- 
pression in  the  boom,  since  AB  is  not  in  flexure,  if  we  neglect  its  own 
weight.  Cutting  the  structure  about  the  point  A  and  drawing  the 
forces  acting  on  the  body,  we  have  the  system  shown  in  Fig.  58  b. 
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at^ting  at  the  center  of  the  pulley, 
ao  that  £1  =  0  Eind  Sy  =  0  are  snf- 


%e  forces  W  maj  be  considered  a: 
The  system  of  fomea  is  coDCiuruig, 
ficient  to  determine  T  and  C. 
T  may  be  found  by  consider- 
ing the  forces  acting  on  the 
whole  crane  and  taking  mo- 
nuasntB  about  the  lowest  point 


Note.   Neglecting  friction, 
the  tension  Wia  the  cord  sup- 
porting  the   weight   ia  trans- 
.  initted  undiminished  through- 
nnt  its  length. 
P    Problom    SI.     Find    the 
"horizontal   and  vertical  com- 
ponents of  the  forces  acting  •■"  «" 
on  the  pins  of  the  structure  shown  lu  Fig  59 

SOQGEaTiON-     First  take  the  lertical  atnp  and  consider  all  the 


0/  m 


forces  acting 
Problem  51 

acting  on  the  ]i 


tL 


■i 


e  carried  at  the  pin  ci 


Find  the  forces 
of  the  stmoture 
Fig.  60,  the  weight  of  the 
members  AD,  BF,  and  CE  being 
600  lb.,  400  lb.,  and  100  lb.,  respeo- 

Problem  53.  A  traction  engine 
is  passing  over  a  bridge,  and  when 
it  ia  in  the  position  shown  in  Fig. 
61  one  half  of  the  load  ia  carried 
by  each  truss.  The  weight  of  the 
engine  ia  transcnitted  by  the  floor 
beams  to  the  cross  beams,  and 
itiona  of  the  tru.sa.  Find  the  stress 
of  the 


1  the  members  AB,  BC,  CE,  CD,  and  DF,  for  the  positic 
togine  shown. 


^M  Note 
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I  supiwsed  to  exteud  only  from  c 


NoTB.     The  floor  beams  a 
beam  to  aoother. 

a  54.  Iq  Problem  50,  suppose  the  weight  of  Ihe  boom  to 
be  one  ton ;  find  the  tenaious 
T  and  T  aud  the  pin  pres- 

NoTB.  The  boom  is  now 
nnder  flexure,  ho  that  the 
method  of  cutting  cannot  be 
made  nse  of. 

Probleta  59.    A  dredge 
or   steam   shovel,   shown  in 
outline  in  Fig.  63,  has  a  dip- 
per with  capacity  of  10  tons, 
When  the  boom  and  dipper 
are  in  the  position  shown,  find  the  forces  acting  on  AB,  CD,  and  EF. 
ScGOESTios.    Consider  first  all  the  forces  acting  on  CD,  then  all 
the  forces  acting  on  AB. 


Fio.  GO 


Note,  The  member  EF  has  been  introduced  an  such  for  the  sate 
of  aiialysis ;  it  replaces  two  lega,  forming  an  A  frame.  The  projection 
of  the  point  Fia  Q  ft.  from  the  point  E. 

Fiobletn  56.    Suppose  the  members  of  the  stroctuie  in  Problem 


SON-CONCVRBENT  F0BCE8 


55  to  have  weights  aa  follows:  AB, 
cludiug  the  10  tons  of  dip{>er  and  1( 
in  preceding  problem. 


toiia,  and  CD,  i 
Find  the  Btres 


tons,  not  ill- 
's as  required 


^B^  Problem  57.  Suppose  the  beam  in  Problem  5  to  be  20  ft.  long 
and  to  have  a  weight  of  2000  !!>. ;  find  the  pin  reaction  and  the  ten- 
Bion  in  the  tie. 

Problem  58.  Aiaume  that  the  compression  members  of  the  War- 
ren bridge  truss  of  Problem  47  have  each  a  weight  of  500  lb, ;  find 
the  stress  in  the  members  BC  and  CE. 

36,  Forces  in  Bpace,  Non-intersecting  and  Non-parallel. — 

If  a  rigid  body  is  acted  upon  by  auy  system  of  forces  in 
space  P,,  i*j,  /"g,  P^,  P^,  P^,  etc.,  making  angles  with 
the  arbitrarily  chosen  axes,  x,  y,  and  z,  a^,  ^j,  7j ;  o^,  /S^,  y^ ; 
"s'  '^B'  'y«'  ^^^-  (.^^^  ^'S-  ^^)'  ^'*  """  ^^  shovm  that  the 
»i/etem  may  be  replaced  by  a  single  foree  and  a  single  couple. 
The  single  force  acts  at  the  origin,  and  its  direction 
angles  are  «,  /3,  and  7.  The  resultant  couple  acts  in  a 
plane  whose  direction  angles  are  \,  ft,  v. 

Introduce  at  the  origin  two  equal  and  opposite  forces 

Pj  parallel  to  the  line  of  action  of  Py.     One  of  these 

forces  Py  together  with  the  original  P-^  form  a  couple 

whose  moment  is  P^dy  and  this  couple  may  be  represented 

^^by  a  moment  arrow  at  the  origin,  perpendicular  to  the 
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plane  of  the  couple  (see  Art.  31),  We  thus  have  re- 
placed the  force  P^  by  an  equal  and  parallel  force  at  the 
origin  and  a  couple  represented  at  the  origin  by  a  mo- 
meat  arrow  P^dy  Proceeding  in  the  same  way  with  P^, 
Pj,  P^,  etc.,  we  finally  have  instead  of  the  original  s 


! 

L 


of  non-concurring,  non-parallel  forces  in  space,  a  sys- 
tem of  concurring  forces  P^,  Pj,  P^.  P^.  etc.,  at  the  origin 
and  a  system  of  moment  arrows  Pi^y  Pid^,  P^dg,  etc., 
represented  at  the  origin.  The  forces  may  be  combined 
into  a  single  resultant  as  in  Art.  17,  and  we  then  have 


ie=VS2^-l-2)/2-|-223, 


SON-CONCURBENT  FORCES 


whose  direction  cosines  are 


cos  «  =  -^  ^  COS 


R 


,  cos  7 


K^  Since  the  moment  arrows  a!so  follow  the  same  laws  as 
the  force  arrows,  we  may  also  write  the  moment  of  the 
resultant  couple, 


where 


Mj:  =  -Pif^i  COS  Xj  +  -Pa^a  cos  X^  +  etc. 
Mgf  =  -Pi''i  cos  ;ij  +  -Pjiij  COS  /ij  +  etc. 
M,  =  Pidi  cos  Cj  +  Pjdj  cos  Hj  +  etc. 

The  direction  angles  of  JIfare  X,  fi, 
fined  as  follows  (see  Fig.  64); 


608  X  = 


M' 


cos  fi 


This  system  of  forces  pro- 
duces a  translation  of  the 
body  in  the  direction  of 
H  and  a  rotation  about  a 
gravity  axis  parallel  to  M. 
U  M=0  and  ^^0,  the 
body  only  rotates  or  is 
translated  with  uniform 
motion,  and  if  M=^  0  and 
R^O,  the  body  has  only 
translation  with  possibly 
uniform  rotation.  For 
equilibrium  both  J2=0 
and  M=  0  ;   that  is,  2z  = 


Jfj  =  0,  and  Jl7i  =  0,  or  expressed  in  words:  the  sum  of  the 
components  of  the.  forces  along  each  of  the  three  arbitrarilif 
chosen  axes  is  zero,  and  the  sum  of  tJie  moments  with  respect 
to  each  of  these  axes  is  zero. 

It  may  be  further  stiown  that  the  siagle  force  and 
resultant  of  the  preceding  article  may  be  replaced  by  a 
single  force  and  a  couple  whose  plane  of  rotation  is  per- 
pendicular to  the  line  of  action  of  the  force. 

Suppose  Jlfand  R  both  drawn  at  the  origin  and  let  a  be 
the  angle  between  them.  M  may  be  resolved  into  com- 
ponents along  and  perpendicular  to  R,  G  cos  a  along  R, 
and  G  sin  a  perpendicular  to  R.  G  win  «  may  be  replaced 
by  another  couple  having  the  same  moment.  Let  the 
forces  be  —  il  and  +  R  and  allow  the  —  R  to  act  along 
the  line  of  action  of  the  resultant  force.  The  other  force 
of  the  couple  acts  along  a  line  parallel  to  the  direction  of 
the  resultant  force.  The  forces  +  Jt  and  —  R  along  the 
line  of  action  of  the  resultaut  force  neutralize  each  other, 
and  we  have  left  (a)  a  force,  R,  parallel  to  the  original 
resultant,  and  (i)  a  couple,  G  cos  a,  acting  in  a  plane  per- 
pendicular to  R. 

That  is,  the  system  reduces  to  a  single  force  and  a  sin- 
gle couple  whose  plane  is  perpendicular  to  the  line  of 
action  of  the  force,  or  we  may  say,  the  effect  of  any  si/stem 
of  forces  acting  on  a  rigid  bodg,  at  any  instant,  is  to  cause 
an  angular  acceleration  about  the  instantaneous  axis  of  rota- 
tion and  an  acceleration  of  translation  along  that  axis. 
Such  a  system  of  forces  is  called  a  screw  wrench.  The 
instantaneous  axis  is  called  the  central  axis.  This  axis 
passes  through  the  center  of  gravity  of  the  body  if  the 
body  is  free  to  rotate. 


problem  59.     A  vertical  ehaft  is  acted  upon  by  the  belt  preBBurea 
T^  and  T^  the  crank  pin  pressurea  P,  , 

and  the  reactions  of  tlje  supports.    See  — .^^        "^  ^"~a-    ■ 

Fig.  65,    Write  down  the  sis  equationa  |    [ 

for  equilibrium. 

Note.  The  p-aiis  has  been  ehoaen 
parallel  to  the  force  P,  and  7",  and  T^ 
ore  parallel  to  the  x-axis. 

^=3f  +  x"  ~  T^-^^  =  0, 

»Sz=z"-  G-G-^O; 
M,=  ~  Pb-  y"!  =  0, 
M,  =  x"l  -  T.c  -  T.C  -  G,^=  0, 
M.  =  Pa+  T^r  -  T^  ^  C\. 
From  these  aix  equations  six 
quantities   can   be   found.     If   <?,,   6',, 
?"[,  and  Tj  are  known,  the  reaction  of 
the  eupporta  and  P  may  be  found. 

Fioblem  60.  A  crane  sliown  in 
Fig.  6C  has  a  boom  45  ft.  long  and  a 
mast  30  ft.  high.  It  is  loaded  with  20 
tons,  and  the  angle  between  the  boom 
and  mast  is  45°.    The  two  stiff  legs  *""■■  ™ 

each  Make  angles  of  30"  with  the  mast  and  an  angle  of  90^  with  each 
other.     Find  the  pin  pressures  in  boom  and  mast,  also  the  stress  in 


I 
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the  legs  when  (a)  the  plane  of  the  cnuie  bisects  the  angle  between 
the  legSi  and  (b)  the  plane  of  the  crane  makes  an  angle  of  30°  with 
one  of  them.  U  the  boom  weighs  4000  lb.,  find  the  stress  in  the 
legs  when  the  plane  of  the  craue  biaecla  the  angle  between  them. 
ABBume  that  the  pulleyi  A  aud  B  are  at  the  ends  of  the  boom  aiid 
mast  respectively. 

Problem  61.  Suppose  the  shaft  of  Problem  59  to  be  horizontal, 
find  F  and  the  reactions  of  the  supports.  Assume  i/  borizoiital  and 
perpendicular  to  the  shaft,  and  x  verticaL 


CHAPTER  VII 


MOMENT  OP  IHERTU 


37.   Seflnition    of    Moment   of   Inertia.  — The    study   of 

many  problems  considered  in  mechanics  hrings  to  our  at- 
tention the  value  of  the  integral  of  the  form  y^'^dl',  where 
dF  represents  an  area  and  ^  the  distance  of  the  center  of 
gravity  of  that  area  from  an  axis  of  reference,  A  more 
general  definition  of  moment  of  inertia  would  be  the  prod- 
uct of  an  elementary/  area,  mass,  or  volume  by  the  square  of 
its  distance  from  a  designated  point,  line,  or  plane-  The 
integral  given  above  simply  adds  these  products  to  give 
the  moment  of  inertia  of  an  entire  area.  In  the  case  of  a 
mass,  the  integral  becomes  ji/^dM,  and  of  volume  Xy^dV. 
If  the  area,  mass,  or  volume  is  not  continuous  throughout, 
the  limits  of  integration  must  be  properly  taken  to 
account  for  the  discontinuity.  We  shall  desiguats 
moment  of  inertia  by  the  letter  I.     Thus  we  write: 

I=jfdF, 

I=^fdM, 
X^jfdV, 

for  area,  mass,  and  volume,  respectively.  In  finding  tho 
moment  of  inertia  of  several  disconnected  parts,  it  is  often 


\ 
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use  tlie  summation  sign  instead  of  the  iute- 
gral;  we  may  then  write: 

7=  -lyHF, 


I=-ZyHV, 


4 


for  area,  mass,  and  volume,  respectively. 

Many  problema  that  confront  the  engineer  involve  in 
their  solution  the  consideration  of  the  moment  of  inertia. 
This  is  the  ease  when  the  energy  of  a  rotating  fly  wheel, 
for  example,  is  being  determined.  The  energy  of  a  rotat- 
ing body  (kinetic  euergy,  Art.  133)  is  expressed  as  follows: 

Kinetic  energy  =  ~, 

where  I\b  the  moment  of  inertia  with  respect  to  the  axis 
of  rotation  and  u  is  the  angular  velocity  (see  Art.  95). 
It  is  seen  that  the  energy  of  rotating  bodies,  having  the 
same  angular  velocity,  or  the  same  speed,  is  directly  pro- 
portional to  their  moments  of  inertia.  The  quantity, 
therefore,  plays  a  very  important  part  in  the  considera- 
tion of  rotating  bodies. 

In  computing  the  strength  of  a  beam  or  column  it  is 
necessary  to  consider  the  product  of  an  area  and  the 
square  of  its  distance  from  some  line.  This  is  called 
the  moment  of  inertia  of  the  area;  it  is  uaually  taken 
with  respect  to  a  gravity  axis  of  the  area.  An  idea  of  the 
use  of  moment  of  inertia  in  computing  the  strength  of 
beams  may  be  obtained  by  considering  the  beams  sup- 
ported at  both  ends  and  loaded  in  the  middle.  The  load 
that   the  beam  will  carry  is  then  given  by  the  formulft- 


iiOMENT  OF  isSRTiA 

P  =  ^  ,  where  P  is  the  load  in  pounds,  I  the  length  of 
the  beam  in  inches,  k  the  height  of  beam  in  inches,  p  the 
strength  of  the  material,  of  which  the  beam  is  composed, 
in  pounds  per  square  inch,  and  I  is  the  moment  of  inertia 
of  the  cross  section  with  respect  to  a  horizontal  gravity 
axis.  The  student  should  thoroughly  master  the  princi- 
ples of  moment  of  inertia, 

38.  Meaning  of  the  Term.  — The  term  moment  of  hiertia 
is  somewhat  misleading,  and  the  student  is  apt  to  try 
to  connect  moment  of  inertia  with  inertia.  The  term 
has  no  such  significance  and  should  be  regarded  as 
the  name  arbitrarily  applied  to  a  quantity  that  engineers 
frequently  use. 

Radius  of  Gyration.  The  ntoment  of  inertia  of  an  area 
involves  area  times  the  square  of  a  distance.  We  may 
write  1=  \if^dF=  Flc^,  where  F  is  the  area  and  A  is  a 
distance,  at  which,  if  the  area  were  all  concentrated,  the 
moment  of  inertia  would  be  unchanged.  This  distance 
k  is  called  the  radius  of  gyration.  In  a  similar  way 
for  a  mass  we  write:  1=  iy^dM=  31^,  and  for  volume 
1=  jfdV=  Vk\ 

39.  Units  of  Moment  of  Inertia.  —  The  moment  of  inertia 
oE  an  area  with  respect  to  any  axis  may  be  expressed 
as  jFA^.  The  area  involves  square  inches,  and  i  is  a  dis- 
tance squared.  The  product  is  expressed  as  inches  to  the 
fourth  power.  The  moment  of  inertia  of  a  volume  Vl^ 
requires  inches  to  the  fifth  power.  The  moment  of 
inertia  of  a  mass  requires  in  addition  to  FA^  the  factor  -i. 
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80  that,  pounds  and  feet  per  second  are  involved.  This  is 
somewhat  more  complicated  since  it  involves  units  of 
weight,  distance,  and  time.  This  presence  of  ^(=32,2) 
in  the  expression  requires  that  all  distances  be  in  feet.  It 
is  eustomary  to  express  the  moment  of  inertia  of  a  mass 
without  designating  the  units  used,  it  being  understood 
that  feet,  pounds,  and  seconds  were  used. 

40.  Representation  of  Uoment  of    InertiR.. — From  the 

definition  of  moment  of  inertia  it  is  evident  that  an  area 
has  a  different  moment  of  inertia  for  every  line  in  its 
plane.  We  shall  designate  the  moment  of  inertia  with 
respect  to  a  line  through  the  center  of  gravity  by  I^  with 
a  subscript  to  indicate  the  particular  gravity  line  in- 
tended. For  example,  J^j.  indicates  the  moment  of  inertia 
with  respect  to  a  gravity  axis  parallel  to  x,  and  I^  indi- 
cates the  moment  of  inertia  with  respect  to  a  gravity 
axis  parallel  to  y.  The  moment  of  inertia  with  respect 
to  a  line  other  than  a  gravity  line  will  be  designated 
by  /',  the  proper  subscript  indicating  the  particular 
line.  Similar  subscripts  will  be  used  to  designate  the 
corresponding  radii  of  gyration.  It  should  be  noted  that 
moment  of  inertia  is  not  a  quantity  involving  direction. 
It  has  to  do  only  witli  magnitude  and  is  essentially 
positive. 

41,  Moment  of  Inertia  ;  Parallel  Axes.  —  Consider  the 
area  inclosed  by  the  irregular  line  (Fig.  67)  and  sup- 
pose that  its  moment  of  inertia  is  known  with  respect 
to  every  line  through  its  center  of  gravity  (gravity 
axis).  It  is  required  to  find  its  moment  of  inertia 
with  respect  to  any  other  line  in  the  plane.     Select  t 
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arbitrary  rectangular  axes  x  and  y  and  draw  through 
the  center  of  gravity  of  the  area  a  Hue  parallel  to  the 
a^-axis.  Let  the 
distance  between 
these  parallel 
lines  be  d.  The 
moment  of  inertia 
of  the  area  i"  with 
respect  to  the 
dotted  line  will 
be  called  Ig^  and 
its  moment  of 
inertia  with  re- 
spect to  the  a:-axis,  7'^,  The  moment  of  inertia  of  the 
elementary  area  dF  with  respect  to  the  x>axis  is  then 
written  (li  +  d'y^dF,  and  the  moment  of  inertia  of  the 
whole  area  ii"  with  respect  to  this  aame  axis  becomes 

^L  r^=^id  +  d'ydF=-^d:tdF+  ^2dd'dF+^(^d'')HF. 

^^nt  (^dF  may  be  written  ^JdF=^F,  since  rf  is  a 
constant,  and  2d  Cd'dF=1d(iFd'^  (see  Art.  22),  where 
d'  is  the  distance  of  the  center  of  gravity  of  the  area 
from  the  line  of  reference.  In  this  case  d'  =  0,  so  that 
2  dJd'dF=  0.  The  term  Ccd'fdF  equals  I,^  by  defini- 
don  (see  Art.  37).     It  follows,  then,  that 

■Ta,  =  J^  +  FO', 
or,  expressed  in  words, 

The  moment  of  inertia  of  an  area  with  respect  to  any  line 
its  plane  is  equal  to  its  moment  of  inertia  with  respect  tq 
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a  parallel  gravity  axis  plus  the  area  times  the  square  of  the 
digtanee  between  the  two  axes. 

This  theorem  is  used  very  often  in  work  that  followB 
and  should  be  thoroughly  understood.     It  may  also  be 


written 


--F<P 


by  transposing  terms.  In  this  form  it  is  convenient  when 
I'„  F,  and  d  are  known,  and  I^^  is  to  be  determined.  It 
is  easily  seen  from  either  of  these  expressions  that  the 
moment  of  inertia  of  an  area  for  a  gravity  axis  is  less 
than  for  any  other  line  in  the  plane. 

In  case  neither  axis  is  a  gravity  axis,  2  dd'F  is  not 
equal  to  zero  and  T^=  I' +  F(P+2dt^F,  where  F  ia  the 
moment  of  inertia  with  respect  to  the  parallel  axis  and  d' 
the  diBtance  of  the  center  of  gravity  of  the  area  from  this 
parallel  axis  ;  the  quantities  F,  d,  and  7'^  having  the  same 
meaning  as  before. 

42.  Koment  of  Inertia ;  Inclined  Axis.  —  It  is  often  de- 
sirable, when  7'^  is  known,  to  find  the  moment  of  inertia 
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with  respect  to  an  axis  w  making  an  angle  a  with  x  (see 
Fig.  68).     Here,  I'^= JvHF&uA  J\^  JuJ^dF.     In  terms 
of  X,  y,  and  a, 

T«=J{y  aosa-xsinaydF 

= JV  C08^  adF-  2jxy  cos  a  sin  a  dF+fs? 

1=  cos^  a^yHF  -  2  sin  a  cos  a  J'ryd^+  sin^  a.  C^dF 
=/',cos2  a  -  ain  2  a  r3^yi?J'+7'^  silica. 
In  a  similar  way 
r,  =  7^^  sin^  a  4-  2  sin  a  0O8  aCxydF  +  F^  cos"  a. 
These  are  the  reijuireii  forraulie  for  obtaining  the  mo- 
ment of  inertia  with  respect  to  inchned  axes.     It  follows 

t'^^*  -T'm  +  J'b  =  I'x  +  I'y 

That  is,  the  sum  of  the  moments  of  inertia  of  an  area 
with  respect  to  two  rectangular  axes  in  its  plane  is  the 
same  as  the  sum  of  the  moments  of  inertia  with  respect  to 
any  other  two  rectangular  axes  in  the  same  plane  and 
passing  through  the  same  point.  This  states  that  the 
sum  of  the  moments  of  inertia  for  any  two  rectangular 
axes  through  a  point  is  constant.  It.  will  be  seen  in 
Art.  4'i  that  this  constant  is  the  polar  moment  of  inertia. 

43.  Frodiict  of  Inertia.  —  The  integral  |  xydF  is  called 
a  product  of  inertia,  for  want  of  a  better  name.  In  case 
the  area  has  an  axis  of  symmetry,  either  the  x-  or  y-axis 
may  be  taken  along  such  an  axis.  The  product  of  inertia 
then  becomes  zero,  since  if  x  is  the  axis  of  symmetry, 


I 


for  every  +y  there  is  a  correaponding  —  y-  A  similar 
reaaoning  shows  the  product  of  inertia  zero  when  y  is  the 
axis  of  symmetry.     In  such  cases 

and  /'„  =  J'j,  sin'  o  +  I'y  cob'  a.  ^| 

When  \xydF'm  not  equal  to  zero  it  is  necessary  to 
select  the  proper  limits  of  integration  and  sura  the 
integral  over  the  area  in  question.  This  is  illustrated  in 
Article  53. 

44.  Axes  of  Oreatest  and  Least  Moment  of  Inertia.  —  It  is 
often  important  to  know  for  what  axia  tlirough  the  center 
of  gravity  the  moment  of  inertia  is  least  or  greatest ;  that 
is,  what  value  of  a  makes  i|g  or  /„  a  maximum  or  a  mini- 
mum. For  any  area  I„  I^,  and  ( x//dF  are  constant  after 
the  X  and  y  axes  have  been  selected.  Using  the  method 
of  the  calculus  for  finding  maxima  and  minima,  we  have, 
putting 


CxydF=i,   ^  =  C/^-_Z,)sin2a- 


I  i  cos  2  a. 


Equating  the  right-hand  side  to  zero,  the  value  of  a  that 
gives  either  a  maximum  or  minimum  is  seen  to  be  given 
by  the  equation 

tan  2  a  =  ~ — ~^,  ^H 


or,  what  is  the  same  thing, 


±Vii*+t7,-/j2 


-^-^ 
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It  is  seen  upon  substituting  these  values  of  sin  2  a  and 
JOB  2  a  in 

2(7„  -  i,)cos  2  a  +  4  i  sin  2  a 

that  the  positiye  aign  before  the  radical  indicates  a  mini- 
mum and  the  negative  sign  a  maximum  value  for  Xi. 
Investigating  the  values  of  a  which  give  /„  maximum  or 
minimum  values,  it  is  seen  that  the  value  of  a  for  which  /„ 
is  a  minimum  gives  I,  masimum,  and  the  value  of  a  ioi: 
which  J„  is  a  maximum  gives  I,  minimum.  These  axes 
for  which  the  moment  of  inertia  is  greatest  and  least  are 
known  as  the  Principal  Axes  of  the  Area.  Thia  subject 
will  be  further  discussed  in  Art.  53. 

It  is  seen  from  the  above  that  when  either  the  x-  or 
y-axis  is  a  line  of  symmetry,  so  that  J  xydF=  0,  the  val- 
ues  of  a  which  give  maximum   or  minimum  values  for 
jE„    and    7„    are    all    zero. 
This  means  that  the  x-  and 
^-ases,  themselves,  are  the 
principal  axes. 


1 
I 


I     45.   Polar  Homent  of  In- 

Ftrtia.  —  The  moment  of  ' 
inertia  of  an  area  with 
respect  to  a  line  perpen- 
dicular to  its  plane  is  called 
the  polar  moment  of  inertia 
of  the  area. 

Consider  the  area  repre-  '""'■  ^ 

sented  in  Fig.  69  and  let  the  axis  be  perpendicular  to  the 
area  at  its  center  of  gravity.     Let  dF  represent  an  infini- 
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tesimal   area   and   let  r  be   its  distance  from  i 
Representing  the  polar  moment  of  inertia  by  i^,  ' 


=  3?  +  f. 


3  that 


^-S' 


x'dF  + 


or  jp  =  Ta„  +  Js». 

That  is,  tlie  polar  moment  of  inertia  of  an  area  ia  equal 
to  the  Bum  of  the  momenta  of  inertia  of  any  two  rectangular 
axes  through  the  same  point.  It  haa  already  been  shown 
that  7,  +  /^  =  constant  (see  Art.  42)  for  any  point  of  an 


46.  Kotnent  of  Inertia  of  Bectan^le.  —  Let  it  be  required 
to  find  the  moment  of  inertia  of  tlie  rectangle  shown  in 
Fig.  70  (a),  with  respect  to  the  axis,  x.     We  may  write 


l',=J,-'dF. 


Since  dF=hdy,  this  becomes 


To  find  the  moment  of  inertia  with  respect  to  a  gravity 
ixia  parallel  to  x  it  is  only  necessary  to  make  use  of  tiie 
formula  I^  =  T^~  F^,  from  which  we  have 

From   compariBon  we  may  write  the  moment  of   inertia 
■■with  respect  to  a  gravity  line  perpendicular  to  x. 


12 


Afi^and  B,.  =  ^ 


12' 


and  the  polar  moment  of  inertia  for  the  center  of  gravity 

47.   Homent  of  Inertia  of  a  Triangle.  —  It  is  required  to 

find  the  moment  of  inertia  of  the  triangle  shown  in  Fig. 
70  (6)  with  respect  to  the  axis  x,  coinciding  with  the  base 
of  the  triangle.     We  have 

Ij^  =  lyHF,  where  dF=  xdy. 


-  (A  —  y),  from  similar  triangles,  giving 


t^-\S/ih-y')^y=^^-^''-^^^  QO^- 


A* 


The  moment  of  inertia  with  respect  to  horizontal  gravity 


axis  may  now  be  determined. 


It  is  left  as  an  exercise  for  the  student  to  find  the  moment 
of  inertia  with  respect  to  an  axis  tlirongh  the  vertex  pai-al- 
lel  to  the  base,  and  also  the  polar  moment  of  inertia  for 
the  center  of  gravity. 

48.  Uoment  of  Inertia  of  a  Circalar  Area.  —  The  moment 
of  inertia  of  a  circular  area  with  respect  to  a  horizontal 
gravity  axis  x,  as  shown  in  Fig.  71,  may  be  found  as  fol- 
lows: Iyx=  iy^dF.  Changing  to  polar  coordinates,  re- 
membering that  y  = />  sin  5,  and  dF  =  dp(^pd6'),  the  inte- 
gral becomes 


=  jp^airi^0pdedp. 


This  integral  involves  two  variables,  p  and  8.     It  will, 
therefore,  be  necessary  to  make  use  of  a  double  Integra-  , 
tion.     For  this  purpose,  write 

j^ = Jlfns  edefrdp = jJ^O-  -  cos  2  e)de 


=  -\  ^  — ^smU 
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81 


The  corresponding  radius  of  gyration  is  ft^,  =  -.     On 

account  of  the  symmetry  of  the  figure  this  is  the  moment 
of  inertia  for  any  line  in  the  plane  through  the  center  of 
gravity.     It  follows  that 
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49.  Homent  of  Inertia  of  Elliptical  Area.  —  Let  it  be 

required  to  find  I^^  and  I^y  of  the  elUijtical  area  shown 
in   Fig.   72.     The    equation    of   the   bounding   curve   is 


and  /„  =  J>(?  J'  =  J>  2  ydx. 

From  tlie  equation  of  tlie  Ijoimding  curve 
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=  ^JfV^-f  dy  =  ^,  anil  therefore  i^,  =  \ 

Since  I^  =  Ig^  +  T^^,  tlie  polar  moment  of  inertia  is 

£^(aa  +  JJ),  and  k^  =  J  V«'  +  6". 

It  IB  seen  that  when  a  =  6  =  r  the  equations  obtained 
for  the  elliptical  area  are  the  aame  as  those  obtained  for 
the  circular  area,  just  as  they  should  be. 

50.  Uoment  of  IneTtia  of  Angle  Bection.  —  When  an  area 

may  be  divided  up  into  a  number  of  triangles,  or  rec- 
tangles, or  other  simple  divisions,  the  moment  of  inertia 
of  the  whole  area  with  respect  to  any  axis  is  equal  to  the 
I  Bum  of  the  moments  of  the  individual  parts.  This  method 
is  often  made  use  of  in  determining  the  moment  of  inertia 
of  such  areas  as  the  section  of  the  angle  iron,  shown  in 
Fig.  73. 

We  shall  now  determine  the  moment  of  inertia  of  this 
section  with  respect  to  the  horizontal  and  vertical  gravity 
axes,  Igx  and  I^^,  and  also  with  respect  to  an  axis  v  (see 


Art.  53),  making  an  angle  a  with  the  axis  x.  Consider 
the  section  divided  into  two  rectangles,  one  5"  x  |"  which 
we  may  call  J'j  and  the  other  3^"  x  f",  which  we  may  call 
fj.  The  moment  of  inertia  of  the  section,  with  respect  to 
X,  is  equal  to  the  moment  of  inertia  of  F-^  with  respect  to  x 
plus  the  moment  of  inertia  of  F^  with  respect  to  x,  so  that 

^,.= A(5Xi)"  +  5(l)(-808)'  +  A(W{  +  ¥(S)(i-"J' 

=  7.14  in.  to  the  4th  power.     Similarly 

^  =  VfCYXD'  +  ¥(f)Cl-30)^+  iVCi)C5)^  +  5(|)(.88)» 

=  12.61  in.  to  the  4th  power. 

NoT£.  The  problem  of  finding  the  moment  of  inertia  of  angle 
sectiODs,  channel  sections,  Z-bar  sections,  and  the  built-up  seationa 
shown  in  Figs.  75,  76,  77,  78,  70,  m  of  special  intereBt  and  importance 
to  engineers,  occurring  as  it  does  in  the  computation  of  the  strength 
of  all  beams  aad  columos.  n» 
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Problem  62.  Find 
the  iiioiiieiit  of  inertia  of 
tiie  Z'liar  section  shown 
in  Fig.  74  for  the  gravity 
axes  Qi  and  g^. 

Hint.  Divide  the  area 
into  three  rectangles. 

Problem  63.       Com- 
pute    the     moment    of 
inertia   for   the    channel 
!     Fid.  M  Bectioii,  shown  in  Fig.  23, 

Problem  14,  for  the  horizontal  and  vertical  gravity  axes. 

Problem  64.  Reiiiiired  the  moment  of  inertia  of  the  T-section  (Fig, 
24,  Problem  15),  also  the  moment  of  inertia  of  the  U-section  (Fig.  25, 
Problem  16)  with  respect  to  both  horizontal  and  vertical  gravity  axes. 
Problem  65.  The  section  shown  in  Fig.  75  consists  of  a  web 
section  and  4  angles,  as  showu.  Find  the  moment  of  inertia  of  the 
whole  section  with  respect  to  the 
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horizontal  gravity  axis.    Given,     ' — ,1 1  ^-^^^^ 
the   moment   of    inertia   o£    an  r~ 

angle  section  with  respect  to  its  __ ,  ^''        :  i  ^H 

own  gravity  axis,  y',  is  28.15  in. *-— ff  ^H 

to  the  4th  power.  H 

Problem   66.      Consider    the      < — MP — i L 

section  given  in  Problem  65  to  ^''-  ^^ 

be  so  taken  that  it  includes  two  rivet  holes,  as  indicated  by  the  posi- 
tion of  the  rivets  in  Fig.  75.  Compute  the  moment  of  inertia  of  tlie 
whole  section,  when  the  moment  of  inertia  of  the  rivet  holes  is 
deducted.  The  distance  from  the  center  of  the  rivet  hole  to  the  aub- 
side  of  the  angle  section  may  be  taken  as  3  in.  Compare  the  result 
with  that  obtained  in  the  succeeding  problem. 

Problem  67.  The  same  section  shown  in  Fig.  75  is  shown  in  Fig. 
76  with  two  cover  plates.  Find  the  moment  of  inertia  of  the  whole 
beam  section  with  respect  to  its  horizontal  gravity  axis,  now  that  the 
cover  plates  have  been  added. 
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Problem  68.  Find  the  moment  of  inertia  of  tlie  section  of  a  1 
girder,  kIiowd  iii  Fig.  77,  with  rcjpect  to  its  horizontal  gravity  n: 
The  moment  of  inertia  of  one  of 
the  angle  sections  with  respect  to 
its  own  hoi-izontal  gravity  axis,  la 
31 .92  in.  to  the  ith  power. 

Problem   69.      Find   the    mo- 
ment  of   inertia   of    the   column 
section,  shown  iu   Fig.  78,  with    ■ 
respect  to  the  two  gravity  asen  gi 
and  j7^.     The  column  is  built  np 
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of  o 

of  the  Z-bars  a: 


mtral  plate,  two  ontside  plates,  and  four  Z-bars.     The  It 


I 


;  ei^ual,  and  have  : 


length  of 


The  moment  of 
inertia  of  each  Z-bar 
section  with  respect 
to  its  own  horizontal 
and  vertical  gi'avity 
axis  is  42.12  and 
15.44  in.  to  the  4th 
power,  respectively. 

Problem 70.  Find 
the  moment  of  in- 
ertia of  the  section 
shown  in  Fig.  79, 
with  respect  to  the 
horizontal  and  verti- 
cal gravity  axes  g^ 
and  yy.  This  section 
is  made  up  of  plates 
"  ^       ""■  "  and    angles.       The 

moment  of  inertia  of  each  angle  section  with  respect  to  both  its  own 
horizontal  and  vertical  gravity  axes  is  28.15  in.  to  the  4th  power. 

53.  Homent  of  Inertia  by  Oraphical  Ketliod.  —  It  will 
ofteu  be  necesHary  to  find  tlie  moment  of  inertia  of  a  plana 
section  whose  bounding  curve  is  of  a  complicated  form,  a 
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in  the  case  wlien  it  is  necesaary  to  compute  the  strength 
of  rails  or  deck  beams.  The  graphical  method  given 
below  may  be  used  for  such  cases. 


Let  the  section  be  a  I'ail  section,  Fig.  80.  Draw  two 
lines,  AB  and  CD,  parallel  to  the  required  gravity  axis, 
at  any  distance,  I,  apart.  Tiie  present  section  is  symmet- 
rical with  respect  to  the  y-axis,  so  that  it  will  only  be 
necessary  to  consider  the  part  on  one  aide  of  that  axis,  say 
the  part  to  the  right.  Suppose  the  section  divided  into 
strips  parallel  to  AB  and  CD,  and  let  x  denote  the  length 
of  one  of  these  strips,  and  dy  its  width.  For  each  value 
of  X  there  is  a  length  3/  found,  such  that  ^fl 

Then  for  every  point  P  on  the  original  section  whose 
coordinates  are  x  and  y,  there  will  be  a  point  P'  on  the 

transformed  section  whose  coordinates  are  x'  and  y.  Sup- 
pose all  these  points,  P\  constructed,  and  a  boundary  line 
drawn  through  them.     Let  F  denote  the  area  of  the  orig- 
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inal  curve,  and  I"  the  area  of  the  transformed  curve,  also 

iV=  jydF=  ^yxdy  =  l^Tfdy  =  IF'. 

But  \ydF=  yF (Art.  24),  where  y  is  the  distance  of  the 
ieater  of  gravity  of  F  from  the  line  A£.     It  follows  that 


^"Phis 


y  =  l\ 


the  center  of  gravity. 
The  moment  of  inertia  will  be  found  by  substituting 
for  each  x,  x\  and  for  each  x!-,  x'\  such  that 


Every  point,  7*',  now  goes  over  into  a  point  P",  forming 
a  new  transformed  boundary.  Call  the  area  of  this  last 
curve  F".     Since  x"  =  x'^,  and  x'  =s  a;'?,  x"  =  x^. 
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Therefore  the  moment  of  inertia 

I'^  =  jfdF^  ^y^xdy  =  Pjx"dy  =  PF", 

giving  the  moment  of  inertia  of  the  original  section  with 
respect  to  the  line  AB. 

To  determine  I^^  it  is  simply  necessary  to  use  the  ft 
mula  i^^  =  I'^  —  Ftp.     Tiiis  gives 


=  mF'-- 


1 


The  areas  of  the  sections  are  measured  by  means  of  a  ■ 
planimeter. 

52.   Koment  of  Inertia  b;  Use  of  SimpEon's  Bale.  —  An 

approximate  value  for  the  moment  of  inertia  of  irregular 
sections,  such  as  rail  sections,  may  be  obtained  by  the  use 
of  Simpson's  Rule.     Let  the  irregular  area  be  the  rail  sec- 


tion  (Fig,  43)  and  let  it  be  required  to  find  the  moment 
of  iaertia  of  tlie  section  with  respect  to  the  base  of  the  rail. 
We  may  write 

where  the  A's  represent  the  areas  and  the  y's  the  distance 
from  the  center  of  the  J.'s  to  the  base  of  the  rail.  In  this 
case  y^  =  \,y^  =  |,  y^  =  J,  etc.,  and  ^p  =  2.95,  A^  =  1.95, 
A^  =  .61,  etc.  (see  Problem  33). 

A  more  exact  summation  of  the  terms  would  be  given 
by  adding  by  means  of  Sirapsoa's  Formula.  This  gives 
(Art.  26) 


■C  = 


j^[^/^"o  +  4(j/f«i + y>3  +  y>5  +  •■■) 


3(1: 


■■)+^x] 


^he^e  m^,  «j,  Uj,  etc.,  have  the  values  given  in  Problem  33. 
The  student  should  compare  the  result  obtained  by  this 
method  with  that  obtained  by  the  method  of  direct  addi- 
tion given  above.  Compare  the  value  obtained  with  that 
resulting  when  Durand's  Rule  (Art.  28)  is  iised.  Use 
both  methods  to  lind  the  moment  of  inertia  of  the  sections 
in  Problem  33  and  Problem  34. 

53.  Least  Moment  of  Inertia  of  Area.  —  In  considering 
the  strength  of  columns  and  struts  it  is  necessary  to  know 
the  least  moment  of  inertia  of  a  cross  section,  since  bend- 
ing will  take  place  about  an  axis  of  its  cross  section 
having  such  least  moment  of  inertia.  It  was  shown  in 
Art.  42  that,  if  the  moment  of  inertia  of  the  area  with 
respect  to  two  rectangular  axes  in  its  plane  is  known, 
^^the  moment  of  inertia  with  respect   to  any  other  axis, 


making  an  angle  a  with  one  of  these,  could  be  found.  It 
waa  further  developed  (Art,  44)  that  the  value  of  a  that 
would  render  the  moment  of  inertia  a  miaimum  waa 
given  by  the  equation  r 

taii2«=li^^. 

In  case  either  of  the  axes  x  or  ^  is  an  axis  symmetry,  the 
value  of  B  given  by  this  criterion  Ib  zero,  so  that,  for  areas 
having  an  axis  of  symmetry,  the  axis  of  least  moment  of 
inertia  is  the  axis  of  symmetry  or  the  one  perpendicular  to  it. 
As  an  illustration  of  the  problem  in  general  let  it  be 
required  to  find  the  least  moment  of  inertia  of  the  angle 
section  shown  in  Fig.  73  with  respect  to  any  axis  in  the 
plane  of  the  area  through  the  center  of  gravity.  Let  v  be 
the  gravity  axis  making  an  angle  a  with  the  x-axis.  The 
pToblem  then  is  to  find  such  a  value  of  cc  that  I^  will  be  a 
minimum.     From  Art.  42  we  have 

Ig^sslgj. cos' a  —  sin 2 «  j  x\j3jcdy  +  /„„ sin'  a.. 

In  Art.  50  it  was  found  that  J„^  =  7.14  and  J„  =  12.61. 

We  proceed  now  to  find  the  value  of  |  xydxdy  for  the 
angle  section.  For  this  purpose,  suppose  the  section  com- 
posed of  two  rectangles,  F^  (5  in.  x  |  in.),  and  F^  (^  in. 
X  J  in.),  and  then  find  the  value  of  the  integral,  for  the 
two  rectangles  separately.  Considering  first  the  area  F^, 
and  using  the  double  integration,  we  get  ■ 
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In  a  similar  way  for  F^,  we  have 

=  4.026  [£1^'-C:2P]  =  3.28 
Therefore,  I  xydxdy  for  the  whole  area  of  the  angle  s( 


tan  2  a 


=  2.02. 


Ition  is  5,51  in.  to  the  4th  power.     From  this  wo  find 
^ 11.02 _ 
5.47  ' 
Therefore  2a  =  63°40', 

o  =  31°50'. 
The  expression  for  /„„  now  t 
I^  =  7.14  coa8(31°  50')  ~  5.51  Bin(6S''  45') 

+  12.61 8in''(31<'  50')  =  3. 72  in.  to  the  4th  power. 
Thia  gives  the  least  radius  of  gyration, 
i,,=  .84in. 

PToblem  71.  Find  the  least  monient  of  inertia.  I^  and  least  radius 
of  gyration  kg,  of  the  Z-seotioii  shown  in  Fig.  71.  In  thia  case 
/,,  1=  15.44  in.  to  the  4th  power  and  /„  =  42.12  in.  to  the  4th  power. 
Ans.  Least  /j„  =  5.6S  in.  to  4th  power  and  leaat  t^  =  .81  in. 
Problem  72.  An  angle  iron  has  equal  legs.  The  section,  similar 
to  that  ill  Fig.  73,  is  8  in.  X  8  in.  with  a  thickaesa  of  J  in.  Find 
/p,  T„,  least  /,„  and  least  it^,. 

^A^^.     /^  =  /„  =48.65  in.  to  the  4th  power, 
I^  =  19.50  in.  to  the  4th  power, 
k^  =  1.50  in. 

Problem  73.  Find  the  moment  of  inertia  of  column  eeddon, 
shown  in  Fig.  78,  with  respect  to  an  axis  "  making  an  angle  of  30" 
with  gx.     What  value  of  a  gives  Ip, 
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^B  M.    Tbe  EilipM  of  Isertu.  —  It  is  interesting  to  note, 

tbiv  poiut,  thu  Felalious  betweeo  the  moments  of  inertia 
with  reepect  to  all  the  lines,  in  the  pl&ne  of  the  area  paijs- 
JDg  tlirougb  a  point.     We  have  seen  that  for  every  point 

I  ill  au  area  there  is  always  a  pur  of  rectangular  axes  for 
wtaoh  the  uomeiit  of  inertia  is  a  maximum  or  a  minimum  ; 
ttiat  is,  there  is  always  a  pair  of  principal  axes.  The  c^^ 
Uirion  for  such  axes  was  found  to  be  ^| 


tan  2a 


whi(>h  I 


every  [!• 


_  2(0  ^ 

WHIM,  Niiico  the  tangent  of  an  angle  may  have  any 
[iiii   ')  tu  infinity,  positive  and  negative,  that  ft 
iiit  thwieis  always  a  pair  of  axes  such  that 


i=0,   or  j'xydF=0. 


Tills  mflnns  that  tho  expression  for  7„  may  always 
rsducieil  to  Uio  fiinii 

/, »  7,  cob"  «  +  7^  sinS 
liy  properly  doloutiiig  the  axes  of  reference,  where  n( 
it  11"!  A  i'"l"'"**'"t'  '-1'*'  principal  moments  of  inertia.     If 
Wfi  dlvlilt)  lliroiigii  by  F,  the  equation 


lOi^H 


ut 


•[^    »o  tluit  k,  =  ^^  and  Jfc,  =  |^ 


n 

Of  dividing  by  *J, 


=  fi^,, 


,m. 


p^cos^a 
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which  is  the  equation  of  an  ellipse  referred  to  the  princi- 
pal axes  of  inertia  as  axes.     It  may  be  written 

;^+^"^- 

It  is  evident  that  k,  is  inversely  proportional  to  p,  so 
that  the  major  axis  of  the  ellipse  is  along  the  axis  of  the 
least  moment  of  inertia  and  minor  axis  along  the  axis  of 
greatest  moment  of  inertia.  The  ellipse  of  inertia  has  no 
physical  significance,  but  merely  shows  the  relation  be- 
tween the  moments  of  inertia  with  respect  to  the  different 
axes  through  a  point.  If,  then,  the  moments  of  inertia  for 
all  axes  in  a  plane,  through  a  point,  be  laid  off  on  these 
axes,  to  scale,  the  locus  of  the  end  points  will  be  an  ellipse. 
The  ellipse  of  inertia  furnishes  a  graphical  method  for 
finding  the  moment  of  inertia  for  any  axis  through  a  point. 

55.  moment  of  Inertia  of  Thin  Plates.  —  Suppose  the 
plate  of  constant  thickness  t  and  unit  weight  7  and  let  x 
be  the  distance  of  any  dMiroja  the  axis  of  reference,  then 

I^=j^x^dM='^j^dV=  ^  tfx^dF.     But  this  expression 

under  the  integral  sign  is  the  expression  for  the  moment 
of  inertia  of  the  area  of  one  of  the  faces  of  the  plate,  if  F 
represents  the  area  of  a  face.  Therefore,  the  moment  of 
inertia  of  a  thin  plate  with  reference  to  an  axis  in  its  plane 
equals  —  times  the  moment  of  inertia  of  the  area  of  its  face 

viith  referenee  to  the  same  axis, 

A  similar  statement  is  seen  to  hold  with  reference  to 
the  polar  moment  of  inertia  of  a  thin  plate  by  replacing  x 
by  p  the  distance  of  dJlffrom  a  point.  The  following  re- 
sults are  deduced  at  once. 


I 
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I,  for  tUa  eireular  plate : 

"      g\-ll       i         "V2 
I,  for  thin  redtmgvlar  plate : 

.  _vw+v 


"        2V3 

1 

I,  for  triangular  plate 
/„^  (parallel  to  base)  = 

=  fa-)=^ 

i*..= 

^.1 

3V2     J 

I,  for  elliptical  plate: 

J 

(1)  major  axis: 

T'*"=2 

J 

C2)mmoraris: 

■ 

^  =  ?m  = 

4    '    "'~2' 

■ 

(3)  polar  axis : 

g     i                                 4 

i„- 

2 

(4)  central  axis,  2  r,  ma 

.king  angle  a  with 

major 

axis: 

_    ^"=f('^> 

=    4r'    ■*"      2r" 
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I  56.  Moment  of  Inertia  of  Big'lit  Frism ;  Qeometrical 
\:xM.  —  The  raoineat  of  inertia  of  a  right  prism  of  height 
h  with  respect  to  its  geometrical  axis  is  given  by  the  ex- 

That  ii9,  the  moment  of  inertia  of  a  right  prism  of  height  h 

lal  to  —  times  the  polar  moment  of  inertia  of  its  base. 
9 
From  this  result  we  may  write  ; 

»    For  right  circular  cylinder: 
Slight  parallelopiped : 


V2 


therefore. 


]?(5|».»'  +  i|«!)=f(S'+*!).* 


2V3 


Mi' 


d_ 

12  "*"     2V3' 

the  diagonal  of  the  base. 


where  d 

ISoUow  cylinder: 
^o'-  g\-2         2  J- 2^"^' 
Elliptical  cylinder : 

"     g    i  '• 


-'■!);*.. 


M(l^  +  a^)  . 


*™=- 


OT.  Homent  of  Inertia  of  Bight  FriBm ;  Axis  Perpendicu- 
lar to  Qeometrical  Axis.  —  Let  the  axis  be  perpendicular  to 
the  geometrical  axis  through  the  base.  Consider  a  thin 
slice  cut  from  the  prism  by  two  parallel  planes,  distant  dy 


and  perpendicular  to  the  prism.  The  slice  so  cut  may  be 
couBidered  a  tliin  plate,  whose  mass  is  ^difF,  where  F  is 

the  cross  section  of  tlie  prism.  Suppose  tlie  distance  of 
this  slice  from  the  base  is  y.  Then  the  moment  of  inertia 
of  this  slice  with  respect  to  the  asis  through  the  base  is 


equal  to  its  moment  of  inc-rtia  altout  its  own  parallel 
gravity  axis  plus  its  mass  times  tlio  square  of  the  distance 
between  the  axes.  (See  Art.  41.)  This  will  be  made 
more  clear  by  reference  to  the  special  case  of  the  right 
circular  cylinder  of  Fig.  81  (a).  Adding  the  moments 
of  all  the  slices,  we  have 


^ihnt+j 


For  the  right  circular  cylinder  i 


<.,4> 


^-S^3' 


r 
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1  For  right  ellipti 
(1)  major  iixis: 

cat  eylinder: 

,(2)  minor  axis: 

^=HM)- 

1   For  right  rectangular  cylinder  : 
(1)  paraUel  to  5  :    /;  =  Mf^  +  ^- 

(2)  parallel  to  Aj 

^  ^-4^-f)- 

58.  Homent  of  Inertia  of  Solid  of  Bevolntioa.  —  Con- 
sider the  moment  of  inertia  of  a  solid  of  rerolution  with 
respect  to  its  axis  of  revolution.  Imagine  the  solid  cut 
into  thin  slices,  all  of  same  thickness,  by  parallel  planes 
perpendicular  to  the  axis  of  revolution.  Each  slice  is  a 
circular  disk  of  thickness  dy  and  radius  x,  and  its  polar 
moment  of  inertia  with  respect  to  the  axis  of  revolution  is 

J-duTTH?  ■  —■     The  moment  of  inertia  of  the  solid  of  revo- 

9  2 

lutioQ  is  the  sum  of  the  moments  of  the  small  slices,  so 

that 


^-=/f/* 


the  limits  of  integration  and  the  relation  between  x  and  j 
depending  upon  the  particular  solid  considered. 
For  right  eireular  cone  : 

^^L  The  right  circular  cone  is  illustrated  in  Fig.  81  (J). 

^^Rir  this  case 

^B         "^      Jo  1g     ^      -Igh^Ja^  "         \f)g 


-  =  ~M^^ 


^  =  -,y- 


J 
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For  a  sphere : 

BiDce  x^=i^  —  y'^ 

=  7^  ■  :^r*  =  f  arr« therefore  A:a=f  r"- 
g       lb         o  <^     & 

For  an  ellipsoid  of  revolution : 

(1)  prolate  apberoiii: 

aince  v=  -  Va^  —  3?, 

a 

and  .-^™J",  I„-^  ■  :^«'  =  |m6>, 

a  ga*      15         5 

(2)  oblate  spheroid : 


I 


7^a*     Aw 
'  gt^       15 


|jlfo«, 


since  ^  =  t  Vi'  —  w^,  and  u  =  -  7r6a*, 

5d.    Moment  of  Inertia  of  Bight  Circnlar  Cone.  —  When 

the  moment  of  inertia  of  a  right  circular  cone  with  respect 
to  an  axis  through  its  vertex  parallel  to  the  baae  is  to  be 
found  we  may  proceed  as  in  Art.  58. 
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Imagine  the  cone  to  be  cut  by  parallel  planes  into  slices 
as  shown  in  Fig.  81  (ft).  The  moment  of  inertia  of  the 
whole  cone  with  respect  to  x  is  equal  to  the  sum  of  the 
moments  of  the  small  slices  with  respect  to  x. 


■    Then 


tTrx^dn    > 


f) 


3  that 


■±g  o        go  \20         5    / 


60.   Homent  of  Inertia  of  Mass;   Farallel  Axis. — If  the 

moment  of  inertia  of  a  mass  with  respect  to  an  axis  in 
space  is  known,  it  is  im- 
portant to  be  able  to 
determine  its  moment 
with  respect  to  any  par- 
allel axis.  Let  dM  be 
the  mass  of  a  particle  of 
the  body,  a'  and  a  (Fig.  , 
82)  the  parallel  axes  dia- 
tiiut  d,  and  r'  and  r  the 
distances  of  the  mass 
from  the  two  axes. 

From  the  triangle  7^=r 
by  dSfa,nd  integrating  ovc 


'  +  d^—  2  r'd  cos  0,  multiplying 
■  the  body,  we  have 


jj^dM=  ^r'HM-\-  fd^M-  J2  r'd  cos  edM. 

61036.\ 


But  /  cos  ^=d',  the  distance  of  dM  from  a  plane  through 
a',  perpendicular  tn  the  plane  a'  and  a,  ^M 

80  that  j.,adM=  j'r'V3/+  (PM-  2  d^d'dM,        H 

or  la  =  la-  +  fUM  -  2  dMd', 

where  3^  represents  the  distance  of  the  center  of  gravity 
of  the  mass  from  the  plane  through  a'  perpendicular  to 
the  plane  of  a'  and  a. 

From  this  relation,  if  the  position  of  the  body  is  known 
and  its  moment  of  inertia  with  respect  to  an  axis  in 
space,  its  moment  of  inertia  with  respect  to  any  other 
parallel  axis  may  be  found. 

Tn  particular,  if  d'  =  0,  that  is,  if  the  center  of  gravity 
of  the  body  lies  in  a  plane  through  a'  perpendicular  to 
the  plane  of  a'  and  a,  the  relation  reduces  to 
J,=  I^.-\-MdK 

That  is,  the  moment  of  inertia  of  a  mags  with  respect  to  any 
CLris  in  space  is  equal  to  its  moment  of  inertia  with  resjieet  to 


]C 


3C 


a  parallel  axis,  lying  in  a  gravity  plane,  perpendicular  to 
line  joining  the  two  axes,  plus  the  mass  times  the  square  of 
the  distance  between  the  bodies. 

The  student  will  notice  that  this  relation  is  very  similar 
to  the  one  developed  for  the  moment  of  inertia  of  plane 
areas  with  respect  to  parallel  axes,  in  Art.  41. 


iKe 


Problem  74.  Show  tljat  the  moment  of  inertia  of  a  right  circular 
cylinder,  altitude  h,  and  radius  of  base  r,  with  respect  to  a  gravity 
aiia  parallel  to  the  base  ia  /ji  =  Ml  — Htt  )i  "'id  find  the   moment 

of  inertia  with  reapect  to  an  axis  parallel  to  this  and  at  a  distance  d 
from  the  base. 

Problem  75.  Show  that  tha  moment  of  inertia  of  a  right  circular 
cone,  altitude  h,  and  radius  of  base  r,  with  respect  to  a  gravity  axis 
parallel  to  the  base  in  If  ^  ^^M  (7^  +  \h''). 

Problem  76.  Find  the  moment  of  inertia  of  a  slender  rod  of 
lenj;th  I  with  respect  to  an  axis  through  one  end  and  perpen- 
dicular to  the  rod.  Let  the  cross  section  be  Fand  the  mass  M;  then 
/  =  ■  MP. 

Problem  77.  It  is  required  to  find  the  moment  of  inertia  of  the 
cast-iron  disk  fly  wheel  shown  in  Fig.  83  with  respect  to  its  geomet- 

HisT.  The  wheel  may  be  regarded  as  made  up  of  three  hollow 
cylinders,  the  moment  of  the  whole  wheel  being  equal  to  the  sura 
of  the  moments  of  the  three  parts.  The  diniensious  are  as  follows: 
diameter  of  wheel  2  ft.,  width  of  rim  and  hub  4  in.,  thickness  of  rim 
and  web  3  in.,  thickness  of  hub  1}  in.,  and  diameter  of  shaft  2  iu. 
All  distances  most  be  in  feet. 
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Problem  78.  Find  the  moment  of  inertia  of  the  c&at-iron  fly 
wheel  sliowu  ill  Fig.  84  with  reapeot  to  its  axis  of  rotation.  There 
are  six  elliptioal  spokes,  and  these  may  be  regarded  as  of  the  same 
cross  section  throughout  their  entire  leugtb. 

61.     Homent  of  Inertia  of  Non-homogeneous  Bodies. — When 

Uie  bodieB  are  not  Iiuniogoneoii.s,  tlie  expressions  for  the 
momeut  of  inertia  giveo  in  tliis  chapter  do  not  hold,  since 
in  thftt  case  7  is  no  longer  constant.  In  case  the  law  of 
variation  of  7  ia  known,  as  for  example  if  7  varies  as  the 
distance  from  the  lino,  then  thia  variable  value  of  7  may 
be  used  and  the  moment  of  inertia  found. 

Let  it  be  required  to  find  the  moment  of  inertia  of  a 
right  circular  cylinder  with  respect  to  an  axis  through  its 
base,  if  the  density  varies  as  the  distance  from  the  base, 
in  such  a  way  that  7  =  y,  where  ^  is  a  distance  measured 
from  the  base  (Art.  57). 


I 


If  7  varies  in  some  other  way,  the  proper  value  must 
be  used  in  the  integral.  In  most  cases,  however,  7  is 
a  constant. 

62.     Homent  of  Inertia  of  a  III  ass  ;  Inclined  Azia. — We 

shall  now  study  the  problem  of  finding  the  moment  of 
inertia  of  a  solid  with  respect  to  an  axis  inclined  to  the 
coordinate  axes.      Suppose  the  moments  of  inertia  of  the_ 
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body  with  respect  to  the  three  coordinate   axes  known 

I  from  the  expressions: 
i 

and  let  it  be  required  to  find  the  moment  of  inertia  of  the 
body  with  respect  to  any  other  axis  OA  making  angles 
a,  j8,  7  with  the  coordinate  axes.  (See  Fig.  85.)  Let 
dW  equal  the  mass  of  an  infinitesimal  portion  of  the  body 
and  d  its  distance  from  the  axis  OA. 

Since  »^  =  3^  +  ^^  +  s^  OA  =  x  cos  a  +  y  eos  /S  +  z  cos  y 
and 
d^  =  r^—  0^^  =  (a^+  ^5  +  i^  —  (a:  cos  a+  y  cos  j8  +  «  0037)^ 


I^=flis'+3y^)dM, 


3  may  write 
=  j*[(^  +  2/*  +  2^)-C3:coaa  +  ^cos^+zcos7)3]rf-3f. 


This  reduces,  since  c 


«  + 008^^4- cos' 7  =  1,  to 


I 


+  j(.x^  +  y^)  cos"  ydM-  2  cos  a  cos  fi^xi/dM 

—  2  cos  j8  cos  yCyzdM—  2  cos  7  cos  aCxzdM, 
or 

loA  =  Ix  C08=  a  +  /^  COS=  ;9  +  /,  COs"  7  -  2  COS  «  COS  ^ ^ xi/dSf 

—  2  COS  /3  COS  7  \yzdM—  2  cos  7  cos  « \xzdM, 

which  gives  the  moment  of  inertia  of  the  body  with 
respect  to  an  inclined  axis  in  terms  of  the  moments  of 
inertia  with  respect  to  the  coordinate  axes  and  the  prod- 
ucts of   inertia  \xydM,  \yzdM,  ^nA\xzdM. 

63.  Principal  Axei. ' — If  the  three  products  of  inertia 
\i-ydM,    \yzdM,  and  \xzdM  are  each  equal  to  zero,  the 

expresaion  for  lo^  reduces  to  the  form  ^H 

loi  =  Ix  cos"  a  +  J^  cos"  /3  +  i^  cos*  7.  ^^k 

In  this  case  the  coordinate  axes  x,  y,  and  z  are  called 
the  principal  axes  for  the  point  0  and  the  moments  I^  I^, 
and  I,  the  principal  moments  of  inertia. 

If  the  point  0  is  the  center  of  gravity  of  the  body  and 
the  products  of  inertia  are  each  equal  to  zero,  the  prin- 
cipal axes  are  called  the  principal  axes  of  the  body.  It 
can  be  shown  that  it  is  always  possible  to  select  the 
coordinate  axes  x,  y,  and  z  so  that  the  products  of  inertia 
given  in  the  expression  for  7^^  will  each  be  zero.  It  fol- 
lows that  for  every  point  of  a  body  there  exists  a  set  of 
rectangular  axes  that  are  principal  axes. 
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Problem  79.     Find  the  moment  of  inertia  of  the  ellipsoid  whoae 
.,_.  BOrfaoe  is  giTen  by  the  equation 


I 


I 


with  reapeet  to  the  axes  a,  b,  and  c,  and  with  leapect  to  an  inolined 
axis  making  anglea  n, P,y  with  a,  b,  and  c, respectively.  The  volame 
of  an  ellipsoid  is 

and  !o4  =  h  cos' «  +  /( coa^  ^  +  h  cos^  y. 

64.  Ellipsoid  of  Inertia.  —  It  ia  always  possible  to  re- 
duce the  expression  for  Joj  to  the  form 

loA  =  ^  co**^  «  +  /j,  cos^  &  +  Is  cos^  7, 

that  the  products  of 


by  selecting  the  axes  x,  y,  and 
inertia  are  zero. 

Dividing  this  equation  through  by  M,  we  have 

L         kl^  =  kt  cos2  «  +  A^  cos^^  +  k^  cos2  7. 


lLetp  =  ^S 


)  that 


*•- 


tjc. 


'.-j:^'' -"■=§:• 


M/ 


BO  that 


7.9  __p^/c^^cos^  a      p^^if^  cos^y9      fl%(^,  cos^7 

brHch  when  divided  through  by  koA  becomes 
I  _  fp  "^QS  "^^  .  (P  <^°s  ff ")^  .   (p  COS  7)^ 
*.==*,=  ftX  ^.'-fc* 


I 
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This  is  seen  to  be  the  equation  of  aa  ellipsoiJ  whose 
semi-axes  are  Ar.A-^,  kjc^  and  kjt^;  the  equation  may  be 
written 


Kkl    i/A 


KX 


where  3^,  y',  and  z'  represent  the  coordinates  of  a  point 
on  the  line  OA  at  a  distance  p  from  0. 

It  is  evident  that  if  we  draw  all  the  lines  through  0  and 
then  locate  all  points  x',  y',  and  z'  on  these  lines,  such  that 

p  = ,  the  locus  of  all  the  points  will  be  the  ellip- 
soid of  inertia  for  that  point.  For  the  position  of  the  co- 
ordinate axes  selected,  the  principal  axes  of  the  ellipsoid 
of  inertia  coincide  with  the  principal  axes  of  the  body. 

Problem  80.    Write  the  equation  and  oonstruct  the  inertia  ellip- 
Boid  for  the  center  of  gravity  of  a  right  circular  cylinder,  altitude  k 
and  radius  r. 
Z 

Froblam  81.  Construct  the 
inertia  ellipsoid  for  the  center 
of  a  solid  sphere  of  radius  r. 

Problem  82.  Show  that  the 
nioiiieiit  of  inertia  of  the  seg- 
inent  of  the  circle  Fi  (Fig.  86) 
with  respect  to  the  axis  OZ  is 


?(1 


1  = 


the     moment    of    the    sector 
OBSA,  minus  J  ah\  the 
ment  of  the  triangle  OAB 


'«=h(^ 


] 
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and  the  moment  of  inertia  of  Fi  with  respect  to  OS  'St(  ii~  o  ^^"  ")• 
the  moment  of  inertia  of  the  sector,  minus  \  ha^,  the  moment  of  inertia 
of  the  triangle  A  OB  or  los  =  J[a  -  sin  a  (l  +  1 3in^)]  • 

Problem  S3,  Show  that  the  moment  of  inertia  of  the  coimter- 
lialanoe,  Fig.  37,  with  respect  to  a  line  through  0,  perpendicular  to  OS, 
and  in  the  plane  of  the  wheel,  is 


=[S(- 


IfiV 


where    F.  =  e-i -ar,  cos  S,  00' =  r,  eose-rooai5, and  iiathe thick- 
nees,  as  explained  in  Art.  25, 

Problem  84.  Find  the  moment  of  inertia  of  the  counterhalance. 
Fig.  37,  with  respect  to  a  line  tlirough  0  perpendicular  to  the  plane  of 
the  wheel.    It  may  be  written 


ll«L 


./J  1+; 


6S,  Moment  of  Inertia  of  locomotive  Drive  WheeL  —  The 

drive  wheel  may  he  represented  as  iu  Fig,  87,  and  may  be 
considered  as  made  up  of  a  tire,  rim,  twenty  elliptical 
spokes,  counterbalance,  and  equivalent  weight  on  opposite 
side  of  center,  and  hub.  The  tire,  rim,  and  hub  may  each 
be  considered  as  hollow  cylinders  whose  moments  may 
be  found  as  in  Art.  56.  The  moment  of  the  spokes  is 
easily  found  by  considering  them  elliptic  cylinders  (see 
Art.  57),  with  the  short  axis  of  the  ellipse  in  the  plane  of 
the  wheel.  The  moment  of  the  counterbalance  is  equal 
to  the  moment  of  the  weights  carried  by  the  crank  pin, 
radiiis  of  counterbalance 


times 


radius  of  crank 
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The  dimensions  of  the  wheel  are  as  follows :  radius  of 
tread  40",  radius  of  inside  of  tire  36",  width  of  tread  5", 
outside  radius  of  rim  36",  inside  radius  of  rim  34",  width 
of  rim  4y.  There  are  twenty  elliptical  spokes  24"  long, 
Z\"  X  '2\".  The  hub  is  10"  outside  radius,  4|"  inside 
radius,  and  8"  tliick,  radius  of  crank  pin  circle  18",  The 
counterbalance  has  an  outside  radius  of   34",  an  inside 


radius  of  7'  11.5",  thickness  7^",  mass  20,2,  and  distance 
of  its  center  of  gravity  from  the  center  28.8",  a  =  94°  40', 
^  =  30°  20',  7  =  490  (Art.  64). 

We  shall  neglect  the  moment  of  inertia  of  the  flange 
and  shall  consider  the  spokes  cylindrical  throughout 
their  length,  and  that  10^  of  the  moment  of  inertia  of 
the  spokes  is  included  in  that  of  the  coimterbalance  and 


MOMENT  OF  INERTIA 


109 


bo3S.  The  moment  of  inertia  of  the  wheel  with  respect 
to  its  axis  of  rotation  will  first  be  found.  The  moment 
of  inertia  consists  of:  1^  for  tire  =  415,  I^  for  rim  =  139,  ■ 
/(,  for  spokes  =  246,  Xq  for  hub  =  7,  I^  for  counterbalance 
I  =344,  and  for  boss  =  73.  The  total  moment  is  1224. 
H  With  respect  to  a  gravity  axis  OZ,  Kig.  86,  in  the  plane 
^)f  the  wheel  when  the  counterbalance  is  in  a  position 
where  the  line  joining  its  center  of  gravity  to  the  center  ia 
perpendicular  to  OZ,  we  get  for  the  moment  of  the  vari- 
ous parts:  loz  for  tire  =  207,  Toe  for  rim  =  69,  /qi  for  spokes 
=  123,  lot  for  hub  =  3,  Jm  for  counterbalance  =  279,  and 
for  boss  =  73.  The  total  moment  is  755.  In  computing 
the  moment  of  the  spokes  in  this  case,  it  was  necessary 
to  consider  that  it  differs  for  each  spoke.  The  value  48 
was  obtained  by  computing  the  moment  of  inertia  of  a 
spoke  perpendicular  to  OZ,  multiplying  by  20,  deducting 
tOfo  for  the  part  of  spokes  in  counterbalance  and  boss, 
and  then  dividing  the  remainder  by  2.  This,  of  course, 
is  only  a  reasonable  approximation. 

Problem  85.  Compute  the  moment  of  inertia  of  a  pair  of  driyera 
and  their  axle  'with  respect  to  their  axis  of  rotation.  Use  the  data 
given  above  and  assume  the  axle  aa  cyUsdrical,  the  diameter  heitig 
SI"  and  the  length  68".     A  ns.  2431. 

Ftoblem  86.  Compute  the  moinent  of  inertia  of  the  pair  of 
drivers  and  their  aile,  given  in  the  preceding  problem,  with  respect 
to  an  aiia  midway  between  the  wheels  and  perpendicular  to  the  axle. 
Consider  the  counterbalance  of  both  wheels  in  such  a  poaitioo.  as  to 
give  a  maximum  moment  of  inertia  and  the  distance  between  the 
centers  of  the  wheels  60".     Ans.  3445. 

Problem  87.  Find  the  moment  of  inertia  of  two  cast-iron  car 
wheels  and  their  connecting  steel  axle  with  respect  to  (a)  their  axis 
of  rotation,  (6)  an  axis  midway  between  the  wheels  and  perpendicular 


I 


I 
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to  the  axla  Consider  the  car  wheels  as  compoBed  of  &ti  outside  tread, 
a  circular  web,  and  a  hub ;  each  part  may  be  considered  a  hollow  cyl- 
inder with  the  following  dimenaions :  tread,  outside  radius  16",  inside 
radius  14",  width  oj" ;  web,  outside  radius  14",  inside  radius  51", 
thickueBs  1.5" ;  hub,  outside  radius  5  j",  inside  radiuB  2}",  width  8" ; 
axle  (considered  cjlindricul),  5"  diameter  and  7'  3"  long.  Distance 
betveeu  centers  of  wheels  60".  According  to  the  assumption  made 
above,  the  flange  has  been  neglected,  the  web  is  considered  a  hollow 
disk,  and  the  axle  of  uniform  diameter  throughout  its  length.  The 
results  will  be  approximately  as  follows:  (a)  40,  (b)  320. 

Problem  88.  The  value  755  is  the  greatest  t-alue  far  the  moment 
of  inertia  of  a  drive  wheel  with  respect  to  a  gravity  axis  in  its  plane. 
The  least  value  will  he  with  respect  to  an  axis  at  riglit  angles  to  this 
through  the  centers  of  gravity  of  the  counterbalance  and  wheel.  The 
student  should  compute  this  least  moment  of  inertia. 

FToblem  89.  In  I'roblem  8(1  the  drivers  have  been  considered  as 
having  their  crunks  in  the  same  plane.  Id  practice  they  are  DO"  apart. 
Find  tbe  moment  of  inertia  with  respect  to  the  axis  stated  when  the 
wheels  are  so  placed. 
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FLEXIBLE   CORDS 

66.  Introdnotion.  —  A  cord  under  tension  due  to^ 
load  may  be  considered  as  a  rigid  body.  In  the  analysis 
of  problems  in  which 
such  cords  are  consid- 
ered, the  method  of 
cutting  or  section  may 
be  used.  Since  the  cord 
is  flexible  (requiring  no 
force  to  bend  it),  it  is 
easy  to  see  that,  no 
matter  what  forces  are 
acting  upon  it,  it  must 
have  at  any  point  the 
direction  of  the  result- 
ant force  at  that  point, 
and  so  must  be  under 
simple  tension.     If  the  ^^-  ^ 

cord  is  curved,  as  is  the  case  where  it  is  wrapped  around 
a  pulley,  the  resultant  force  is  in  the  direction  of  the 
tangent, 

Consider,  as  the  simplest  case,  a  weight  W  suspended  by 
a  cord,  as  shown  in  Fig.  88  (a).  The  forces  acting  on  W 
are  shown  in  (A)  of  the  same  figui'e.  The  cord  has  been 
considered  cut  and  the  force  T,  acting  vertically  upward, 


has  been  used  to  represent  the  tension.  Summation  of 
vertical  forces  =  0,  gives  T=  W.  When  the  weight  W^ 
la  supported  by  two  cords  as  in  Fig.  88  (e),  the  cords  A 
and  B  are  under  tension  and  may  be  cut.  The  system  of 
forces  acting  on  the  point  0  is  shown  in  (rf).  where  1"  and 
T"  represent  the  tensions  in  the  cords  A  and  £,  respec- 
tively.    2a;  =  0  and  2y  =  0  give 


and 


T  cos  «  =  T"  cos  ,9 
TBinu+  T"sinff=  W,. 


determine    the 


I 


These   two   equations   are    sufficient 

unknown  tensions  I*  and  T". 

If  two  weights  TTj  and  W^  are  attached  to  the  cord,  as 
shown  in  the  case  of 
the  cord  ^5Ci>  (Fig. 
89),  each  portion  is 
under  tension.  Con- 
sider the  cord  cut  at 
A  and  D  and  repre- 
sent the  tensions  by 

?i  and  Jj  respectively.     From  "^.1=0  and  £y  =  0  we  have 

Tf  cos  7  =  Tj  COS  a  _ 

and  T^  sin  y +Tj  sin  a  =  W^+W,.  H 

A  consideration  of  the  forces  acting  at  B,  if  we  call  the 
tension  in  the  portion  BO,  T^,  gives,  when  the  summation 
of  the  X  and  y  forces  are  each  put  equal  to  zero, 

2r,cos7=7'gCosj9  ^1 

T^m-ny-  2*3 sin ^=  Wy 
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In  a  similar  way,  conskler  tlie  forces  acting  on  the  point 
c,  and  we  have 

and  2;  sin  /3  +  I^  sin  «  =  Tfj. 

Of  the  six  equations  given  above  only  four  are  independ- 
ent ;  consequently,  of  the  six  quantities  T^,  T^,  2g,  «,  ^, 
and  7,  two  must  be  known  in  order  to  determine  the  other 
four. 

In  general,  if  there  are  n  knots  such  as  £  and  C  of 
Fig.  89,  with  the  weights  W^,  W^,  W^,  W^,  etc.,  attached, 
it  will  be  possible  to  get  n  -}-  2  independ- 
ent equations.  These  will  be  sufficient 
to  determine  the  tension  in  each  portion 
of  the  cord  and  its  direction,  provided  the 
tension  at  A,  say,  and  its  direction  are 
known.  If  the  weights  are  close  together, 
the  curve  takes  more  nearly  the  form  of  a 
smooth  curve.  Two  special  cases  of  this 
kind  are  discussed  in  this  chapter  in  Art. 
68  and  Art.  69. 

67.  Cords  and  Pulleys.  —  When  a  cord 
passes  over  a  pulley,  without  friction, 
the  tension  is  transmitted  along  its  length 
undiminished.  A  weight  W  attached  to 
a  cord  which  passes  vertically  over  a  pulley 
is  raised  by  a  direct  downward  jiuU  P  on  ''"'■  ^ 

the  other  end  of  the  rope.  If  there  is  no  friction,  P  is 
equal  to  W.  In  the  case  of  a  system  of  pulleys,  as  shown 
in  Fig.  90,  the  cord  may  be  considered  as  under  the  same 
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tension  throughout  and  parallel  to  itself  in  passing  from 
one  sheave  to  the  other.  It  is  then  possible  to  cut  across 
the  cords,  just  as  was  done  in  the  case  of  the  bridge  truss, 
Problem  47,  where  the  stress  was  along  the  member  in  each 
case.  Cutting  all  the  cords  at  O  and  considering  all  the 
forces  acting  on  the  sheave  B,  we  get,  calling  the  tension 
in  the  cord  P,  %  P=W 

or  the  tension  in  the  cord  is  W/6.  A  consideration  of  the 
upper  sheave  gives  7=7^  =  7/6(1^").  The  various 
cases  of  cords  and  pulleys  that  come  up  in  engineering 
work  may  be  taken  up  in  a  similar  way,  but  in  any  case 
of  cutting  cords,  it  must  be  remembered  that  all  cords 
attaching  one  part  to  another  must  be  cut  and  the  tension 
acting  along  the  cords  inserted  before  tlie  principles  of 
equilibrium  can  be  applied.  The  consideration  of  the 
friction  between  oords  and  pulleys  will  be  taken  up  in 
Chapter  XIV. 

68.  Cord  with  TTniform  Load  Horizontally. — When  a  cord 
is  suspended  from  two  points  A  and  B,  Fig.  91  (a),  and 
IB  loaded  with  a 
uniform  load 
horizontally  in 
such  a  way  that 
the  points  of 
attachment  of 
the  load  to  the 
cable  are  very 
close  together, 
the  cable  takes 
the   form   of   a 
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continuous  curve.  The  resultant  tension  in  the  cable  in 
this  case  is  in  the  direction  of  the  cable  at  any  point. 
Suppose  the  cable  cut  at  the  points  0  and  C,  where  0  is 
the  middle  point  and  G  any  point  between  0  and  B,  and 
consider  the  forces  acting  on  the  cut  portion.  At  0  there 
is  a  tension  T  making  an  angle  a  with  the  horizontal,  Fig. 
91  (6).  AtO,  the  lowest  point  on  the  curve,  the  tension 
(P)  is  horizontal.  The  curve  is  supposed  loaded  with  a 
uniform  load  of  W  pounds  per  linear  foot,  so  that  Wx 
represents  the  total  horizontal  loading.  Writing  down  the 
equations  2a;  =  0  and  It/  =  0,  we  obtain 

J'^I'eoaa, 

^k  Wx=  T  sin  a, 


Wx 
P  ■ 

=  SPy, 

which  is  the  equation  of  the  curve  taken  by  the  cable  under 
the  assumed  loading.  This  is  a  parabola.  The  deflection 
ot  the  curve  at  any  point  can  be  found  by  putting  in  the 
value  of  X  for  that  point  and  solving  for  jf.  If  I  equals 
length  of  span  and  d  the  maximum  deflection  at  the  center, 

then  d  =  -^. 

The  length  of  the  cable  may  be  found  by  considering 
the  formula  ^,, 


I 


wLere  ds  ia  measured  along  the  curve.     The  length  OB, 
or  seini-length  of  the  cable  for  a  span  I,  is,  since 

I'Vom  the  equation  of  the  curve  ^='^y^  we  have 


Therefore, 

05 -X> 


ix     P  ' 


Expanding  the  two  terms  of  the  above  expression  into 
infinite  series  and  adding  lilte  terms,  we  may  express  the 
total  length  of  the  parabola  in  terms  of  I,  W,  and  P : 


Total  length  =  ?  + 

or  in  terms  of  I  and  d; 

Total  lun^  =24 


241^     768  P* 


8ri^     82  d*  I 


In  general,  the  convergence  of  either  of  the  above  series 
will  be  sufficiently  rapid  that  only  the  first  two  terms 
need  be  used.  In  such  cases  they  will  be  found  con- 
venient for  computation. 
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t  taken  i 


The  point  of  maximum  tension  in  the  cable  is  determined 
by  considering   tlie   equation   P  =  T  coan  or  T= . 

GOSK 

It  is  easy  to  see  that  T  is  greater,  the  smaller  the  value 
of  cos  a,  that  is,  tho  larger  the  value  of  a,  and  this  is 
greatest  at  the  points  of  attachment  A  and  B.  This  is 
the  problem  of  the  suspension  bridge  where  tlie  \yeight  of 
the  cable  is  neglected. 

69.  Equilibrium  of  a  Flexible  Cord  Dae  to  its  Own  Weight.  — 
Where  the  loading  along  a  flexible  cord  or  cable  is  uni- 
form, as  in  the  case  where  the  cable  bends  due  to  its  own 

eight,  the  shape  of  the 
no  longer 
will  be 
shown  in  what  follows. 
Suppose  a  portion  of  the 
cable,  00,  Fig.  92,  with 
its  load,  cut  free,  and  let 
the  tensions  in  0  and  C  (Ois  the  middle  point  and  Cis  any 
point  between  0  and  5)  be  P  and  T  respectively.  Then, 
2a;  =  0  and  2^  =  0  give  P  =  T  cos  a  and  Ws=  7"  sin  a, 
and  from  these  two  equations,  by  division,  we  have 

I  tan  »  =  —-  or  -2  =  _ - 

I  P  dx       P 

where  e  represents  distance  along  the  curve,  and  is  re- 
lated to  X  and  y  in  such  a  way  that  d^  =  dx^  +  dy^. 
Eliminating  dy  between  this  and  the  previous  equation, 
9  obtain 


dx  = 


ds 


ds 


^^1  + 


IfV     w 


I  J" 


+«" 


P 


.1»S.(^' 


X#..^, 


^1 


•+\1 


(») 


This  ^T«s  a  ndakioa  bet-trv^n  t  aiul  i>     A  relation  be- 
tw««a  y  uul  «  auT  be  ubcuoml  by  eLiminating  dx  between 

tb«  MOktiom  v^™-^  i">*i  itf  =  ii»"  +  a^y"-     This  gives 


*- 


V^+' 


,.V^^=V7 


IF' 


(S) 


Elimmating  i  between  (<!>  and  (i),  ve  get  the  equation 
of  the  curve  taken  by  the  cable  to  he 


»  + 


W 


This  ia  the  equation  of  the  catenary  with  the  origin  at  the 
vertex  and  the  y-asis  the  axis  of  symmetry. 

If  the  length  of  spun  is  t,  the  maximum  deflection  of  the 
cable  at  the  center  may  be  determined  by  substituting 
z=  —  in  (c).  The  semi-length  of  the  cable  may  be  found 
from  (a)  by  substituting  x=-  and  solving  for  s.  For 
this  purpose  (a)  may  be  written  in  the  exponential  formj,- 
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remembering  that  aP'  =  n  may  be  written  m  =  loga  n,  we 


P 

~2W 


i,--.-). 


w 


Since  P=  T  cosa  or  T=' ,  it  ia  evident  that  the  maxi- 

cos  a, 

mum  tension  occurs  at  the  supports  A  and  B. 

70.   Eepresentations  by  Keans  of  Hyperbolic  Functions.  — 

Eciuationa  (c)  and  (cf)  may  be  expressed  in  a  simpler  form 
by  using  the  hyperbolic  functions,  remembering  that  the 
hyperbolic  sine  and  cosine  are  expressed 


ainh 


Wx_e  ' 


cosh  J^  =  ^ 


^RiTe  have  for  equation  (c) 
and  for  equation  (J) 


I  It  is  evident  that  for  rapidity  of  computation  of  s  and 
(,  tables  giving  the  values  of  the  hyperbolic  sine  and 


For  this  reason  a  table  is  given  in  Appendix  I,  and  the 
student  is  requested  to  use  this  table  in  solution  of  the 
problems. 


APPLIED  MECHANICS   FOB   EyOINEERS 


Problem  90.  A  suspension  bridge  as  shown  in  Fig.  93  has  a  span 
of  1200  ft.  and  the  cable  a  iiiaxinmm  deflection  at  the  center  li  =  120 
ft.    The  weight  of  the  floor  is  2  tons  per  linear  toot.     Find  the 


equation  of  the  cable  and  the  teiwion  at  O  and  at  B  If  the  sate 
strength  of  cable  is  75,000  lb.  per  aquare  inch,  fi[id  the  area  of  wire 
section  of  cable  oecesaarj  to  Hupport  the  floor. 

FroblBm  91.  Find  the  length  of  tlie  cable  in  the  preceding 
problem. 

Problem  92.  A  flexible  wire  weighing  i  lb.  per  foot  ia  sup- 
ported by  two  postA  200  ft.  apart.  The  horizontal  pull  on  the 
wire  ia  600  lb.  Find  tlie  deflection  at  the  center  and  the  length  of 
the  wire. 

Problem  93.  What  pull  will  be  neceBsary  in  Problem  02  ho  that 
the  greatest  deflection  will  not  be  greater  than  6  in.?  What  is  the 
length  of  the  wire  for  this  case? 

Problem  94.  Find  the  tension  in  the  wire  of  Problem  92  at  the 
supports. 

In  practice  use  is  often  made  of  the  fact  that  the  exponential  func- 
tion may  be  expai^ded  into  an  infinite  series,  so  that 


^+w=w'""^ 


Wx 
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Wx 


may  be  writteil,  remembering  the  meaning  of  cosh 


p' 


'      W     2W\         P«       8.4P*        /' 


or  1/  :s '   ■    '  +  +  •••• 

^       2JP       2.8.4JP« 

In  a  similar  way  we  may  write 

or  «  =  a?  +   ^^^  +  ... 

2  •  8  JP« 

Since  tan  a  at  the  supports  may  be  written  tan  a  =  sinh  ---,  we 
may  write  it  as  the  following  series : 


tana  =  |^+J?^  + 


IF«I5 


2JP     48JP8     2.8-4-6.82JP<^ 

When  the  series  are  rapidly  convergent,  only  the  first  terms  need 
bensedy  so  that 

Wx^  +      ^^ 


2P      2.8.4P« 
'-^"^2T8^' 


and  tan  a  =  -—-  +  ^  ^_ « 

P        6P» 


When  y  =  c{, «  =  ^9  so  that 


8P      2.8.4.16P»' 


or  apprcoimately       ^  ^  E?  ^nd  so  1>  =  ^^ 

8JP'  Sd 
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Also  at  the  supports  tan  a  is  approximately 

Wl     4<l 


tUla  = 


When  a:  =  -> 


2JP 


2     48P2     2      6/ 
The  total  length  of  the  cable  or  wire  may  then  be  expressed  as 

Total  lenflrih  =  I  +  ^- 

The  student  should  make  use  of  these  f ormalsB  in  solving  the  pre- 
ceding problems. 
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71.  Velocity.  —  The  velocity  of  a  body  is  its  rate  of 
motion.  If  the  velocity  is  constant  (uniform),  it  may  be 
defined  as  the  ratio  of  the  distance  passed  over  to  the 
time  spent  in  passing  over  that  distance.  If  the  velocity 
is  variable,  the  velocity  at  any  instant  is  the  velocity  that 
the  body  would  have  if  at  that  instant  the  motion  should 
become  uniform.  Speed  is  sometimes  used  instead  of 
velocity,  especially  in  speaking  of  the  motion  of  machines 
or  parts  of  machines.  Speed,  however,  involves  only  the 
rate  of  motion  without  reference  to  the  direction  of 
motion,  while  velocity  involves  both  rate  of  motion  and 
the  direction  in  which  the  motion  takes  place.  Since  con- 
stant velocity  is  the  ratio  of  distance  to  time,  it  may  be 
represented  as 


P  The  units  for  measuring  velocity  are  those  of  distance 
and  time,  usually  feet  and  seconds.  Thu3  a  body  has  a 
velocity  of  k  feet  per  -, 

second  or  a  train  has    ^  V  ? 

a  velocity  of  k  miles    n  '  "F  ' 

per  hour. 

A  formula  for  expressing  the  relation  between  velocity, 
distance,  and  time  for  variable  velocity  may  be  derived  by 
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referring  to  Fig.  9'1.  Suppose  a  body  to  have  moved 
from  0  to  i*  over  the  distance  8  with  variable  velocity. 

Let  V  be  its  velocity  at  /*  and  (  the  time.  In  moving  to 
another  position  /*,  distant  As,  the  velocity  changes  by  an 
amount  At;  and  tlie  time  by  an  amount  A(,  so  that  at  P^ 


At' 


9  Av,  A«,  and  A£  approach  zero  as  a  limit, 


I 


that  is,  the  velocity  is  tke  first  derivative  of  the  distance  with 
respect  to  time. 

72.  Acceleration.  —  Acceleration  may  be  defined  as  the 
rate  of  change  of  velocity.  If  the  velocity  changes  by 
equal  amounts  in  e'[ual  times,  the  acceleration  is  said  to 
be  constant  or  uniform,  otherwise  it  is  variahle.  Constant 
acceleration,  then,  is  the  ratio  of  the  velocity  to  time ;  rep- 
resenting this  acceleration  by  a„  we  have 


The  units  used  are  those  of  velocity  and  time,  and 
velocity  is  usually  expressed  in  terras  of  feet  and  seconds 
or  feet  per  second,  acceleration  is  usually  expressed  in 
terms  of  feet  per  second  per  second.  This  is  sometimes 
expressed  as  feet  per  square  second  or  simply  as  feet  per 
second,  it  being  understood  that  the  time  must  enter 
twice. 

Since  the   acceleration   equals  the  rate   of   change 
velocity  at  any  instant,  we  may  write 


ipga 
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eft;  _  d^s 
dt      dt^' 

where  a  represents  the  variable  acceleration.     Since 

v  =  — -  and  a  =  -— ,  vdv  =  ads^  by  eliminating  dt. 
dt  dt 

73.  Constant  Acceleration.  —  When  the  acceleration  is 
constant,  we  have  the  relation  dv^a^dt^  a^  representing 
the  constant  value  of  a,  and  therefore 

£dv  =  a,jM, 

and  since  t;=:— , 

dt 

£d8==aj^tdt  +  vj^dt, 

or  «  =  |a^«a  +  «r«. 

In  a  similar  way  the  relation 


?ives 


vdv  =  a^ds 
£vdv==a,f^dsi 

therefore  -0-77  =«««» 


2      2 


or 


2a^ 


These  equations  of  motion  give  the  velocity  in  terms  of 
time,  the  distance  in  terms  of  time,  and  the  distance  in 
terms  of  velocity. 
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74.  Freely  Falling  Bodies.  —  Bodies  falling  toward  the 
eartli  near  its  siirface  have  a  constant  acceleration.  It  is 
usually  represented  by^  and  equals  approximately  32.2  ft. 
per  second  squared.  The  value  of  g  varies  slightly  with 
the  height  above  the  sea  level  and  the  latitude,  but  for 
the  purposes  of  engineering  it  may  usually  be  taken  as 
S2.2.     The  equations  of  motion  for  such  bodies  ai'e,  then, 


v  =  gt  +  Vg, 
2tf 


If  the  body  falls  from  rest,  v^-- 

motion  become 

v=gt. 


:  0,  and  the  equations 


IS  o^^ 


This  latter  is  often  written  ti^  =s  2  ^A,  where  A  =  ». 

75.  Body  Projected  vertically  Upward.  —  When  a  body 

is  projected  vertically  upward  from  the  earth,  the  accelera- 
tion is  constant  and  equals  —g.  If  the  velocity  of  pro- 
jection is  Wq,  the  equations  of  motion  a 


-5S'C  + 


J 


Problem  9S.     A  body  is  projected  vertically  downward  with  ui 

initial  velocity  of  .50  ft.  per  second  from  a.  height  of  UK)  ft.     Find 
the  time  of  deHsent  and  the  velocity  with  which  it  strikes  the  groond. 


^dProblem  96.     A  bn<^y  falls  from  reat  and  reaches  tbe  grciund  in 
"■6  sec.      From  what  height  doea  it  fall,  and  with  what  velocity  doea 
it  strike  tiie  ground? 

Problem  97.  A  body  is  projected  vertically  upward  and  rises  to 
the  height  of  200  ft.  Find  the  velocity  of  projection  t'^  and  the 
time  of  ascent.  Alao  find  the  time  of  descent  and  the  velocity  with 
which  the  body  atriiea  the  groaud. 

Problem  98.  A  atone  is  dropped  into  a  well,  and  after  2  sec. 
the  sound  of  the  splash  is  heard.  Find  the  distance  to  the  snrface 
of  the  water,  the  velocity  of  sound  being  1127  ft.  per  second. 

Problem  99.  A  man  descending  in  an  elevator  whose  velocity 
is  10  ft.  per  second  drops  a  ball  from  a  height  above  the  elevator 
floor  of  6  ft.  How  far  will  the  elevator  descend  before  the  ball 
strikes  the  floor  of  the  elevator? 

Problem  100.  In  the  preceding  problem,  suppose  the  elevator 
going  up  with  the  same  velocity,  find  the  distance  the  elevator  goes 
before  the  ball  strikes  the  floor  of  the  elevator. 

76,  Vewton'a  Laws  of  Hotion. — ^  Three  fundamental  lawa 
may  be  laid  dowu  wliiclt  embody  all  the  principles  in 
accordance  with  which  motion  takes  place.  These  are 
the  result  of  observation  and  experiment  and  are  known 
as  Newton  B  Laws  of  Motion. 

First  Law.  Every  body  remains  in  a  state  of  rest  or 
of  uniform  motion  in  a  straight  line  unless  acted  upon  by 
some  unbalanced  force. 

8econd  Law.  When  a  body  is  acted  upon  by  an  unbal- 
anced force,  motion  takes  place  along  the  line  of  action 
of  the  force,  and  the  acceleration  is  proportional  to  the 
force  applied. 

Third  Law.  To  every  action  of  a  force  there  is  always 
^g  equal  and  opposite  reaction. 
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The  first  law  has  already  been  made  use  of,  and  also 
the  third  law — see  articles  of  Chapter  II, 

Tlie  second  law  states  that  in  case  the  system  of  forces 
acting  on  the  body  is  unbalanced,  the  motion  is  accelerated. 
Motion  takes  place  in  the  direction  of  the  resultant  force 
with  an  acceleration  proportional  to  the  force.  It  also 
implies  that  each  force  of  the  system  produces  or  tends 
to  produce  an  acceleration  in  its  own  direction  propor- 
tional to  the  force.  That  ia  to  say,  each  force  produces 
its  own  effect,  regardless  of  the  action  of  the  other  forces. 

As  a  result  of  this  latter  fact,  if  a  body  is  acted  upon 
by  a  force  P  and  the  earth's  attraction  Q,  we  have 

P  :  a  =  a:g, 
where  G  ia  the  weight  of  the  body,  g  the  acceleration  of 
gravity,  and  a  the  acceleration  due  to  the  force  P.     From 
thia  it  follows  that 


that  is,  the  accelerating  force  equals  the  mass  (see  Art.  7) 
times  the  acceleration. 


Inclined  FUno.  —  A  body  (see 
Fig.  95),  of  weight  (?,  moves 
down  an  inclined  plane,  with- 
out friction  under  the  action 
of  a  force  ff  sin  6.  The 
acceleration  down  the  plane 
equals  the  accelerating  force 
divided  by  the  mass  (see  Art. 

The   acceleration    is    constant. 
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The  equations  of  motion  for  such  a  case,  then,  are  (see 


Art.  73) 

r 

■     If  the  bi 


9  =  I  ff  (sin  B)  (3  +  Vgt, 


2ff8i 


If  the  body  starts  from  rest  down  the  plane,  tig  =  0.  If 
it  be  projected  up  the  plane  with  an  initial  velocity  v^  the 
acceleration  equals  —g  siu  0. 

Problem  101.  A  Itodj  is  projected  up  an  iuelined  plane  which 
makes  an  angle  of  60°  with  the  horizontal  with  an  initial  velocity  of 
12  ft.  per  second.  Neglecting  friction  of  the  plane,  how  far  up  the 
plane  will  the  body  goV     i'ind  the  time  of  going  up  and  of  coming 

Problem  102.  A  body  is  projected  down  the  plane  given  in  the 
preceding  problem  with  a  velocity  of  20  ft.  per  second.  How  fa 
will  it  go  during  the  third  secondV 

Problem  103.  Suppose  the  body  in  the  preceding  probler 
meeta  a  constant  force  of  friction  F  =  10  lb.  What  will  be  the 
acceleration  down  the  plane?     How  far  will  it  go  during  the  second 


Problem  104.  A  boy  who  has  coaated  down  hill  on  a  sled  has  a 
velocity  of  10  jni.  per  hour  when  he  reaches  the  foot  of  the  hill. 
lie  now  goes  on  a  horizontal,  meeting  a  constant  resistance  of  25 
lb.    If  the  combined  weight  of  the  boy  and  sled  ia  75  lb.,  how  far  w 

go  before  coming  to  rest  ? 


Problem  105.  Suppose  that  in  the  preceding  problem  the  boy 
:hg  65  lb.  and  the  sled  10  lb.,  and  that  the  boy  can  exert  a  force 
of  20  lb.  horizontally  to  keep  him  on  the  sled.  Will  the  boy 
remain  on  the  sled  when  the  latter  stops,  or  will  he  he  thrown 
forward  ? 
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Fioblem  106,  A  body  whose 
weight  G  =  5  lb.  is  being  drawn 
up  an  inclined  plane  aa  shovrn  in 
Fig.  86  by  the  action  of  the 
weight  G  =  20  lb.  Suppose  the 
resistance  offered  by  the  plane 
F  =10  ib.,  and  that  G  starts 
from  rest.  How  far  up  the 
plane  will  G  go  in  6  sec.? 


Ftoblem  107,    Two  weights,  d  =  5 
attached  to  an  inextensible  cord 
which  runs  over  a  pulley,  are  acted 
upou  by  gravity ;  no  friction  ;  mo- 
tion takes  place.     Find  the  tension       T 
in  tlie  eord,  and  the  acceleration.      T 
Consider    Gi    and    Gi    separately    [j 
with  the  forces  acting  upon  them,     T 
and  call  the  tension  in  the  cord  T.      O, 
Then  apply  the  principle  "ace.eler- 
ating  force  equals  mass  limes  acceier- 


b.  and  G.  =  10  lb.,  Fig.  97, 


V 


o.D 


y 


T 


Problem  108. 


Aa  elevator,  Fig.  98,  whose  weight  is  2000  lb.  is 
descending  with  a  velocity,  at  one  instant,  of  2 
ft.  per  second,  and  at  the  next  second  it  has  a 
velocity  of  18.1  ft.  per  second.  Find  the  tenwon 
T  m  the  cable  that  supports  the  elevator. 

Problem  109.  Suppose  the  elevator  in  preced- 
ing problem  going  up  with  the  sarae  acceleration. 
Find  the  tension  in  the  cable  if  the  elevator  starts 
from  rest  ami  attains  its  acceleration  in  3  sec. 

Problem  110.     A  man  can  just  Uft  200  lb. 

when  standing  on  the  ground.     How  much  conld 

he  lift  when  in  the  moving  elevator  of  the  preced- 

(□)   when  the  elevator  was  ascending?    (i)  when 
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I- Problem  111.    Two  w 

hiexteiiBible  fiexibla  cord 
that  passes  over  a.  friction- 
less  puliej,  aa  shown  in 
Fig.  S9.  (?  =  20  lb.,  G'  = 
100  lb.,  and  there  is  no 
friction  on  the  plane.  Find 
the  tension  in  the  card  and 
the  acceleration  of  the  two  Fiu.  'Ai 

bodies. 

Problem  112.  A  30-ton  car  is  moving  with  a  velocity  of  30  mi. 
per  honr  on  a  level  track.  The  brakes  refuse  to  work.  How  far 
■will  the  car  go  after  the  power  is  turned  ofl  before  coming  to  rest, 
if  the  friction  is  .01  of  the  weight  of  the  car? 

78.  Variable  Acceleration.  —  It  has  already  been  shown 

that  V  =  -^ ,  a^~^  — =,  and  vdv  =  ads.     These  relationa 
dt  dt      dfi 

hold  true  no  matter  whether  the  acceleration  ia  constant 
or  variable.  If  the  acceleration  ia  -constant,  the  equations 
of  motion  are  those  that  have  already  been  worked  out 
(see  Art.  73),  and  by  simple  substitution  in  these  equa- 
tions it  ia  possible  to  find  the  velocity  in  terms  of  the 
time,  the  distance  in  terms  of  time,  and  the  distance  in 
terms  of  velocity. 

If  the  acceleration  is  variable,  it  i 
out  the  equations  of  motion  for  each  c 
done,  when  it  is  known  how 
of  the  equations,  „ 

^""dt^' 
or  vdv  =  ads. 

The   latter  equation  will  usually  give  tke  beginner  1 
difficulty. 


I  necessary  to  work 
This  may  be 
,  by  means  of  either 
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79-  Harmonic  Hation.  —  Let  it  be  supposed  that  a  body 
is  moved  by  an  attractive  force  whicb  varies  as  the  dis- 
tance. That  is,  the  attractive  force  is  proportional  to 
the  distance.  Then  the  acceleration  is  also  proportional 
to  the  distance. 

Let  the  acceleration        =  —  ka. 

Then  vdv  =  —  ksds, 

and  I    vdv  =  —  i  j  gda ; 

therefore  v'  —  vl=~  ki?, 

where  v^  is  the  initial  velocity  when  a  equals  zero  and 
k  is  the  factor  of  proportionality,  determinable  in  any 
special  case.  This  equation  gives  the  relation  between 
the  velocity  and  distance.  Since  v  =  Vug  —  k^,  it  is 
evident  that  w  =  0  wlicn Vft  ■8=Vg.  Tliis  means  that  the 
body  comes  to  rest  when  a  has  reached  a  certain  value, 
viz.  —1^ ■  From  the  original  assumption,  a=  —ka,  it  is 
seen  that  the  acceleration  is  greatest  when  s  is  greatest, 


when  g  rs  0. 

To  get  the  relation  between  distance  and  time,  the 
equation  v  =  Vs^  —  k^  may  be  put  in  the  form 
da 


from  which,  — ^  s 


=  =  dt, 


MOTION   IN  A   STRAIGHT  LINE 


133 


^H  This  relation  between  the  distance  and  time  shows  that 
as  (  increases  8  ehangea  in  value  from  -^  to  ^-^,  as- 

suming  all  values  between  these  limits,  but  never  exceed- 
ing them,  since  sin  VA't  can  never  be  greater  than  +  1  or 
less  than  —  1.  The  motion  is,  therefore,  vibratory  or 
periodic,  and  is  known  as  harmonic  motion.    The  complete 

period  in  this  case  is  ^—  ■ 

The  relation  between  velocity  and  time  may  be  found 
for  this  case  by  differentiating  the  last  equation  with 
respect  to  time.     Then, 

v  =  Vq  cos  V^(. 
This  shows  that  Hq  is  the  greatest  value  of  v 

This  motion  is  usually  illustrated  by  imagining  a  ball 
attached  by  means  of  two  rubber  bands  or  springs,  since 
the  force  exerted  by  either  _  ■ 

of  these  is  proportional  to   I Q ^ I 

the  elongation,  to  two  pins,  U 

as  shown  in  Fig.  100.     As-  ■^' 

suming  that  there  is  no  friction  and  that  the  ball  is  dis- 
placed to  a  position  B  by  stretching  one  of  the  rubber 
bands,  when  released  it  continues  to  move  backward  and 
forward  with  harmonic  motion. 

Problem  113.  Suppose  the  ball  in  Fig.  100,  held  by  two  helical 
springs,  to  have  a  weight  of  10  lb.  and  that  it  is  displaced  1  in. 
from  O.  The  two  springs  are  free  from  load  when  the  body  t3  at  O. 
The  springs  are  just  alike,  and  each  requires  a  force  of  10  lb.  to 
compress  or  elongate  it  1  in.  Find  the  time  of  vibration  of  the 
body  and  its  velocity  and  position  after  \  sec.  from  the  time  when 

s  released.    It  has  been  found  by  experiment  that  the  force  neces- 
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saiy  to  compress  or  elongate  a  helical  spring  is  proportional  to  the 
compression  or  alongation. 

80.  Motion  with  Eepnlsire  Force  Acting;.  —  Suppose  the 
force  to  be  one  of  repulnion  and  to  vary  as  the  distance  j 
then  a  =  ke,  and  vdv  =  ksds,  so  that  ^^H 


2Vi 


l(^- 


=  -%.  Binh  Vkt- 


These  equations  show  that  as  t  increases  8  a 

and  the  body  moves  farther  and  farther  away  from  the 

center  of  force.     The  motion  is  not  oscillatory. 

81.   HotioD  where  BesiBtance  varies  as  Distance.  —  If  a 

Qbody  whose  weight  is  044  lb.  falls  freely 
from   rest   tbroiigli   60   ft.  and  strikes   a 
_j resisting  medium  (a  shaft  where  friction 

on  the  sides  equals  2  F=  10  times  the 
distance;  see  Fig.  101),  since  acceleratiiij 
force  equals  mass  times  acceleration, 


M 


a=  — ,>— 


(?-108 


IM^^ 


It  is  required  to  find  (a)  the  distaDce 
the  body  goes  down  the  shaft  before 
coming  to  rest ;  (J)  the  distance  at  which 
the  velocity  is  a  maximum;  (c)  the  total 
time  of  fall ;  (d)  the  velocity  at  a  distance 
of  10  ft.  down  the  shaft.     After  striking 

the  shaft   the  relation  between  velocity  and  distance  is 

as  follows : 
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The  remainder  of  the  problem  is  left  aa  an  exercise  for  the 
student. 


Problem  114,  A  ball  whose  weight 
rest  through  a  distance  ot  10  ft 
and  strilies  a  4{IO-lb.  spring,  Fig. 
103.  Find  the  oonipvessioii  in 
the  spring.  It  is  to  be  under- 
stood that  a  400-lb.  spring  is  such 
a  spring  that  400  lb.  resting  upon 
it  compresses  it  one  inch,  and 
4800  lb.  resting  on  it  compresiea 
it  one  foot,  if  such  compression 
is  passible.  After  the  ball  strikes 
the  spring  it  is  acted  upon  hy  the 
attraction  of  the  earth  and  the 
resistance  of  the  spring.  The  ac- 
-  4800  s 


32.3  lb.  falls  freely  from 


celeratiou  a  is  then 


M 


where  s  is  measured  in  feet.  The 
relation  between  velocity  and  dis- 
tance is  then  obtained  from  the 
relation, 

J       (\-dL<  =  \\f/  -  4800  s)  ds. 


^  Problem  115.  A  20-ton  freight  car,  Fig.  103,  moving  with  a 
velocity  of  4  mi.  per  hour  strikes  a  bumping  post.  The  (10,000-lb. 
spring  of  the  draft  rigging  of  the  car  is  compressed.  Find  the  com- 
pression a.     Assume  that  the  bumping  post  absorbs  none  of  the  shock. 


Problem  IIG.     Suppose  the  c 
moving  with  a  velocity  of  4  m 


'  in  the  preceding  problem  to  be 
per   hour,  what   should   be   fbe 


atrength  of  the  spring  in  the  draft  rigging  so  that  the  compression 
cannot  exceed  2  in.? 


Problem  J17.     After  the  spring  in  Problem  114  has  heen  com- 
pressed BO  tiiat  the  ball  conies  to  reat,  It  begins  to  regain  its  original 


form.    Find  the  time  required  to  do  this  and  the  velocity  irith  which 
the  ball  is  thrown  from  the  spring. 

82.  Hotion  when   Attractive   Force  varies   inversely  as 

Square  Dtstanoe.  —  'J'liis  is  the  case 
of  motion,  Fig.  104,  when  two  bodies 
in  space  are  considered,  since  in  such 
eases  the  attractive  force  varies  di- 
rectly as  the  product  of  their  masses 
and  inversely  aa  the  square  of  the  dis- 
,  tance   between  them.     The  eanie   at- 

Gj-  traction  holds   between  two  opposite 

polos    of    magnets    or    between    two 
bodies  charged  oppositely  with  elec- 
Fm.  104  .   .    ., 

tncity. 


P     Then, 


MOTION  IN  A   STRAIGHT  LINE 


£vdv=-y^^d. 


V  =  > /"  ^    Vy—  a' 


=>/^[vv- 


The  time  required  to  reach  the  center  of  attraction  O 
from  the  position  of   rest  is  obtained   by  putting  8  =  0. 

Thia  gives  i  =  ^['^")i 

It  is  seen  that  when  s  =  0  the  velocity  is  infinite,  and 
therefore  the  body  approaches  the  center  of  attraction 
with  increasing  velocity  and  passes  through  the  center,  to 
be  retarded  on  the  other  aide  until  it  reaches  a  distance 
—  Sjj.     The  motion  will  be  oscillatory. 

If  one  of  the  bodies  is  tlie  earth,  of  radius  r,  and  the 
other  is  a  body  of  weight  ff  fulling  toward  it,  the  equa- 
tions just  derived  hold  true.  In  this  case  it  is  possible 
to  determine  k.  The  attraction  on  the  body  at  the  sur- 
face of  the  earth  is  G,  and  at  a  distance  s  is  F,  so  that 

!?(  -  V     The  acceleration  is  therefore  ^1-^  = 

This  gives  k,  then,  equal  to  j^g. 

Substituting  these  values  in  the  above  equation,  we  find 


,  When  «  = 


F=  G{- 


<?)■ 
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If  »(,=  oc,  1-=  V2^. 

But  this  is  a  value  of  o  tiiiit  cannot  bo  obtained,  since 
«o  cannot  be  infinite.  So  that  tlie  velocity  is  always  less 
than  V2  gr.  It  is  interesting  to  notice  here  that  if  a 
body  were  projected  from  the  earth  with  a  velocity 
greater  than  V2gr,  it  would  never  return,  provided  there 
were  no  atmospheric  resistance.  Substituting  ^  =  32.2 
and  r=  3963  mi., 

i;  ss  6.7  mi.  per  second. 

This  is  the  greatest  velocity  that  a  body  eould  possibly 
acquire  in  falling  to  the  earth,  and  a  body  projected 
upward  with  a  greater  velocity  would  never  return 
(neglecting  resistance). 

If  the  body  falls  to  the  earth  from  a  height  h,  the  veloc- 
ity acquired  may  be  obtained  from  the  foregoing  by  put- 
ting a  =  r  and  g^  =  A  -f  r  ;  then 

"  ~  *r  -t- A 
If  A  is  small  compared  to  r,  this  may  be  written,  without 
serious  error,  r^ — j- 


which  is  the  formula  derived  for  a  freely  falling  body  in 
Art.  74. 

83,  Sotion  of  a  Body  through  the  Atmosphere.  — When  a 
body  such  as  a  raindrop  moves  through  the  air,  the  resist- 
ance varies  approximately  as  the  square  of  the  velocity. 
Suppose  a  body  of  weight  (?  projected  vertically  upward 
in  such  a  medium  and   let   the   resistance  be  B=:]i&^ 
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And  the  relation  between  velocity  and   distance   is  ex- 
pressed by  the  equation 


X 


vdv 


~9  (da; 


^+|.s 


This  gives  the  relation  between  velocity  and  distance.  It 
is  left  as  a  problem  for  the  student  to  determine  the 
relation  between  distance  and  time  for  this  case.  Find 
the  greatest  height  to  which  a  body  wiU  rise  and  the 
velocity  with  which  it  strikes  the  ground  upon  re- 
turning. Compare  this  velocity  with  the  velocity  of 
projection. 

84.  Relative  Velocity.  —  When  we  speak  of  the  velocity 
of  a  body,  it  b  understood  that  we  mean  the  velocity  of 
the  body  relative  to  the  earth,  more  particularly  the  point 
on  the  earth  from  which  the  motion  is  observed.  Since 
the  earth  is  in  motion,  it  is  evident  that  velocity  as  gen- 
erally spoken  of  is  not  absolute  velocity,  and  since  there 
is  nothing  in  the  universe  that  is  at  rest,  all  velocities 
must  be  relative.  In  everyday  life,  however,  we  think  of 
velocities  referred  to  any  point  on  the  surface  of  the  earth 
as  being  absolute. 

A  person  walking  on  the  deck  of  a  boat,  for  example, 
has  a  velocity  relative  to  the  earth  and  a  velocity  relative 


to  tha  boat ;  the  former  is  usually  spoken  of  as  the  absolute 
velocity,  and  the  latter  the  relative  velocity.  Or,  suppose 
the  case  of  a  man  standing  on  the  deck  of  a  boat  moving 
south  with  a  velocity  v  while  the  wind  blows  from  the 
east  with  a  velocity  Vy  It  is  required  to  find  the  velocity 
of  the  wind  with  respect  to  the  man,  or,  in  otlier  worda, 
the  apparent  direction  and  velocity  of  the  wind  as  ob- 
served by  the  man.  Referring  to  Fig.  105, 
we  represent  the  velocity  (see  Art.  85)  of 
the  boat  with  respect  to  the  earth  by  v, 
and  the  velocity  of  the  wind  with  respect 
to  the  earth  by  «[,  then  V  represents  the 
velocity  of  the  wind  with  respect  to  the  man ; 
that  is,  the  wind  appears  to  the  man  to  be 
coming  from  the  southeast.  The  velocity 
V  was  obtained  by  reversing  the  arrow  rep- 
resenting the  velocity  of  the  boat  and  find- 
ing the  resultant  of  this  reversed  velocity 
and  the  velocity  v^  of  the  wind. 
If  ii|  be  considered  as  the  velocity  with  respect  to  the 
earth  of  a  man  walking  across  the  deck  of  a  steamer  mov- 
ing with  a  velocity  v,  then  V  represents  the  velocity  of  the 
man  with  respect  to  the  boat. 

Problem  IIB.  An  ice  boat  is  moving  due  north  at  a  speed  of 
00  mi.  per  hour,  the  wind  blows  from  the  aouthweat  with  a 
velocity  of  20  mi,  per  hour.  What  is  the  apparent  direction  and 
velocity  of  the  wind  as  observed  by  a  man  on  the  boat  1 

Problem  119.  A  man  walkB  in  the  rain  with  a  velocity  of  4 
mi.  per  hour.  The  rain  droits  have  a  velocity  of  20  ft.  per  second 
in  a  direction  making  60°  with  the  horizontal.  How  much  must  the 
man  incline  his  umbrella  from  the  vertical  in  order  to  beep  off  the 
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rain  :  (a)  when  going  against  the  rain,  (fi)  when  going  away  from 
the  rain?  If  he  double  his  speed,  what  change  is  neceaeaTj  in  the 
inclination  of  his  umbrella  in  (a)  and  (J)  ? 

Problem  120.  The  light  from  a.  star  enters  a  teleBCope  inolined 
at  an  angle  of  45°  with  the  surface  of  the  earth.  The  velocity  of  light 
ia  186,000  mi.  per  second  and  the  earth  (radina  4000  mi.)  makes 
one  revolution  in  24  hr.  What  u  the  actual  direction  of  the  star 
with  respect  to  the  earth  ?  This  displacement  of  light  due  to  the 
velocity  of  the  earth  and  the  velocity  of  light  ia  known  as  aberration 
ofll,U. 

Problem  131.  A  man  attempts  to  swim  across  a  river,  1  mi. 
wide,  which  is  flowing  at  the  rate  of  4  mi.  per  hour.  If  he  can  swim 
at  the  rate  of  3  mi.  per  hour,  what  direction  mnst  he  take  in  swim- 
ming in  order  to  reach  a  poiut  directly  across  on  the  opposite  shore  ? 

Problem  122.  A  train  ia  moving  with  a  speed  of  60  mL  per 
hour,  another  train  on  a  parallel  track  is  going  in  the  opposite  direc- 
tion with  a  speed  of  40  mi.  per  hour.  What  ia  the  velocity  of  the 
second  train  as  observed  hy  a  passenger  on  the  first? 

Problem  123,  A  man  in  an  automobile  going  at  a  speed  of  40 
mi.  per  hour  is  struck  by  a  stone  thrown  by  a  hoy.  The  atone  has 
a  velocity  of  30  ft.  per  second  and  moves  in  a  direction  perpendicu- 
lar to  the  direction  of  motion  of  the  automobile.  With  what  velocity 
does  the  stone  strike  the  man  ? 

I  Problem  124.  A  locomotive  ia  moving  with  a  velocity  of  40 
mi.  per  hour.  Its  drive  wheels  are  80  in.  in  diameter.  What  is  the 
tangential  velocity  of  the  upper  point  of  the  wheels  with  respect  to 
the  frame  of  the  locomotive  7  What  is  the  tangential  velocity  of  the 
lowest  point? 
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CURVimraAR  MOTION 

85.  Bepreientation  of  Velocity  and  AcoeleratioiL — It  has 

been  shown  (Art.  71)  that  velocity  is  measured  in  terms 
of  feet  per  Becond,  miles  per  hour,  or  in  general  in  terms 
of  the  units  of  distance  and  units  of  time.  The  velocity  is, 
moreover,  in  a  given  direction  and  may  accordingly  be 
represented  by  an  arrow  just  as  forces  may  be  so  repre- 
sented. It  follows  then  that  velocity  arrows  may  be 
^,  added  algebraic- 

ally if  parallel  and 
if  such  addition  is 
□ot  inconsistent 
with  the  prob- 
lem. They  may 
be  resolved  into 
components  or 
combined  to  form 
:  resultants  (see 
Art.  11  and  Art. 
12).  In  case  the  body  moves  in  a  curve  it  is  often  desir- 
able, instead  of  dealing  with  the  resultant  velocity  along 
the  tangent,  to  deal  with  the  components  of  that  velocity 
along  the  two  coordinate  axes.  Thus  if  w  ia  the  velocity 
along  the  tangent  (Fig.  106),  *'«,  =  «' cos  aand«y  =  »8in  oare 
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I  the  component  velocities  along  the  axes  x  and  y  respec- 
tively. In  a  similar  way  if  we  know  the  velocity 
o£  a  body  along  the  a:-axia,  v^,  and  the  velocity  along 
the  ?/-axis,  v^,  we  find  the  resultant  velocity  to  be 
^  —  V  vl+vl  and  its  direction  with   the  a^-axis  such  that 

tan  «  =  — • 

Accelerations  have  been  seen  to  be  measured  in  terms 
of  units  of  distance  and  units  of  time,  in  particular  in 
terms  of  feet  per  (secoiid)^  (see  Art.  72).  An  accelera- 
tion may  be  represented  by  an  arrow,  the  length  of  the 
arrow  representing  the  number  of  feet  per  (second)'  and 
the  direction  of  the  arrow  giving  the  direction  of  the 
acceleration.  Since  arrows  represent  accelerations,  the 
acceleration  arrows  may  be  treated  just  as  velocity  arrows. 
That  is,  they  may  be  added  algebraically  if  parallel, 
or  added  and  subtracted  geometrically  if  intersecting. 
Or  we  may  say  that  the  parallelogram  law  holds  for 
accelerations.  Referring  to  Fig.  106,  it  is  seen  that  the 
resultant  acceleration,  a,  of  the  body  moving  in  the  curve 
y  =fQc)  is  directed  toward  the  concave  side  of  the  curve 
in  the  direction  of  the  resultant  force.  This  is  evident 
from  Newton's  Law,  which  states  that  tlie  acceleration  is 
proportional  to  the  resultant  force  and  in  the  same  direction. 
Let  a  be  the  resultant  acceleration,  then  the  accelerations 
along  the  two  axes  are  CTj=»cosBand  a»=  a  sin  6,  respec- 
tively. In  a  similar  way  if  we  know  the  accelerations 
along  the  two  axes,  a^  and  a^,  the  resultant  acceleration 

^■a  =  -y/  a%+  a|,  and  its  direction  is  given  by  the  equation 

^H  tan  5=^. 
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86.     Tangential   and   Normal  Accelerations. — Suppose 
body    (Fig,     lOlj)    moves    in    any    curve   y=f(j''')  and 

that  at  a  certain  point  P  it  has  a  resultant  velocity  v 
and  a  resultant  acceleration  a,  v  acts  along  the  tangent, 
which  at  this  point  makes  an  angle  k  with  the  x-axis  and  a 
acts  along  the  line  of  action  of  the  resultant  force  on  the 
concave  side  of  the  curve.  It  is  seen  from  the  figure  that'_ 
Vf  =  tr  cos  a,  Vy=  V  sin  a,  di  =  a  cos  8,  a,,  =  a  sin  6,  so  ttu 
V  =  VrJ  +  vl  and  a  =  Va|"+^. 

It  is  usually  convenient  in  curvilinear  motion  to  con- 
sider the  acceleration  along  the  tangent  and  normal ;  that 
JB,  a,  and  a^.  Since  the  tangent  and  normal  are  at  right 
angles,  it  is  evident  that  a  =  V,,^  ^  (^_  When  it  is 
remembered  that  v  acts  along  the  tangent,  it  is  evident 
that  the  tangential  acceleration  a,  — 

"dty 

\[dt)+[/t) 
=  -  (Oi^'i  +  "■v'^v)  =  ^i <"^s a  +  a^aioa, 

V 

since  ~  =  cos  a  and  -*  =  sm  a. 

V  V 

It  now  remains  to  find  the  normal  acceleration.  It  has 
been  shown  that  a  =  Va^  +  a^ ;  therefore,  a,  =  Vft*  —  oj- 
Substituting  the  value  of  a^  =  (a*  +  a^),  and  the  value  of 
d,  just  found,  we  have  as  the  value  of  the  normal  accelerar 
tioD, 
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«n  =  ^y  COS  a  —  a^r  SIH  «. 

The  normal  force  and  tangential  force  may  now  be  found 
by  multiplying  by  the  mass  iff,  giving, 

Normal  force  =  May  cos  a  —  iJ/a^  sin  a; 
Tangential  force  =  iJ/a^,  cos  a  +  iKfa^  sin  a. 

It  is   usually,  however,  more  convenient  to  have  the 
normal  and  tangential  forces  expressed  in  terms  of  the 

velocity.     Since  a^  =  -— ,/the  tangential  force  =  M-—-     To 

at  at 

express  the  normal  acceleration  in  terms  of  velocity  it  is 
necessary  to  write, 


" ""  U^2  dt      dt^  ^J    j/dx\^     7^ 


^y^dx_  cPxdy 

dx'f     fdi/\nAdtJ 

dtj     V(i^ 


[(' 


=  lf^Y  =  !!.^         (See  note.) 

Note.     Since  y  is  a  function  of  x  and  both  x  and  y  are  functions 
of  ^,  we  may  write, 

dy  d^y  dx     d^x  (Jy 

dy  _dt^        ,   d^y  _  dt^  dt      dt^  dt 
dx~  dx  dx^~       /dxy 


dt  \dtl 


The  expression  for  the  radius  of  curvature  of  a  curve  whose  equation 
is  y  =/(^)  is 


d^y  dx  __  d^x  dy 
dt^  It       dt^  dt 


'^PListi  jisbbANidS  ji^Jf 


The  normal  force  and  tangential  force  may   now  1 
written, 

Sormal  force  =  ^^  ; 


TanKentlftl  force  =  JH 


For  aU  curves  except  the  circle  p  the  radius  of  curva- 
ture varies  from  point  to  point.  In  the  circle,  however,  it 
is  the  radius,  and  ia  therefore  constant.  In  this  case  the 
normal  force  is  usually  called  the  centripetal  force. 

87.  TTitiform  Uotion  in  a  Circle.  —  A  body  moving  with 
constant  velocity  iit  tlie  circumference  of  a  circle  is  acted 
upon  by  one  force,  the  normal  or  centripetal  force,  and  this 


M^ 


That  this  is  true  is  evident  when  it  is  re- 


equals  - 

membered  that  the  tangential  velocity  is  constant,  thus 
-  making  the  tangential  accelera- 
tion   zero.       An   illustration   of 
uniform    motion   in   a   circle    ia 
■   seen  in  the  case   of   tbe  simple 
governor    shown    in    Fig.    107. 
When   the  velocity  is  constant, 
'  then   «,   h,  and   r  are   constant. 
Let  T  be  the  tension  in  the  rod 
supporting   the   ball,   then,  since 
there  is  no  vertical  motion  2y  = 
Fia.  107                  0,  so  that  y  cos  a  =  (?.     Consid- 
ering the  normal  force,  we  have  T  sin  a  = ,  so  that 

tan  a  =  — ,     From  these  equations  T  may  be  found  for  any 
values  of  a  and  r 
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Problem  125.  The  weighted  governor  shown  in  Fig,  108  ia  rotated 
at  such  a  speed  that  a  =  30°.  Find  the  forces  acting  on  the  longer 
rods  and  the  atresa  in  the 
shorter  rods.  The  connec- 
tions are  all    pin   connec- 

Froblem  126.  A  type 
of  swing  is  shown  in  Fig. 
109.  A  revolving  central 
post  supported  by  wires  A 
and  B  carries  six  cars  G, 
each  suspended  from  cross 
arms  D  by  means  of  cables 
50ft.!ong.  WhenthcBwing 
is  at  rest,  the  cars  hang  ver- 
tically and  Q  =  0;  as  the 
speed  of  rotation  iiicreasesi 
a  becomea  larger.  Sup- 
pose the  car  and  its  load  of 
four  passengers   to  weigh 

1000  lb.,  and  the  speed  to  ^w.  108 

be  such  that  a  =  SO",  find  the  tension  in  the  cables  supporting  the 
cars.    Asaiuue  that  a  single  car  is  carried  by  one  cable. 

Problem  127.  Tha 
same  principle  that  haa 
been  seen  to  hold  for 
motion  in  a  circle  en- 
13  us  to  solve  the 
problem  that  conies  up 
in  railroad  work. 
When  a  train  goes 
around  a  curve,  it  is 
desirable  to  have  the 
outer  rail  raised  suffi- 
ciently so  that  the 
wheel  presanre  will  be  normal  to  the  raila.    It  ia  really  the  sama 


3  Problem  12R,  where  the  Bustniniug  cable  13  replaced  bj 

e  Fig.  110).     Let  r  be  the  radiiia  of  curvature,  0  the  veloc- 

,  of  weight  G.    Sliow  thut  the  super«leTatiou  of  the 

outer  rail  is  given  by  tan  a  =  — ,  and  «o 


9^' 


9r 


where  d  is  the  distance  between  the 

rails  in  feet,  i'  the  velocity   in  ft.  per 

""''  ""  second,  g   is   82,2,  r  is  the   radius  o£ 

curvature  in  feet,  and  h  is  the  Buperelevation  uf  the  outer  rail  in  feet 

This  height  may  be  expressed,  approximately,  as  foUowa:  ^H 


where  h  and  r  are  in  feet  and  I'j  in 
Here  d  has  been  taken  aa  4.9  ft. 
following  table  for  the  superelevutio 
structed ; 


the  velocity  in  miles  per  hour. 
Using  this  latter  formula,  the 
1  of  the  outer  rail  has  been 


Elevation  (A)  in  Feet  for  Given  Radius  im  Pekt 


-TSTiin 

5730 

2866 

1010 

1883 

1148 

956 

20 

.02 

.05 

.07 

.09 

.12 

.14 

30 

.05 

.10 

.18 

.21 

^6 

.31 

40 

.09 

.10 

.28 

.37 

.46 

.56 

50 

.15 

.29 

M 

.58 

.73 

.87 

80 

.21 

.42 

.63 

.84 

1.04 

1.25 

88.  Simple  Circular  Fendnlmn.  —  The  simple  circular 
pendulum  consists  of  a  weiglit  Q  suspended  by  a  string 
without  weight,  of  length  I,  in  such  a  way  that  it  is  free 
to  move  in  a  circle  in  a  vertical  plsine  due  to  the  action  of 
gravity  (see  Fig.  111).     Let  B  be  such  a  position  of  the 
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pendulum  that  its  height  above  the  horizontal  is  h,  and 
c  any  other  position  designated  by  the  coordinates  x 
and  y.  Let  the  weight 
tie  C?  and  the  tension 
in  the  string  T.  These 
are  the  only  forces  act- 
ing on  the  body  C. 
The  only  forces  that 
can  produce  motion  in 
the  circle  are  those 
that  are  tangent  to  the 
circle  OB.  The  force 
T  is  normal  to  the 
circle  and  so  has  no 
tangential  component. 
The  force  (7  has  a  tangential  component 
equation  of  motion  is,  therefore, 


■  (?  sin  a.     The 


vdv  =  ads  =  —  a  sin  ad». 


where  a  =  - 


where  s  denotes  distance  along  the 


_  arc  foe)  _ 
I       ~  V 
curve. 

This  equation,  as  it  stands,  leads  to  a  complicated  rela- 
tion between  distance  and  time.  If,  however,  the  angle 
a  is  sufBciently  small,  so  that  we  may  replace  sin  a,  by  a,  we 
may  write 

J    vdv  =  — -^  j    sds. 

Integrating  with  respect  to  e,  we  have 


I 


where   v  =  0,   s=  s^,  where    s^  is    length  of    curve   OB. 

Solving  for  the  velocity,  we  have  ^^^M 

which  may  be  put  in  the  form  ^^^H 

where  c  is  a  coustaut  of  iutegratiuii.  ^^^| 

This  equation  may  be  written,  ^^^| 

.-..00s[^(,_„)];  ^M 

it  represents  the  relation  between  distance  and  time.      ^^H 

When  »  =  8,,,  t  =  t^f  so  that  ^^^| 


therefore,  c  =  i^. 

It  is  evident  that  8  is  a  periodic  function  of  the  time, 
and  that  it  repeats  itself  at  intervals  of  time  t,  such 


2^. 


th^^ 


This  value  t^  represents  the  time  taken  by  the  body  from 
leaving  the  position  B  until  its  return.  One  half  of  this 
value  ^ 

b  designated  as  the  period  of  vibration. 


A 
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!&i  geseral,  when  the  angle  is  not  small,  the  equation 
^  jv  =  —g  sin  ad»  becomes,  since  ds  sin  a  =  dy, 


jldv=-g£d!,. 
Integrating,  we  have  w*=  —'^gy     =2ff(h  —  p). 

It  will  be  seen  that  this  result  is  the  same  as  if  the  body 
had  fallen  freely  through  a  height  A  — y  (see  Art.  Ti). 
The  value  for  u  ia  evidently  true  whatever  be  the  vertical 
curve  in  which  the  body  moves,  providing  the  only  forces 
acting  on  the  body  are  the  force  of  gravity  and  another 
force  normal  to  the  curve.  The  foregoing  fact  leads  to 
the  statement,  in  descending  along  any  curve  without  frie- 
tion,from  a  height  k  to  any  other  height  y  a  body  will  have 
the  game  velocity  as  it  it  fell  freely  through  the  height  h  —  y. 
This  fact  is  often  made  use  of  in  mechanical  problems. 

The  summation  of  forces  normal  to  the  path  gives 


T-Gc 


and,  therefore, 


I 
=  Q  cos  K 


I    ' 


which  gives  a  value  for  the  tension  in  the  cord.  Since  ii 
is  greatest  when  a  =  0,  it  is  seen  that  the  greatest  tension 
in  the  cord  occurs  when  the  pendulum  is  vertical. 

If  now  we  make  use  of  the  fact  that  the  body  moves  in 
a  circle  whose  equation  ia  3:^  +  i/^  —  2  ry  =  0,  and  remem- 

Ithat  d^  =  ds?  +  dy^  for  any  curve,  we  may  write 


(1)' 


t  XHonrxExs 


»d,  therefore,  (I)' -  ^?£!^  =  2  K*  -  »), 


But  from  the  equation  of  the  cnrre 


-riy 


V2ry-j".V2s(i-y5 

The  integral  of  the  expreBsion  on  the  riglit-haad  side  of 
the  equation  is  not  expressible  in  terms  of  ordinary  alge- 
braic or  trigonometric  functions,  but  must  be  expressed  in 
terms  of  the  elliptic  function*.  The  student  may  not  be 
familiar  with  such  functions,  ao  that  we  shall  express  it 
approximately  by  means  of  an  infinite  series.  This  series 
will  be  sufficiently  rapidly  convergent  if  the  radius  of  the 
circle  is  large  and  the  distancL*  OB  is  small.  Using  the 
minus  sign  in  the  numerator,  since  t  is  a  decreasing  func- 


L 


tion  of  »,  we  may  write 


■^D 


l+(i)'; 


-m(i 


n.3-.w  /'  V . 


1 

"'"■]y 
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For  very  small  values  of  h  we  may  neglect  the  terms  con- 
taining h.     The  result  then  becomes 


Binee  r=l,  and  this  is  the  same  result  that  was  obtained 
before. 

This  means  that  for  small  values  of  a,  not  greater  than 
4°,  the  time  of  vibration  of  a  simple  circular  pendulum  is 
a  constant;  that  is,  the  osdllations  are  isoehronaL 

It  is  seeji  that  the  time  of  vibration  of  a  simple  pendu- 
lum varies  as  the  square  root  of  its  length,  for  any  locality 
on  the  earth.  In  order  to  get  a  pendulum  that  will  beat 
seconds  it  is  necessary  to  place  t=l.  Knowing  the  value 
of  g  for  the  locality,  the  proper  length  may  be  determined. 
If  we  measure  the  length  of  a  pendulum  and  its  period 
we  may  calculate  the  value  for  (/  for  any  locality.  This  is 
the  easiest  and  most  accurate  way  of  determining  g. 


Fia.  112 

Prob]eiii  128.     The  centrifugal  railway  (Fig.  112),  or 
loop,"  is  a  eonimoii  example  o£  a  simple  circular  pendnlun 
the  effect  of  the  string  is  replaced  by  a  track.     If  we  neglect 
le  only  forces  acting  od  the  car  are  the  force  of  gravity 


^Jhe  oc 


loop  the 

friction, 
and   the 


nonnal  pressure  of  the  track.  Suppose  the  car  starts  from  reat  at  a 
height,  A.  What  must  be  the  relatiunbetweeaAand  A',  eo  that  the  car 
will  pass  the  point  .4  without  leaving  the  track. 

Hint.  The  velocity  at  the  lowest  point,  u"  =  2  jA,  is  the  same  as  the 
velocity  with  which  the  car  comes  down.  The  centrifugal  force  must 
be  great  enough  at  A  to  overcome  G,  the  weight  of  the  car  (A  =  |A'). 

Problem  129.  In  tite  simple  pendulum  &nd  the  value  of  i/  in 
terma  of  A  for  which  the  tension  in  the  string  ia  the  same  as  when  the 
pendulum  hangs  at  rest. 

Froblom  130.  A  pendulum  vibrates  seconds  at  a  certain  place  and 
at  another  place  it  makes  60  more  vibrations  in  12  hours.  Compare 
the  values  of  g  [or  the  two  places. 

89.  Cyoloidal  Pendnlom.  —  It  has  been  found  that  a  pen- 
dulum  may   be   obtained   whose   period  of   vibration  is 


constant  by  allowing  the  string  to  wrap  itself  around  a 
cycloid  as  shown  in  Fig.  113.  The  pendulum  hangs  from 
the  point  A.     AB  and  A  0  are  cyeloidal  guides  aroi 


i 
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which  the  string  wraps  as  the  pendulum  swings.  This 
causes  the  length  of  the  pendulum  to  continually  change 
and  the  pendulum  "bob"  to  move  in  another  cycloidal 
curve  COB.  The  equation  of  this  curve  referred  to  the 
axes  X  and  y  is 


In  Art,  88  it  was  seen  that  w^=2ff(^h  —  ^')  represented 
the  velocity  of  a  body  moving  in  a  vertical  curve  when 
only  the  force  of  gravity  and  a  force  normal  to  the  path 
of  the  curve  acted-  We  may  make  use  of  the  equation  in 
this  case,  since  the  same  conditions  exist.     We  may  write 


I 


dt: 


Vdx^  +  rfy' 


From  the  equation  of  the  curve,  i 


dt 


jr^-V4i'(v§^) 


taking  the  negative  sign,  since  t  i 

of  8. 


^m     Therefore 

^^Bhe  whole  time  of  vibration 
^^Bie  time  of  vibration 


twice  this  value,  i 


I 
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This  expression  ie  independent  of  h,  so  that  all  vibrationa 
are  made  in  the  same   time.      The   motion   is  therefore 

isochronal. 

Problem  131.  A  body  of  mass  Af  alide«  from  rest  down  a  cycloid 
from  tLe  position  B  (Fig.  113)  without  friction.  What  is  its  veloci^ 
when  y  =  -^1     Sliow  that  this  ia  its  maximuin  Telocity. 

Problem  132.  Find  the  poaition  of  a  cyoloidal  pendulum  where 
the  tension  in  the  string  is  greatest.  What  is  the  velocity  of  the  bob 
atthepoiutO  (Fig.  113)? 

90.  Motion  of  Projectile  in  Vacuo A  method,  slightly 

different  from  the  preceding,  of  dealing  with  a  problem 
of    curvilinear 
motion,    is    il- 
lustrated  in 
v„  the  present  ar- 

^ — #       7  -^^^^  ticle.    It  is  de- 

^  ,^-^'V'' (I      \ ^"^"^  X  sired    to    find 

<j A       the  path  taken 

^'*'-  "*  hy  a  body  pro- 

jected with  a  velocity  v^  at  an  angle  of  elevation  «,  when 
the  resistance  of  the  air  is  neglected  (see  Fig,  114).  In 
this  case,  since  there  is  no  horizontal  force  acting  on  the 
body  flj  =  0,  80  that, 


^5-  =  constant  =  v„  cos  a, 
at  " 

Hos  a  ((). 


I 


In  a  similar  way  we  know  that  the  vertical  acceleration 
ij=  —  5-,  since  the  only  force  acting  is  (?. 
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Then, 

and 


dy  __ 


gt  +  constant. 


This  equation  may  be  rewritten 

^K~  —  ^(  +  constant. 
To  determine  thia  conBtant  of  integration,  t 
and  v„  =  Vny  =  v^  sin  a; 


)  put  ( =  0, 


IL 


tiierefore  -^  =  —fft  +  Vf,  sin  a 

and  y=  —  \9^  +  "o  ^^°  "  (0- 

Eliminating  t  between  the  equations  in  x  and  y,  we  get 
y  =  x  tan  a  — 


tbe  equation  of  the  path  of  the  projectile.  This  is  evi- 
dently a  parabola,  with  its  axis  vertical  and  its  vertex  at  A. 

Range.  To  find  the  range  or  horizontal  distance  d,  we 
put  y  =  0  ;  then  a;  =  0  and  x  =  d. 


so  that 


(I 


_r'sln2« 


From  this  it  is  clear  that  the  greatest  range  is  given  when 

a  =  45°,  since  then  d  =  -^■ 

9 

The  Greatest  Jleii 

projectile  will  rise  is  found  by  putting  3 

the  equation  of  the  curve  and  solving  for  y.     This  gives 


The  greatest  height  to  which  the 
«^  sin  2  a    . 
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and  the  angle  that  gives  the  greatest  height  is  a  =  90*^ 

a 
For  this  case  h  =  ^.     This  ia  the  case  that  haa  already 

been  considered  under  the  head  of  a  body  projected  verti- 

jally  upward. 

91,  Body  projected  np  an  Inolined  Plane,  —  If  the  body  is 

projected  up  an  inclined  plane,  making  an  angle  ^(|S<«) 
with  the  horizontal  and  passing  through  the  point  0  (see 
Fig.  114),  we  desire  to  find  the  point  at  which  the  pro- 
jectile will  strike  the  plane.  For  any  point  in  the  plane 
we  have  i/  =  x  tan  jS.  The  point  where  thia  plane  cuts  the 
parabolic  path  of  the  projectile  is  given  by  the  equations 


ncc^-m. 


The  range  ( 


'  <;  cos  j8 

_2vl  cos  jt  tan  ff  sin  («  -  ff) 

1  the  plane 

%v^  cos  a  sin  (a  —  &') 

g  cos'yS 


J 


Problem  133.  The  initial  velocity  if«  is  the  same  aa  that  of  a  bod; 
falling  freely  from  the  directrix  of  the  parabolic  path  to  the  point  0 
on  the  curve.  Show  that  the  velocity  of  the  body  at  any  point  on  the 
curve  is  the  same  as  would  be  acquired  in  falling  freely  from  the 
dixectrix  to  that  point. 

Problem  134.  A  fire  hose  delivers  water  with  a  noEtle  velocity  v% 
at  an  angle  of  elevation  a.  How  high  up  on  a  vertical  wall,  Bituat^ 
at  a  distance  d'  from  the  nozzle,  will  the  water  be  thrown  ?     It  should 
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be  said  that  water  thrown  from  a  nozzle  i: 
takes  a  parabolic  path  and  follows  the  same 


n-reaisting  mediuni 
13  projectiles . 


Problem  135.  What  must  be  the  nozzle  velocity  of  water  thrown 
upon  a  burning  building,  200  ft.  high,  the  angle  of  elevation  of  the 
curve  being  SO"? 

Froblem  136.  The  mii/zle  velocity  of  a  gan  is  500  ft.  per  second. 
Find  its  greatest  range  when  etationed  on  the  side  of  a  hill  which 
makes  an  angle  of  10°  with  the  horizontal :  (a)  up  the  hill,  (6)  down 
the  hill.  U  the  hillside  is  a  plane,  the  area  commanded  by  the  gua 
ia  an  ellipse,  of  which  the  gun  is  a  focus. 

Problem  137.  A  ball  whose  weight  is  64^  lb,,  shown  in  Fig. 
115,  starts  from  rest  at  A  and  rolls  without  friction  in  a  ciicular  path 


to  the  point  B,  where  it  is  projected  from  the  circular  path  horizontally. 
Find  (n)  the  velocity  at  B,  (6)  the  equation  of  its  path  after  leaving 
B,  and  (c)  the  distance  d  from  a  vertical  through  B,  where  it  strikes  a 
horizontal  10  ft.  below  B. 
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Problem  138.  Tf  the  body  in  Problem  137  bad  moved  along  a 
straight  line  from  A  to  B  and  waa  then  projected,  find,  as  in  the 
preteding  problem,  (a),  (fi),  and  (c). 

Problem  139.  A  Ijody  whose  weight  is  12  lb.  ffwinga  aa  a  circular 
peudulum,  asahown  in  F^.  110,  from  A  to  B,  when  the  string  breaks. 
Find  («)  the  velocity  at 
H,  (/')  the  equation  of 
its  path  after  leaving 
B,  and  (e)  the  distance 
d  wliere  it  strikes  a  hori- 
zontal 5  ft.  Iwlow  B. 

Problem  140.  A 
ball  wlioiie  ■weight  is 
32.2  lb.  starts  from  rest 
at  A  ou  the  top  of  a 
sphere  (Fig.  117),  and 
rolls  without  friction  to 
the  point  B,  where  it 
leaves  the  surface.  Lo- 
cate the  point  B.  Find 
also  (a)  the  angle  of 
_  projection  a,  (b)  the 
^°-  ""  equation  of  the  path  of 

the  body  after  leaving  the  sphere,  and  (c)  the  diatanco  d  where  it 
strikes  the  horizontal. 

Problem  141.  The  muzzle  velocity  of  a  gun  situated  at  a  height 
of  300  ft.  above  a  horizontal  plane  is  2000  ft.  per  second.  Find  the 
area  of  plaue  covered  by  the  gun. 

Problem  142.  The  fly  wheel  shown  in  Fig.  8i  "runs  wild"  and 
the  rim  breaks  into  six  equal  parts,  free  from  the  arms,  when  going  at 
the  speed  of  300  revolutions  per  second.  The  puth  of  the  pieces  being 
unimpeded,  find  the  greatest  height  that  could  be  reached  by  either 
piece  and  the  greatest  horizontal  distance  attainable. 

92.    notion   of  Projectile  in  Eesisting  Uedium.     It  was 

found  by  Rollins  ami  others  (see  Eocyclopiedia  Britanmca . 
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—  "Gunnery")  that 
the  formula  for  pro- 
jectiles in  vacuo  did 
not  hold  when  the 
projectile  moved  in 
the  atmosphere.  That 
is,  that  the  path  fol- 
lowed by  the  projec- 
tile was  not  parabolic, 
but  on  account  of  the 
resistance  of  the  at- 
mosphere the  range 
was  much  less 
than  that  given 
by  the  parabola. 

A  formula  constructed  by  Helie,  empirically  modifying 
the  parabohc  formula,  is 

93^         _ 
"'."if  ■ 

^^here    i  =  0.0000000458   —,  ti  being  the  diameter  of  the 
w 

projectile  in  inches,  and  w  its  weight  in  pounds.  This  gives 
the  simplest  formula  for  roughly  constructing  a  range  table. 
Professor  Bashforth  of  Woolrich  found,  from  a  series  of 
experiments  made  by  him,  that  for  velocities  between  900 
and  1100  ft.  per  second  the  resistance  varied  as  ifi,  for 
velocities  between  1100  and  1350  ft.  per  second  the  re- 
sistance varied  as  i^,  and  for  velocities  above  1350  ft.  per 
second  the  resistance  varied  as  A 

In  addition  to  the  resistance  of  the  air  other  factors  tend 
^-^  change  the  path  of  the  projectile  from  the  parabolic 


=  (^^> 
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form,  viz.  the  velocity  of  the  wind  and  the  rotation  of  the 
projectile  itself.  Most  projectiles  are  given  a  right-handed 
rotation,  and  this  causes  them  to  bear  away  to  the  right 
upon  leaving  the  gun.  This  is  called  drift.  Correction 
is  made  for  drift  and  wind  velocity  upon  firing. 

If  the  resistance  of  the  air  varies  as  the  velocity,  say  it 
equals  ko,  thcji  kv,.  =  fc-j-  and  hv^  =  k  -^, 
so  that 

^^-^  'd^-     "W  d^-     "dt 

Integrating,  and  remembering  that  when  (  =  0, 
Vj.  =  Uo  cos  a,  tij,  =Vq  sin  a, 
dx  _!,,  dv 


we  have 
(2) 


I 


dt 


dt 


and  therefore,  i 

(4) 


.«(+ 


+  ikv^  si-na  +  g 
0,  X  =  0,  and  y  =  0, 


"). 


^^=^(1- 


Eliminating  t,  the  equation  of  the  c 

(5)  y  =  ^0-!H?  +  .9  ~  .    fi 


\ 
I 


/c^ 


93.  Path  of  Frojeotile  Small  Angle  of  Elevation.  —  When 
the  resistance  varies  as  the  square  of  the  velocity,  the 
complete  determination  of  the  path  of  the  projectile  is 
mathematically  diiiicult.     In  what  follows,  the  angle  of 
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elevation  has  been  assumed  small  so  that  powers  of  ^ 

dx 

higher  than  the  first  have  been  neglected.     Then  ds  =  dx 
and  «  =  a:.     Let  the  resistance  equal  Aw^sif  —  j .     Then 

^^^  She -ididx^ 

^■^  d^ ""         dtdt' 

cPv  7  d%  dy 

Equation  (1)  may  be  put  in  the  form 

\dtj__^,d8 
dx  dt 

dt 

which  gives,  upon  integrating, 

dx 

«  log -J k.. 

Vq  cos  a 

Since  the  initial  value  of  -—  is  v^  cos  a,  that  is,  when  ^  =  0, 

dt 

dx 

-—  =  Vq  cos  a. 

dt 
Equation  (3)  may  be  written, 

(4)  ^  =  v^  =  Vq  cos  a-6-*'. 

Multiplying  (1)  by  dy  and  (2)  by  dx  and  subtracting 
(2)  from  (1),  we  get 
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I 


(6)  ■^"'-f'^y^-gd.. 

From  (4)  aud  (5)  we  have 

and  Bince  t  =  Zy 


(6) 


i4»  = 
dx 


-«»"&. 


iDtegrating,  and  remembering  that  when  a:  =  0,  -^  =  tan  n, 
dx 
we  have 

(7)  ^-tana  = 2 («»'-!); 

therefore, 


(8)     <(-»!tan«  + 


.?" 


2i»;co.'«     4P»!oob'<i 


-1). 


I 


If   e***  be  expanded  in  a  aeries,  this   may  be  expreaaed  ' 
approximately  as  follows, 


(9) 


glci? 


gJ 

2 »;  »<>»■'«     3.^0' 


L 


It  is  seen  that  if  the  third  and  following  terms  be  neglected, 
the  equation  is  that  of  the  projectile  in  vacuo  (Art,  90). 

Problem  143.  Find  the  range,  gretitest  height,  and  time  of  flight, 
from  H^lie's  equation  (Art.  63);  Equation  5,  Art.  fi2 ;  and  EquatioD  9 
of  the  present  article. 

FToblem  144.  Compare  the  values  obtained  in  the  preceding 
problem  with  simitar  values  obtained  for  the  case  of  motion  in  vacuo, 
taking  a  ^  45"  and  Vt,  ==  1000  ft.  per  second.  In  each  oaae  take 
h=  .0000000458  -^   where  d  ^  6  in.  and  tn  =  150  lb. 
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Problem  145.     Find  the  angle  of  elevatioD  a.  for  each  of  the  i 
in  preceding  problem  in  order  to  strike  a  point  200  ft.  high,  distant 
1000  ft.     Take  !;„  =  1000  ft.  per  second. 

Problem  14S.     A  locomotive  weighing  175  tons  mo 
ft.  curve  with  a  velocity  of  40  mi.  per  hour.     Find  the  horizontal  pres- 
sure on  the  rails,  if  they  are  on  the  same  horbontal. 

Problem  147,  II  the  velocity  of  the  earth  was  18  times  what  it 
actuallj  is,  show  that  the  force  of  gravity  would  not  be  sufficient  to 
keep  hodies  on  the  earth  near  the  equator.  Take  the  radiua  of  the 
earth  as  4000  mi.,  and  assuming  the  above  conditions,  find  at  whtrt 
latitude  the  body  would  just  remain,  on  the  earth. 

Problem  148.  The  weight  of  a  chandelier  is  300  lb.,  and  the  dis- 
tance of  its  center  of  gravity  from  the  ceiling  is  16  ft.  Neglecting  the 
weight  of  the  supporting  chain,  £ud  how  much  the  tension  in  the 
chain  will  be  increased  if  the  chandelier  is  set  swinging  through  an 
angle  of  2°,  measured  at  the  ceiling. 

Problem  149.    A  pail  containing  5  lb.  of  water  is  caused  to  swing 
in  a,  vertical  circle  at  the  end  of  a  string  3  ft.  long.     Find  the  velocity 
of  the  pail  at  the  highest  point  so  that  the  water  will  remain  in  the 
'pail.     Find  also  the  velocity  of  the  pail  at  the  lowest  point. 

F  94.  Hotion  in  Twisted  Curve.  —  When  the  motion  of  a 
body  is  in  a  twisted  curve,  it  is  convenient  to  take  account 
of  its  motion  relative  to  three  rectangular  axes,  x,  y,  and  z. 
Let  a,  /9,  7  be  the  direction  angles  of  the  tangent  line  to 
the  curve,  and  X,  /i,  v  the  direction  angles  of  the  resultant 
force.     We  may  then  write  for  the  velocity, 

~  d(  ' 


^x~^ 
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aud  for  the  acceleration,  since 


<Kr     cPgdz  ,  fd^y  (Px 


(I)' 


~'M  dt'dt  \dtj  dff' 
_  .ft  _  i?%  *  Idif  d^ 
~  dt'  ~  dl'  lit  "•■  \dtl  dt' 


I 


since  -;-i  -/i  ^-  are  the  direction  cosines  of  the  tangent 
a»    da    d» 


the  principal  normal. 

From  the  above  equations  it  will  be  seen  that  the  result- 
ant acceleration  a  may  be  resolved  into  tangential  and 
normal  eoraponenta  ^m 

dv       ,  ^  H 

a,  =  —  aud  a„  =  — 1  ^H 

'     dt  -      p  ^ 

just  as  was  done  in  the  case  of  motion  in  a  plane  curve. 
In  this  case  the  normal  is  the  principal  normal  and  the 
radius  p  is  the  radius  of  absolute  curvature. 

As  an  illustration  of  motion  in  a  twisted  curve  consider 
the  motion  in  a  helix.     The  helix  may  be  considered 


d  a4^_ 


CURVILINEAR  MOTION 


167 


generated  by  the  end  of  a  line  that  moves  with  uniform 
velocitj'-  along  the  line  OZ  (Fig.  118).  The  edge  of  the 
thread  of  a  screw  is  such  a  twisted  curve.     Let  the  curve 


Fia.  U8 

be  given  by  Fig.  118,  and  let  P  be  any  point  having  coor- 
dinates x^  y,  and  z. 
Then  a?  =  rcos<^, 

y=rsin<^, 

k    . 


will  represent  the  c 


t  =  —  ro)  ain  tp 


i'^= 


ucoa0; 


.A^^  = 


-^  Ig  the  angular  velocity  of  the  point  with  respect  to  z; 

represent  it  by  eo  (see  Art.  95),  so  that  u  =  (o-/r"H 

=a  constant  (A  is  an  arbitrary  constant  that  determines  the 
pitch  of  the  helix).     The  velocity  of  a  point  moving  in 


such  a  curve  is  constant  since 
eration  a,  is  therefore  zero. 
We  may  also  write 

a,=  r  cos 


s  constant.      The  acc^ 


a  =r  sin  < 


-¥  =  —r(o  cos  0; 


dt 


=  0. 


Therefore  a  =  V 

That  is,  the  acceleration  in  the  direction  of  the  resultant 
force  is  equal  to  ar  and  the  accelerating  force  is  equal  to 
Mwr. 

The  fact  of  zero  tangential  accelerations  has  made  this 
curve  very  useful.  In  many  cases  the  helical  surface 
foi-med  by  the  revolving  line  has  been  made  use  of  to 
send  packages  from  upper  floors  of  commercial  establish- 
ments to  the  lower  floors.  Since  a,  =  0,  the  packages 
move  down  with  uniform  motion.  The  helicoid  is  in- 
closed in  a  tube  with  convenient  openings  for  the  insertion 
of 


;^^H 


CHAPTER   XI 

ROTARY  MOTION 

SO,  Angnlar  Velocity.  ^  In  Art.  71  linear  velocity  was 
defined  as  the  rate  of  motion,  and  it  was  stated  that  it 
might  he  expressed  as  the  ratio  of  distance  to  time  or 
the  rate  of  change  of  linear  distance  to  time.  The 
simplest  case  of  rotating  bodies  is  seen  in  uniform  rotation 
about  a  fixed  axis.  The  angular  velocity  is  defined  as 
the  ratio  of  angular  distance  to  time.  Let  the  angular 
distance  (measured  in  radians)  be  represented  by  a  and 
the  angular  velocity  by  ta.     Then  for  uniform  velocity 


and  for  variable  velocity 


Angular  velocity  involves  a  magnitude  and  a  direction, 
and  may,  therefore,  be  represented  by  an  arrow  (see 
Fig.  119),  the  length  of  the  arrow  representing  the  magni- 
tude and  drawn  perpendicular  to  the  plane  of  motion 
such  that  if  you  look  along  the  arrow,  from  its  point, 
the  motion  appears  positive  or  negative  ;  positive  if  coun- 
ter-clockwise and  negative  if  clockwise. 

Velocity  arrows  may  be  compounded  into  a  resultant 
or  resolved  into  components  in  the  same  way  that 
arrows   were    treated.      For   example,  in   Fig.    119, 


t  force     ^H 
the  ^H 
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angular  velocity  of  a  body  at  any  instant  is  representi 
by  CO.     Then  the  angular  velocity  with  respect  to  two  r 


tangular  axea  x  and  y  will  be  represented  by  w^  =  u  cos  X 
and  tOy  =  a>  sin  X,  so  that  a'  =  wj  +  at^. 

In  a  similar  way  if  a  body  has  an  angular  velocity 
to  about  an  axis  making  angles  X,  /x,  and  v  with  the  x,  y, 
and  z  axes,  respectively,  the  component  velocities  along 
the  axes  will  be  given  by 


1)  cos  X,  I 


O  cos  (i,  ( 


■y  that 


L 


96.   AngnIaT  Acceleration. — Angular  acceleration,  which 
we  shall   represent  by  fl,  may  be  defined  aa  the  rate  of 
of  angular  velocity,  so  that  if 


da   , 


^^a 


A 
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From  the  preceding  article  and  the  definitio 
acceleration  we  may  write 


.  of  angular 


dt  ' 


dt  ' 


The  linear  velocity  and  linear  acceleration  of  a  point 
of  a  rotating  body  may  be  determined  in  terma  of  the 
angular  velocity  and  angular  acceleration.  Assume  that 
for  the  instant  under  consideration  the  point  is  moving 
in  the  arc  of  a  circle  of   radius  p,  over  an  are  up,  then 


_pda 


—  up  and  «,  — 


pd^a_ 


dt  '      dfi 

It  will  be  seen  that  v  in  this  case  is  the  velocity  along  a 
tangent  to  the  path  at  the  point  P. 

97.  Angular  Acceleration  Constant.  —  In  Art.  73  we  found 
tha,t  when  the  linear  acceleration  was  constant,  the  equa- 
tions of  motion  reduced  to  a  simple  form.  In  a  similar 
way  if  0  is  constant,  and  the  axis  of  rotation  fixed,  we  have 


k 


=  ^(«o+«)«, 


where  m^  is  the  constant  initial  angular  velocity. 

The  expression  for  linear  velocity  and  linear  accelera- 
tion of  any  point  P  of  the  body  becomes  in  this  case 
(I  =  «r  and  «<  =  8r,  where  r  is  the  distance  of  P  from  the 
axis  of  rotation. 


lFpzmi>  iwasm 
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Problem  150.     A  fljr  wheel  making  100  revolutions  per  minute  ia 
brought  to  rest  in  2  ntin.      Find  the  angular  acceleration  d 
the  angular  distance  a  passed  over  before  coming  to  rest. 

Problam  191.  A  fly  wheel  is  at  rest,  and  it  is  desired  to  bring^ 
to  a  velocity  of  300  radiana  per  minute  in  \  min.  Find  the  aocelera- 
tioa  fl  necessary  and  the  numlier  ot  revolutiona  required.  What  is 
the  velocity  u  at  the  end  of  10  sec.? 

Problem  152.  Suppose  the  fly  wheel  in  Problem  151  to  be  fl  ft. 
in  diiimeter.  After  arriving  at  the  desired  angular  velocity,  what  is 
the  tangential  velocity  of  a  point  on  the  rim?  What  has  been  the 
tangential  iicceleratiun  of  this  point,  if  constant?  ■ 

98.  Variable  Acceleration.  —  In  case  6  is  not  constanlH 
ita  law  of  variation  must  be  given  bo  that  the  equations 
of  motion  may  be  worked  out.  Aa  an  illustration  suppose 
that  a  body  moves  in  such  a  way  that  the  angular  accelera- 
tion 8  varies  as  the  angular  distance  «.  Let  0  =  —  ka, 
then  from  the  equation  adm  =  dda,  we  get  ada  =  —  kada. 
Taking  the  limits  of  oi  as  Wg  and  oi,  and  the  limits  o£  ( 
0  and  a,  and  of  (,  0  and  (,  we  have 

I  mda}  =  —  k\  ada j 

i>=  Vco^  -  ko?. 

1      -„-,VA«     , 


therefore 
Integrating  a 


which  gives 
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This  last  equation  bIiows  that  m  is  a  periodic  function 
of  the  time ;  the  motion  is  vibratory.  Referring  to  Art. 
79,  it  ia  seen  that  the  motion  is  harmonic.  In  fact,  if  we 
substitute  oi^  =  v^  and  a  =  sp,  we  have  exactly  the  same 
equation  as  was  obtained  in  Art.  79.  This  example  ap- 
plies to  the  motion  of  a  simple  pendulum,  considering 
it  as  I'otating  about  the  point  of  support. 

Problem  153.  Tlie  balance  wheel  of  a  watch  goes  backward  and 
forward  in  \  sec.  The  angle  througli  wMch  it  turns  is  180°;  find 
the  greatest  angular  acceleration  and  tiie  greatest  angular  velocity. 

ProblBm  154.  Assume  the  angiUar  acceleration  varies  inveraely 
as  the  square  of  the  angular  distance;  find  the  relation  between  <o  and 
a,  and  t  and  a. 

99.   Combined   Eotatioii   and   Translation.^ — The  angular 
acceleration  of  a  body  may 
be  resolved   into   its  tan- 
gential and   normal   com- 
ponents «(=  dp  and  a„  = 

—  =  w^p.     If  now  the  body 

has  in  addition  to  its  rota- 
tion, a  translation,  the  total 
acceleration  of  any  point 
P  will  be  given  by  the 
components  6p,  ar^p,  and  a^. 
In  Fig.  120  the  body  ia  sup- 
posed to  have  an  axis  of  ro- 
tation perpendicular  to  the 
paper,  and  a  translation  parallel  to  ox.  Let  the  angle  that 
P  0  makes  with  x  be  |S,  so  that  cos  /3  =  -  and  ein  ;9  =  ^- 


ng.  ut 


—  *  +  •■©■  ••  =  -^  +  -0> 


As  SB  iUwullrtiua  of  eoi>laiked  n>tatioii  and  translation 
I  mt  •  vbeel  oC  radios  r  rolling  in  a 
Let  the  aooeleration  of  traosla- 
laMi  at  tlw  ceMer  be  ««.  and  the  aogalar  velocity  of  the 
wht€^  aboM  tks  eenter,  be  m,  and  the  correspoudiDg 
aagnlar  acodentkn  #. 

an  the  tangeiiti«I  and  normal  accelerations  of  a  point  on 
th«  rim  situated  at  the  top  of  the  wheel. 

Problem  15S.  A  kKonothe  driTe  wheel  6  ft.  in  diameter 
rails  along  a  let«l  track.  Find  the  greatest  tangential  acceleration 
aud  lli»  gfreatest  normal  aocelMatioa  of  &nj  point  on  th«  tread, 
(«)  »  h«u  (be  r*lo«ty  r  with  trhich  the  wheel  mores  atoDg  the  track  is 
eO  mi.  per  hour,  (S)  when  Uie  engioe  is  slowing  down  unifomilj 
and  has  a  Telocitr  of  30  mi.  per  hour  at  the  end  of  3  niia-i 
(r)  when  the  engine  is  starting  up  uniformly  and  has  e,  velocity  of 
30  mi.  por  hour  at  the  end  of  5  luin. 

Froblom  156,  A  cylinder,  diameter  d,  roUa  from  reat  down  an 
inclined  plane,  inclined  at  an  angle  ^  with  the  horizontal.  What  is 
tlie  greatest  normal  and  greatest  tangential  acceleration  of  any  point 
en  its  oircumference  1    Neglect  friction. 


100.  Rotation  in  General.  —  It  has  been  shown  in  Art, 
36  that  any  system  of  forces  acting  upon  a  rigid  body 
may  be  reduced  to  a  single  force  and  a  single  couple 
whose  plane  is  perpendicular  to  the  line  of  action  of  the 
single  force.  That  is,  the  most  complicated  cases  of  rota- 
tion consist  of  an  iustantaneous  translation  combined  with 
an  instantaneous  rotation  at  right  angles  to  the  translation. 

Bodies  projected  into  the  air  while  rotating  have  been 
mentioned  in  Art.  92.  The  projectile  rotating  about  an 
axis  is  projected  in  the  direction  of  the  axis.  If  no  forces 
acted  upon  it  after  leaving  the  gun,  it  could  move  in  a 
straight  line.  It  is,  however,  acted  upon  by  gravity,  which 
causes  it  to  take  a  somewhat  parabolic  path.  The  resist- 
ance of  the  air  causes  the  projectile  to  drift. 

This  action  of  the  projectile  will  probably  be  most 
easily  explained  by  a  consideration  of  the  motion  of  a  base- 
ball. The  modern  pitcher  when  he  throws  the  ball  gives 
it  also  a  motion  of  rotation.  The  force  of  gravity  causes 
the  ball  to  take  a  path  somewhat  parabolic  and  the  resist- 
ance of  the  air,  due  to  the  rotation,  causes  the  ball  to  de- 


I 


I 


Sect  from  the  plane  iu  which  it  started.  The  combination 
of  the  two  Jefiecting  forces  makes  the  path  of  the  ball  a 
twisted  curve.  Diflfereut  speeds  and  directions  of  rota- 
tion and  different  speeds  of  translation  give  great  variety 
to  the  curves  produced.  The  action  of  the  baseball  will 
be  best  understood  by  referring  to  Fig.  121.  Let  the 
baseball  have  an  initial  angular  velocity  «  and  an  initial 
linear  velocity  v  in  the  directions  shown.  The  rotation 
of  the  hall  causes  the  air  to  be  more  dense  at  A  than  at  S, 
so  that  the  ball  is  pushed  constantly  from  A  to  S.  This 
action  causes  it  to  deviate  from  the  plane  in  which  it 
initially  moved  and  to  take  the  path  indicated  by  c. 
Ae  stated  above,  this  action  in  the  case  of  a  projectile 
is  known  as  drift. 
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DYNAMICS   OF   MACHINEEY 

101.  statement  of  D'Alembert's  Fiinciple.  —  A  body  may 
be  considered  as  made  up  of  a  collection  of  individual 
particles  held  together  by  forces  acting  between  them. 
The  motion  of  a  body  concerns  the  motion  of  ita  individ- 
ual particles.  We  have  seen  that  in  dealing  with  such 
problems  as  the  motion  of  a  pendulum  it  was  necessary  to 
consider  the  body  as  concentrated  at  its  center  of  gravity; 
that  is,  to  consider  it  as  a  material  point.  The  principle 
due  to  D'Alembert  makes  the  consideration  o£  the  motion 
of  bodies  an  easy  matter.  Consider  a  body  in  motion  due 
to  the  application  of  certain  external  forces  or  impresaed  ' 
forces.  Instead  of  thinking  of  the  motion  as  being  pro- 
duced by  such  impressed  forces,  imagine  the  body  divided 
into  its  individual  particles  and  imagine  each  of  the  parti- 
cles acted  upon  by  such  a  force  as  would  give  it  the  same 
motion  it  has  due  to  the  impressed  forces.  These  forces 
acting  upon  the  individual  particles  are  called  the  effective 
forces.  D'Alembert's  Principle,  then,  states  that  the  im- 
prexeed  forceg  will  he  in  equilibrium  with  the  reversed  effec- 
tive forces. 

It  must  be  seen  by  the  student  that  the  principle  does 
not  deal  with  the  forces  acting  between  the  particles  of  a 
body ;  these  are  considered  as  being  in  equilibrium  among 
themselves.  We  shall  see  in  what  follows  that  this 
177 
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Jieiple,  by  assuming  a  system  of  effective  forces  acting 
lapon  the  particle,  enables  ua  in  maDy  cases  to  apply  the 
■  principles  of  eqaiUbrinm  as  developed  and  used  in  the 
I  mbject  of  statics. 

102.  Simple  Translatioa  of  a  Eigid  Body.  —The  principle 
of  D'Alembcrt  will  be  best  iinderstood  by  applying  it  to 
the  consideration  of 
the  simpler  motions 
of  a  rigid  body.  Let 
us  consider  the  body. 
Fig.  121a.  and  let  us 
assume  that  it  has 
aiinple  translation 
parallel  to  x  due  to 
the  action  of  certain 
impressed  forces  P,, 
F,a.i2ia  ^  Pv  -^8'  etc.,  making 

angles  a,,  a^,  a^  etc., 
with  X.  It  is  seen  at  onee  that  only  the  components 
of /"i,  Pj,  P3,  etc.,  parallel  to  x  have  any  part  in  produc- 
ing motion  in  that  direction.  We  may  say,  then,  that 
the  impressed  forces  are  Pj  coa  a.\-,  P^  cos  a^,  P^  cos  ag,  etc., 
and  that  these  produce  an  acceleration  a  iu  the  direction 
indicated. 

Imagine  the  body  now  divided  into  small  particles  each 
of  mass  d.M,  and  assume  that  the  system  of  forces  produc- 
ing the  motion  of  the  body  consists  of  a  small  force  AM.  a 
acting  on  each  particle.  D'Alembert's  Principle  then 
states  that  these  forces  reversed  are  in  equilibrium  with 
the  impressed  forces.     We  have,  then,  Ix  =0, 
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or      -PjCOSttj  +  P^Goaa-i  +  -PaCOSag  +  cto.  —  ^djif  ■  a  =0, 
or      7*^003  ttj  +  P3COS  tt2  +  -PgCos  ag  +  etc,  =  ^dM  ■  a. 
But  since  motion  is  parallel  to  x,  it  is  evident  that 
-PiC0Scn+P2eo3t(2+i'3Cos«3  + etc.  =  Resultant  Force=B. 

Therefore,  for  continuous  bodies, 

B  =  a(dM  =  aM, 

since  a  is  the  same  for  every  particle  of  the  body.  Con- 
sider each  particle  at  a  distance  y  from  x  and  let  d  be  the 
distance  of  R  from  x ;  then  taking  momenta  with  respect 
to  an  axis  through  x  and  perpendicular  to  it,  we  have 

Iid=  a^ydM=ayM, 

where  y  is  the  distance  of  the  center  of  gravity  of  the  body 
from  X  (Art.  22).     Dividing  through  by  R,  we  find, 


that  is,  the  resultant  force  passes  through  the  center  of 
gravity  of  the  body. 

103.  Simple  Rotation  of  a  Rigid  Body.  —  We  shall  now 
apply  D'Alemhert's  Principle  to  the  case  of  a  rigid  body 
rotating  about  a  fixed  axis.  Let  B  in  Fig.  122  be  the 
body,  and  imagine  it  rotating  in  the  direction  indicated 
about  an  axis  through  0  perpendicular  to  the  paper.  Sup- 
pose the  rotation  due  to  the  action  of  forces  P^,  P^,  P3,  P^, 
etc.,  making  angles  oj,  0^.  7^;  a^.  ^^,  73.  etc.,  with  a  set  of 
axes  3",  y,  z,  with  origin  at  0.  It  is  evident  that  only  the 
components  of  the  forces  P^,  P^,  Pg,  P^,  etc.,  parallel  to 


the  a»-plane,  will  have  any  part  in  producing  rotation. 
Call  these  projections  Pj,  P^,  P^,  P^,  etc. ;  they  are  the 
impreased  forces  ^ 

for  the  motion  con- 
sidered. The  dis- 
tances of  the  lines 
of  action  of  these 
forces  from  0  mity 
be  represented  hy 
di,  d^,  df,  d^.  etc. 

Now  consider 
the  effect!  ve 
forces.  Imagine 
the  body  made  up 
of  individual  par- 
ticles d3/ situated 
at  a  distance  p 
from  0.  Each  dM 
is  acted  upon  by  "'"■  '^ 

a  force  dMai  =dM9p.  These  are  the  effective  forces, 
Equating  tiie  moments  of  these  forces,  reversed,  to  tlie 
moments  of  the  impressed  forces,  we  have 

S  (Pi'rfi  +  Pi'ds  +  Ps'da  +  etc,)  =  frfjtf-ep-p  =  efp'ditf  =  8/, 

since  fp^iiiW  gives  the  moment  of  inertia  of  B  with  respect 
to  0.     (See  Art.  87.) 

That  is,  wlten  a  body  rotates  about  a  fixed  axis,  the  sum  of 
the  moments  of  the  impressed  forces  in  the  plane  of  rotation 
equals  61. 

It  is  evident  that  any  one  of  the  forces  Pj,  p^,  P^,  P^, 
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etc.,  may  be  such  aa  to  offer  a  reaiatance  to  the  indicated 
motion  of  the  body.  In  such  a  case  the  aign  of  its  mo- 
ment would  be  changed. 

104.  Beactioiis   of    Supports ;    Rotating    Body.  —  It    has 

just  been  shown  that  one  equation  is  sufficient  to  give 
the  motion  of  a 
rigid  body  about 
a  fixed  axis.  It 
isnecessary,how- 
ever,  iu  order  to 
determine  the  re- 
actions of  the 
supports,  to  use 
other  equations. 
Consider  the 
body  B  with  its 
axis  vertical,  as 
shown  in  Fig. 
123,  and  let  the  ' 
rotation  take 
place  as  indi- 
cated due  to  the 
action  of  the 
forces  P^,  Pj, 
i'3,P,.etc.     Let  ^'o-i'" 

Px,  Py\  and  P,  be  the  reaction  of  the  supports  on  the  axis 
at  0,  and  P'^  and  P'  the  reactions  of  tiie  support  at  A  on 
the  axis. 

The  effective  forces  acting  upon  a  particle  of  the  body 
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the  resultant  force  acting  on  dM  by  its  tangential  and 

normal  components  and  call  them  (7  7"  and  diV  respectively. 

;;  It  has  been  shown  (^Ait. 

86)  that  the  normal  force 

equals  - —  and  the   tan- 

P 
gential  force  equals  Ma^ 
and  that  v  =  wp  and  a,  = 
ep  (Art.  96).     We  have 
then 

X  ami  it  is  seen  that  both 

dN  and  dT  may  be  re- 
solved along  each  of  the 
axes  X,  y,  and  z  for  every 
i  *^  **  dilf  of  the  body. 

'"■ '"''  From   what   has   been 

said  it  is  evident  that  the  sum  of  the  impressed  forces 
along  the  z-axis  equals  the  sum  of  the  reversed  effective 
forces  along  the  same  axis.  Calling  the  impressed  forces 
i  and  the  effective  forces  e,  we  may  write 

Xxi  =  Sar^  S  mom,^  =  £  momj„  ^^1 

Sy,  =  Ij/^  £  inoiUfy  =  X  mom,y,  ^^| 

2zi  =  SSj,;  2  mom^  =  S  mom„. 


That  is,  tlie  components  of  the  impressed  forces  along 
each  of  the  three  axes  x,  y,  and  z  equal  the  components 
of  the  reversed  effective  forces  along  these  axes  and  the 
moment  of  the  impressed  forces  with  respect  to  the  three 
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axes  x^  y^  and  z  equals  the  moment  of  the  reversed  effective 
forces  with  respect  to  these  axes. 

Writing  down  these  six  conditions,  we  have 

^Xi  =  —  f  c?iVcos  <^  -I-  f  c?rsin  <^, 

2y^  =  —  fciiV sin  <^  —  {dTQ.0%  <^, 

2  mom^ar  =  —  \dN^\w  ^  •  2  +  J  c?rcos  <^  •  2, 

2  mom^y  =  J  (iiVcos  ^  •  2  +  J  c?2^sin  ^  •  2, 

2mom,^=  \dT'  p. 

Substituting  the  values  of  c?iVand  dT  in  the  expressions 
on  the  right-hand  side,  we  have 

^dN'cos  <f)  =  ofijp  cos  ^dM^  (io^jxdM=  —  oo^Mx^ 
jdNsin  <f}=:ofi^ydM=:  -  ©2Jfy, 

f  rfiVsin  (f)'Z  =  cfi^yzdM^ 
J  rfiVcos  (l>'Z  =  afiixzdMf 

fdTsin  if>  =  JiJ/^c^ilf  sin  ^  =  0JydM=  0My, 

jdToos  <f>  =  0^xdM=^  OMx, 
^dTsin  (l>'Z  =  OJyzdM, 
^dT  cos  <f)'Z==  OJxzdM. 


I 


The  six  general  equations  therefore  reduce  to  the  form 
Zj:,  =  iMy  -  o^Mx,  (1) 

^S.y^  =~  eafS-  »>Jlfyi  (3) 

2*1  =  0;  (3) 

S  moin,^  =  -  «^(vzdM  +  6  fjrarf .tf,  (4) 

Soiom  ,y  =  ^.■'(xzilM  +  ejyarfjf,  (5) 

S  mom,,  =  e  j'p'dM  =  1/^  (6) 

These  equations  hold  true  at  any  instant  during  the 
motion  of  the  body.     It  will  be  seen,  since  x  and  y  are  the 

coordinates  of  the  center  of  gravity  of  the  body,  tbat 
when  the  axis  of  rotation  passes  through  the  center  of 
gravity,  tlie  right-hand  sides  of  (1)  and  (2)  become  zero, 
It  is  further  seen  from  (4)  and  (5)  that  if  the  body  B 
has  a  plane  of  symmetry  as  the  a-^-plane,  the  right-hand 
sides  of  these  equations  reduce  to  zero,  since  for  every 

j  3:(  +  z)dM  there  is  a  corresponding  j  a:(  —  3)(/jWand  for 
every  I  y(  +  z)rf7l!f  there  is  a  corresponding   \y(^—z)dM- 

Therefore,  when  the  axis  of  rotation  passes  through  the 
center  of  gravity  and  the  plane  xy  is  a  plane  of  syminetTy, 
the  six  equations  become : 

Sx,  =  0,  (7) 

£^i  =  0,  (8) 

22,  =0;  (9) 

2mom^  =  0,  (10) 

2niom,„=0,  (II) 

2niomi,  =  ^/,.  (12) 
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s  case  is  the  one  that  usually  comes  up  in  engineer- 
:oblems,  and  so  these  simplified  equations  are  more 
used  than  the  six  more  general  equations.  It  will 
ticed  that  these  equations  are  exactly  the  same  as 
Dnditions  for  equilibrium  as  determined  in  Art.  35 
t  that  S  mom^  is  not  zero. 

>.  Botation  of  a  Sphere.  —  Suppose  the  body  B,  Fig. 
;0  be   a  cast-iron  2 

3,  radius  2  in.,  con- 
1  to  the  axis  by  a 
tless  arm  whose 
1  is  6  in.  Let  the 
be  rotated  by  a 
running  over  a 
'  of  radius  1  in. 
ed  2  in.  below  P^. 
;he  constant  ten- 
n  the  cord  10  lb. 
uppose  it  acts  in 
j-plane.  Suppose 
ft.  and  6  =  6  in. 
ider  the  motion 
the  sphere  is  in 
;25-plane.  Take 
?y-plane  through 
nter  of  the  sphere 
tidicular  to  2,  then 

3f  and  j  t/zdM  sire  both  zero.     Using  the  foot-pound- 

i  system  of  units,  we  have,  ^  =  y  =  J,  M=  J»  J^i  = 
fl^  =  8.051b.,  and 


8.06  LB8. 


Fia.  126 


-P'^+P,: 


22,  =  /*,- 8.05  =  0;  (c) 

S  mom^  =  -P',  - 10(1)  +  _P,CJ)  =  0.  (d) 

£  mom,^  =  P'^-(8.05)C.i>-i',.J  =  0,  (f) 

2  monij,  =  ^5  =  ^(.065).  (/) 

From  equation  (/)  we  get  5=12.81  radians  pet  (second/. 
Suppose  the  body  begins  to  rotate  from  rest  and  that  at 
the  time  under  consideration  it  has  been  rotating  one 
second.  From  the  relation  a=(Dg  +  Ot  (Art.  97)  we  get 
01  =  5  =  12.81  radians  per  second.  Solving  the  remaining 
equiitions,  we  get  7"^=- 3.623  lb.;  P'„  =  -I.60T  lb.; 
P,=  8.05  lb.;  P^=-  15.284  lb.;  />„  =  13.616  lb.  Tbe 
negative  signs  indiiiate  that  the  arrows  in  the  figure  have 
been  assumed  in  the  wrong  direction. 

Problem  137.  A  flywheel  3  ft.  in  diameter  rotates  abootaverti- 
cal  axia.  The  cross  section  of  the  rim  ia  3  in.  x  3  in.  and  is  made  of 
caat-iron.  Neglect  t!ie  weight  of  the  spokes.  This  wheel  is  placed 
on  the  axis  in  the  preceding  problem  instead  of  the  sphere.  If  the 
other  conditions  are  the  same,  find  the  reactions  of  tbe  supports, 

Problem  1S8.  The  sphere  in  Fig.  125  ia  replaced  by  a  riglit 
circular  cast-iroa  cone  of  height  one  foot  and  diameter  of  base  one 
foot  The  vertex  is  placed  at  the  point  of  attachment  of  the  ^liere. 
If  the  other  conditions  are  the  same,  find  the  reactions  of  the  sap- 
ports. 

Problem  159.  In  the  problem  of  the  sphere,  Art  105,  find  the 
angular  velocity  at  the  end  of  30  aec.  and  the  reactions  of  the  sup- 
ports for  such  speed. 
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106.    Center  of  Fercnesion.  —  It 

will  be  interestiug  now  to  consider 
the  motion  of  a  slender  homoge- 
neous rod  due  to  an  impulsive 
force  P  when  free  to  swing  about 
a  horizontal  axis  through  one  end. 
Let  the  rod  be  given  in  Fig,  126 
and  let  0  be  the  axis  perpendicu- 
lar to  the  paper  about  which  rota- 
tion takea  place.  The  length  of  the 
rod  is  I,  and  P  is  the  impresaed 
force  tending  to  produce  rotation. 
The  effective  forces  are  repre- 
sented in  the  figure  as  acting  on  p_ 
each  individual  particle,  equal  in 
each  case  to  dW-  a^  =  dMBp,  where 
p  is  the  distance  of  dM  from  0. 
D'Alembert's  Principle  for  the 
horizontal  forces  gives 


P  -  P^  -  jdWOp  =  OJpdM  =  epM; 
similarly  moments  about  the  axis  through  0, 
Pd  =  B^{fidM=  81^. 
lut  I^  for  a  slender  rod  has  been  shown  to  be 


i 


-  M^  and  p^-^y, 
that  P,  =  P-e]!rp  =  P-  ~Mp=P(l  - 1 
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If  Pj,ssO,  then  d=^l.  Under  auch  conditions,  if  thftj 
rod  were  struck  with  a  hlow  /*,  there  would  be 
zontal  reaction  at  0.  This  point  distant  1 2  from  0,  for 
which  P,  s=  0,  is  called  the  center  of  percussion.  Tlie 
general  prohleni  of  center  of  percussion  is  not  quite  within 
the  scope  of  the  present  work. 

A  right  circular  cylinder  of  height  fi  and  diameter  of 
base  d  is  made  of  cast  iron.  Locate  its  center  of  perciiB- 
sion,  when  supported  as  the  rod  in  Fig.  126. 


ri.^1 


107. 


Compound  Pendalom.  —  When  a  body  rotates  about 
a  horizontal  axis  due  to  the  action  of 
gravity,  it  is  called  a  compound  pen- 
dulum. We  have  seen  how  to  find 
the  time  of  vibration  of  a  simple  pen- 
dulum and  can  investigate  its  motion 
completely,  for  small  oscillations.  We 
shall  now  study  the  motion  of  the 
compound  pendulum. 

Let  the  pendulum  be  represented 
by  Fig,  127  and  suppose  the  axis  of 
rotation  is  through  0  perpendicular 
to  the  paper.  Taking  moments  about 
the  axis  of  rotation,  we  have 


-ads 


=  ei„. 


I. 


Gd  sin  <> 

Mkl 


It  is  seen  that  6  varies  with  sin  a.     We  wish  now  to 
find  the  length  of  a  simple  pendulum  that  will  have  t' 
same  period  of   vibration  as   this  compound   pendulum- 
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It  was  found,  Art,  88,  that  the  tangential  acceleration  for 
a  simple  pendulum,  ai=  —g  sin  a,  and  hence  its  angular 

acceleration  = — ^-- .      Equating    this    value    to    the 

value  of  6  found  for  the  compound  pendulum,  we  get 


as  the  length  of  a  simple  pendulum  having  the  same 
period  of  vibration.  This  length  I  is  the  length  of  the 
compound  pendulum.  That  is,  the  lengtli  of  a  compound 
pendulum  is  the  length  of  a  simple  pendulum  having  the 
same  period  of  vibration. 

The  student  may  find  this  length  experimentally  by 
taking  a  piece  of  thread  with  a  small  lead  ball  attached 
to  one  end,  and  holding  the  other  end  at  0  adjust  the 
length  of  the  thread  until  the  compound  pendulum  and 
the  simple  pendulum  vibrate  simultaneously.  The  length 
of  the  thread  is  the  length  I. 

Since  I  =  -^,  and  Ag  =  ^  +  (P, 

we  may  write 

d(l-d)  =  kl„OT  00'  ■  0'0"=  constant. 

Evidently  the  relation  is  not  changed  if  O"  and  0"  be 
interchanged;  we  may,  therefore,  say  that  the  compound 
pendulum  will  vibrate  with  the  same  period  when  sus- 
pended about  0"  as  an  axis.  This  point  is  called  the  center 
of  oscillation.  The  point  0  is  known  as  the  point  of  »vs- 
pension.     The   result   may   be   stated   as   follows ;    m  a 
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^H  tompound  puniiulum  the  jtotnl  of  tiapentioH  and  Ou  0 

^^L  <^  otoiUation  are  inlernhangvaHe. 

^H       The  time  of  vibration  of  a  simpk  pendolom  was  fooni! 

I 


I   to  l>et  = 


J7" 


(Art.   88).      This  gives  for  the  time  o 


Tibratiun  of  a  comjKiund  pendulum. 


gd 

Problem  160.  A  ca*t-iroii  uphere  whoso  radius  is  G  in.  nbmtss 
M  a  pcnduliiiN  about  a  tangent  line  as  aii  axis.  Find  Uie  period 
o(  vibration  and  the  knglb  of  a  Biniple  penduium  baving  tbe  ewue 
pcricid.    Locate  the  ceiiler  of  oscillation. 

Froblam  161.  A  steel  rod  one  inch  in  diameter  and  3  tt 
long  ii  free  to  turn  aliout  a  borizontal  axis  through  one  end- 
While  hanging  from  tliJH  axis  it  is  siiddenl;  acted  upon  by  a  llMK 
fortje  perjH-tidiciilur  tit  ilH  length  in  tiuch  a  way  aa  to  cause  tbe  hori- 
zontal component  of  tha 
n^avttoii  of  the  snpport  lo 
be  £ero.  How  Car  froia 
the  sapport  does  the  force 
act? 

Problem  162.    Tno 

drums  whose  radii  are  r,  = 

I  IS  in.  and  r]  =  12  in.  an 

mounted  as  shown  in  Fig. 


128.     The; 


robineJ 


and  G,  and  the  drains  wbei 


weight  is  200  lb.  and  k  = 
14".  The  forces  Gi  and 
G,  act  upon  tbe  drum,  u 
well  as  journal  friction 
amounting  to  16  lb.  The 
radius  of  the  shaft  is  1  iH' 
Find  the  velocities  of  G\ 
tbe  point  of  attachment  of  the  cord  on 


1 


the  small  drum  haa  traveled  from  rest  at  j1  to  a  point  A '.  Neglect 
the  friction  at  B. 

108.     Experimental  Determinatioii  of  Uoment  of  Inertia. — 

The  computation  of  the  moment  of  inertia  of  many  bodies 
is  a  difficult  matter.  It  is  often  convenient,  therefore,  to 
use  an  experimental  method  in  dealing  with  such  bodies. 
The  compound  pendulum  furnishes  a  means  whereby 
such  determinations  may  be  made.  From  Art.  107,  we 
find  that  the  time  of  vibration  of  a  compound  pendulum 


"Vi- 


This  may  be  written 


the  mass  of  the  body,  we 


multiplying  both  sides  by  I 
have 

it  thus  appears  that  if  d,  the  distance  from  0  to  the 
center  of  gravity,  is  known  (the  center  of  gravity  may  be 
located  by  balancing  over  a  knife  edge)  and  also  the 
weight  G,  and  the  body  be  allowed  to  swing  as  a  pendu- 
lum about  0  as  an  axis,  (  may  be  determined,  giving  7,,. 

If  Jy,  be  desired,  it  may  be  determined  from  the  formula 
(see  Art.  41), 


Problem  163,  The  connecting  rod  of  a  high-speed  engine  tapers 
regularly  from  the  cross-head  end  to  the  crank-pin  end.  Its  length  is 
\  ft.,  its  croas  section  at  the  large  end  5.59  "  x  12.58"  and  at  the 


ja  ft.,  it 


i 
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.    Neglecting  the  holes  at  the  e 
from  the  cross-head  end.    The  rod  n^ 
a  pendiilum  about  the  cross-head  end  in 
of  inertia. 


crOM-head  end  5.59"  x  8.39' 
center  of  gravity  is  61  in. 
made  of  steel  and  vitirBtes  ai 
1.3  sec.    Compute  its  momei 

Problem  164.  The  student  should  take  such  a  counecting  rod  u 
the  one  in  the  preceding  problem  and  by  swinging  it  as  a  peudulum 
find  its  period  o(  vibration.     Comiiute  the  moment  of  inertia. 

109.  Determination  of  g. — From  tlie  preceding  article 
we  aetj  that 


"M^d' 


this  relation  enables  us  to  determtiie  g,  as  soon  as  we  knoff 
i^,  M,  and  d,  by  determining  the  time  of  vibration  about  tie 


Md 


a   constant   for  the 


point  0.    It  is  evident  that 

body,  when  the  axis  is  through  0,  and  that  when  once 
determined  accurately  the  pendulum  might  be  used  to 
determine  g  for  any  locality. 


Fioblem  165.  A  round  rod  of  steel  0  ft,  long  is  made  to  swing 
as  a  pendulum  about  an  axis  tangent  to  one  end  and  perpendicular  to 
its  length.  The  rod  is  1  in.  in  diameter.  Determine  the  pendu- 
lum constant. 

PToblem  166.  The  center  of  gravity  of  a  connecting  rod  5  ft. 
longiaSft.  from  the  cross-headend.  The  rod  is  vibrated  as  a  pendulum 
about  the  cross-head  end.  It  is  found  that  50  vibrations  are  made  in 
a  minute.  Find  the  radius  of  gyration  with  respect  to  the  cross-head 
end. 

110.  The  Torsion  Balance. — A  torsion  balance  consists 
of  a  body  such  as  ABO,  Fig.  129,  suspended  by  means 
of  a  slender  rod  or  wire  rigidly  clamped  at  both  ends. 
Suppose  the  wire  clamped  at  0,  and  let  the  body  ABC  _ 
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be  a  cast-iron  disk  of  radius  r  aad  thicltneas  t.     The  point 

0  of  support  is  the  center  of  gravity.     The  mark  OA 

on   the    body   is   shown    in   the    neutral 

position.      The  application  of  a   certain 

torque  in  the  plane   of   the  disk  causes 

it    to    turn    through    a    certain   angular 

distance    so    that    OA    assumes    pei'iod- 

ically   the    positions    OB    and    00,   due 

to  the  resistance  of  the  wire.     It  is  well 

known  that  a  circular  rod  or  wire  when 

twisted  offers  a  resistance  to  the  twist, 

such  that  the  resisting  torque  varies  as   i 

the  angle  of  displacement.     As  the  line   | 

OA   moves   to   OB   the   resisting   torque 

offered   by   the   wire    steadily   increases. 

After  the  body  has  been  given  a  twist  ^^^  139 

the   only  forces   tending    to    prodiice    rotation   are    the 

forces  in  the  wire.     So  that  if  we  call  the  moment  of  the 

couple   m   we   may    write  m  =  0(c,  since   the   moment  of 

resistance  varies  with  a.     If,  for  the  particular  wire  in 

question,  when  k  =  «j  that  m  =  m^  we  may  write,  since  c 

is  constant,  c=  — 1- 

Taking  moments  about  the  axis  of  rotation,  we  have 
m  =  0I„ 

or  In  -  I^^r-i 

«I  da. 

since  a>d(o  =  6da,  and  the  resisting  torque  is  negative. 
Multiplying  through  by  da.  and  integrating,  we  get,  if 
(B  =  0  when  a  =  «,,, 


I 


I 


I 


:^,  80  that 


If  we  integrate,  taking  (  =s  0,  when  k=  a^,  we  have 

where  t  is  the  time  taken  in  turning  from  OB  through 
any  angle  a.     Suppose  the  upper  limit  zero  («=  0),  then 

Bin-i  —  =  0,  TT,  etc. 


then 


t  =  ^ 


The  value  of  f  given  represents  one  fourth  of  a  com- 
plete backward  and  forward  swing,  so  that  for  a  complete 
period 

/(  ig  seen  that  this  time  of  vibration  is  independent  of  th 
initial  angular  displacement  k^. 


It  is  also  seen  tliat  the  moment  of  inertia  of  a  body 
might  be  determined  by  suspending  it  as  the  body  ABQ 

is  suspended.     The  constant  c  =  — J  is  a  constant  of  the 

wire  or  rod  and  depends  upon  the  material  and  diameter. 
Knowing  this  constant,  it  would  only  be  necessary  to 
determine  the  period  of  vibration  in  order  to  find  /. 


desirable    to 

I.      For  this 


For   pi'actical    purposes,   however,   it   li 

eliminate   from   consideration   the   value  - 

purpose  suppose  the  dist  provided  with 
a  suspended  platform  rigidly  attached 
as  shown  in  cross  section  in  Fig.  130. 
Let  (  be  its  time  of  vibration  and  /  its 
moment  of  inertia  about  the  axis  of 
suspension.  Now  place  on  the  disk  two 
equal  cylinders  H  in  such  a  way  that 
their  center  of  gravity  is  the  axis  of 
suspension.  Let  t^  be  the  period  of 
vibration  of  the  cylinders  and  support 
and  Xj  their  moment  of  inertia.  fiu.  lao 

^      J 
Then  —  =  -— ■     The  moment  of  inertia  of  the  two  cyl- 


inders  with   respect   to   the   axl 
call  it  I^.     Then         I^  =  1+ 1^, 


of   rotation  is  known; 


/=^, 


■i?  -  £2 


This  gives  the  moment  of  inertia  of  the  torsion  balance, 
which,  of  course,  is  a  constant. 

The  moment  of  inertia  of  any  body  L  may  now  be 


L  IW  m^  bahwc  m  Oat  matd  in  the  pntedioE 
pnUHMk««e4«4kaka^X.Mdtki  tMC  of  rOmtion  isfaaad 
tobcaOMC    IHIi  tmmr  ftg  ■■■»!  ■< ■ettifc of  £. 


UI.  fMrtii!  ABevbr  Tthcity.  —The  ax  general  eqaa- 
tioiis  BUf  be  vTitten. 

p.' -^P, +  "2.2=0, 
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PJa  +  PJ>  +  XfzZ-  iZ)  =  t^^x2dM-\r  B^yzdM, 

l.{xT-yX-)=ei„ 

where  the  P'&  represent  the  action  on  the  bearings  and 
SX,  21",  and  22  represent  the  components  of  the  forces 
producing  the  rotation  and  ^(^i/Z—zY'),  etc.,  the  moments 
of  these  forces.  Now  if  X,  Y,  and  Z  are  each  zero,  the 
last  equation  shows  that  6=0,  and  therefore  the  angular 
velocity  w  ia  constant.  The  condition,  however,  that  X, 
Y,  and  Zhe  each  equal  zero,  means  that  the  forces  tend- 
ing to  produce  rotation  no  longer  exist.  Such  an  axis 
is  sometimes  called  a  permanent  axis.  It  is  a  principal 
axis  of  the  body  for  the  point. 

112.  Bigid  Body  Free  to  Eotate.  —  If  in  addition  to  the 
conditions  that  X,  Y,  Z,  jxzdMand  SyzdMhe  each  zero, 
we  impose  the  condition  that  both  x  and  ^  be  zero,  that 
is,  that  the  2-axis  pass  through  the  center  of  gravity,  the 
equations  of  motion  become 

PJ  +  P^  =  0, 


k 


pj+p,=i), 

PJa  +  P,b=0, 

PJii+PJ>  =  0, 

9  =  0. 


The  body  is  in  equilibrium  under  the  action  of  the 
reactions  of  the  supports  and  continues  to  rotate  with 
uniform  velocity  ot  about   the  original  axis  of   rotation. 
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The  axis  of  rotation  is  now  a  principal  axis  of  the  bod; 
through  the  center  of  gravity.  It  is  often  called  an  axis 
of  free  rotation.  Since  there  are  three  principal  axes  of 
the  body  through  the  center  of  gravity,  there  are  three 
free  axes  of  rotatioD. 

113.  Sotation  of   Symmetrical  Bodiea When  a  himio- 

getiQous  body  having  a  piano  of  symmetry  rotates  with 
constant  anguhir  velocity  m  about  an  axis  perpendicular  to 
that  plane,  the  only  forces  acting  on  the  body  reduce  to 

where  P  is  the  centripetal  force  acting  through  the 
center  of  gravity  and  p  is  the  distance  of  the  center  of 
gravity  of  the  body  from  the  axis  of  rotation.  The  force 
of  gravity  is  assumed  to  produce  no  rotation.  Let  the  xg- 
plane  be  the  plane  of  symmetry  and  suppose  the  axes  to 
rotate  with  the  body  and  the  a-axis  be  the  axis  of  rota- j 
tion.  It  is  seen  that  equations  (1)  and  (2)  of  Art.  lOil 
are  now  identical  and  each  expresses  the  fact  j 


^x  =  f^Mp, 

and  the  other  four  equations  are  satisfied  by  this  condition. 

This  will  be  more  easily  understood  by  applying  it 
especially  to  the  sphere  in  Fig,  125.  The  only  force  act- 
ing, if  (t>  is  constant  and  the  a:^-plane  is  the  plane  of 
symmetry,  will  be  a  centripetal  force  P=o>^Mp,  if  we 
neglect  the  tendency  to  rotate  about  the  x  and  y  axes  on 
account  of  the  weight  of  the  sphere. 

If  the  body  is  also  symmetrical  with  respect  to  the 
axis  of  rotation,  we  may  consider  for  each  half,  P=  ai^Mp^ 


where  M  is  the  mass  of  J  of  the 
body  and  p  is  the  distauce  of  that 
one  half  from  the  axis  of  rotation. 
Aa  an  Ulnstration  consider  the  ro- 
tation of  a  fly  wheel.  Suppose  all 
the  centrifugal  force  is  carried  by  the 
rim  and  neglect  the  spokes.  If  the 
mean  diameter  of  the  wheel  is  r  (Fig. 
131),  its  mass  Jf,  and  it  rotates  with 
constant  angular  velocity  w  about  its 
axis,  then  ^'°-  ^^i 

1P  =  w^Mp. 

If  the  rim  be  considered  as  a  thin  wire,  p  =  - — ■  (Prob.  S 
and  M=  2  irrF,  so  that 

It  is  seen   that   the  tension  in   the  rim  varies  with  the 
square  of  the  angular  velocity. 

In  particular,  suppose  the  wheel  made  of  east  iron  and 
let  r=  6  ft.  and  J'=10"x4".     Then 

i'=  £02(140.1). 

If  the  speed  of  rotation  is  six  revolutions  per  second,  we 

^^^^  0)2^1421.29  and 

P- 199,122  lb. 

Dividing  by  f  =40  scl.  in.,  the  area  of  cross  section,  we 
get  the  stress  on  the  material  in  pounds  per  square  inch 
a-4978. 


ca^r^r^F 


200 
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Problem  169.  If  the  wheel  juBt  described  should  "  run  nild," 
what  Bpeed  would  be  Attained  before  the  bursting  of  the  rim  occurred, 
suppoaiug  the  rim  to  carry  all  the  centrifugal  forces?  Aasome  the 
tensile  strength  of  cast  iron  as  25,000  lb.  per  square  inch. 

114.  Rotation  of  a  Locomotive 
Drive  Wheel.  —  The  drive  wheel  of 
a  locomotive.  Fig.  132,  maj  be  con- 
Bidered  for  the  present  as  rotating 
about  a  flxfd  axis.  We  ahall  con- 
aider  the  effect  of  the  weight  of  tlie 
counterbalance  on  the  tire  due  to  ro- 
tation only,  on  the  assumption  that 
the  tire  carries  all  the  weight  of  the 
"Pid.  132  counterbalance. 

Note.  It  is  to  be  understood  that  the  wheel  center  carries  part 
of  the  weight  of  the  couiiterbalance,  but  a  complete  solution  of  the 
problem  of  the  drive  wheal  is  beyond  the  scope  of  this  book.  The 
above  assumption  is  therefore  made. 

Let  Mhe  the  mass  of  j  of  tire  and  p  the  distance  of  its 
center  of  gravity  from  the  center  of  wlieel.     Let  Jlfj  be 
the  mass  of  the  counterbalance,  and  p^  the  distance  of  its 
center  of  gravity  from  the  center  of  wheel. 
Then  2^  =  0)"  (Mp  +  M^^) . 

In  particular  suppose  the  diameter  of  the  tread  of  the  tire 
to  be  80  in. ;  distance  of  the  center  of  gravity  of  ^  of  tire 
from  center  27  in.,  and  mass  of  |  of  tire  21.  The  mass 
of  the  counterbalance  is  20,  and  the  distance  of  its  center 
of  gravity  from  the  center  of  the  wheel  29  in.  Substitut- 
ing these  values,  we  get 

2P  =  m'  [21C2^)  +  20(ff)]  =95.50.". 
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If  now  we  know  the  speed  of  rotation  of  the  wheel  so 

that  (w  is  known,  we  may  determine  P.     Let  us  take  m 

corresponding   to   a   speed  of  train  of  60  nii.  per   hour. 

This  gives  <b  =  26.4  radians  per  second  and 

P  =  33,380  lb. 

Problem  170.  If  the  area  of  a  cross  section  of  tire  ia  20  Bq.  in. 
under  the  assumption  given  above,  the  stress  on  the  metal  due  to 
rotation  about  the  asis  would  be  P  divided  by  20,  or  166S  lb.  per 
square  inch. 

Problem  171.  If  the  allowable  stress  on  the  metal  is  20,000 
lb.  per  square  iucb,  the  value  of  oi  necessary  to  develop  such  a 
stress  is  given  by 


.W^ 


'20,000x20 
47.7 


91.5  radians  per  second. 


This  correspondH  to  a  speed  of  train  of  207  m.  per  hour. 

Problem  172.  Consider  the  rotation  to  take  place  about  a  point 
on  the  track.  Find  P  for  a  speed  of  train  of  60  mi.  per  hour. 
Find  the  corresponding  stress  in  pounds  per  square  inch.  What 
speed  of  train  would  develop  a  stress  in  the  tire  of  20,000  lb.  per 
square  inch? 

115.  Rotation  aboat  an  Axis  not  a  Oravity  Axis.— When 
the  center  of  gravity  of  a 
rotating  part  of  a  machine 
is  not  on  the  axis  of  rota- 
tion, there  is  a  force  tend- 
ing to  bend  the  shaft  equal 
to  a^Mp.  The  distance 
p  is  the  distance  of  tlie 
center  of  gravity  from 
the  axis. 

Suppose  the  body  be  a 
of  steel,  Fig.  133, 


radius  6  in.,  and  thicknesa  1  in.,  and  let  w  =■  60  tt 
radians  per  second.  If  the  disk  is  off  center  ^  in.,  the 
force  pei-pendicular  to  the  shaft  due  to  the  unbalanced 
mass  is  given  by  the  equation 

=  (60,r)V(^)«  Vs  m  CA)  =1241  lb.  f 

Such  a  disk  might  be  balanced,  by  the  addition  of  a 
proper  weight  placed  with  its  center  of  gravity  diametri- 
cally opposite  the  center  of  gravity  of  the  disk  and  in  the 
plane  of  the  di»k. 

For  static  balancing  it  would  not  be  necessary  for  the 

added  weight  to  have  its  center  of  gravity  in  the  plane  of 

the  disk,  but  for  rotation  this  is  necessary,   as  will  be 

shown  in   what   follows.     Let   the  shaft  AB,  Fig.  134, 

carry    weights    ff 

■ ^L" 


nb^ 


and  ffj,  as  shown. 
When  (?  is  up,  it 
tends  to  lift  the 
end  A  of  the  shaft, 
due  to  it3  centrif- 
ugal force.  Wlien 
(tj  13  up,  the  end 
J?  of  the  shaft  is  lifted.  Thus  for  each  revolution,  the 
end  A  is  lifted,  and  then  the  end  B ;  that  is,  the  shaft 
wobbles  about  the  point  0.  What  really  happens  is 
something  more  than  the  mere  lifting  of  the  sliaft  in 
the  bearing.  Each  end  describes  a  cone  with  0  as 
the  apex. 

One  wheel,   improperly  balanced,  when  rotated   on  a 
shsft,  causes  the  shaft  to  wobble  about  one  of  the  bearings 
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or  to  lift  bodily.  Two  wheels  improperly  balanced  on 
the  same  shaft,  cause  the  ahaft  to  wobble  about  some 
point  0. 

The  principle  involved  in  the  balancing  of  rotating 
parts  is  made  clear  by  considering  two  masses,  ^j  and  M^, 
distant  r^  and  r^,  respectively,  from  the  axis  of  rotation. 
Suppose  these  bodies  to  be  in  the  same  plane.  For 
Btatic  balance  it  is  uecessary  that  M-^r-^  =  M^r^,  but  for 
dynamic  balance,  in  addition  to  this,  we  must  have 
M-j'l  =  M^r^,  It  follows,  therefore,  that  for  static  balance 
an  etjuivalenee  of  moment  is  required,  while  for  dynamic 
balance  an  equivalence  of  loth  masses  and  distances  is  re- 
quired. 

If  the  counterbalance  on  the  locomotive  drive  wheel 
(see  Fig.  87)  does  not  balance  perfectly  the  paria  on  the 
opposite  side  of  the  center  and  the  reciprocating  parts, 
the  unhalanced  mass  will  cause  the  locomotive  to  lift  up 
when  it  is  above  the  center.  When  it  is  below  the  center, 
the  weight  comes  down  on  the  rail  with  what  is  known  as 
a  "hammer  blow."  This  becomes  very  destructive  to 
both  rail  and  wheel  at  high  speeds  when  the  unbalanced 
mass  is  at  all  large.  It  is  much  the  same  in  effect  as  the 
dropping  of  the  weight  on  the  driver  through  a  given 
distance. 

Suppose  the  counterbalance  is  too  heavy  by  64.4  lb., 
and  that  its  center  of  gravity  is  30  in.  from  the  center  of 
the  wheel.  If  the  locomotive  is  making  60  mi.  per 
hour,  and  the  drivers  are  80  in,  in  diameter,  the  approx- 
imate lifting  force  when  the  counterbalance  is  up  is, 
from  P=  m'^Mp,  3780  lb.  For  a  speed  of  100  mi.  per 
hour,  this  lifting  force  would  be  about  10,980  lb.     In 


I 


I 
I 


r 
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either  case  this  weight  applied  suddenly  to  the 
be  very  destructive  to  both  wheel  and  rail. 

Problem  173.  A  steel  disk  3  ft.  in  diameter  and  1  in.  thick 
is  not  perpendicular  to  the  axia  of  rotation,  but  is  out  of  true  bj 
i^  of  its  radius.  Fiud  the  tiristing  couple  introduced  tending  to 
make  the  shaft  wobble. 

Problem  174.  If  the  unbalanced  weight  in  a  drive  wheel  in  the 
above  iUustration  is  200  lb.,  find  the  centrifugal  force  for  a  speed  of 
train  of  80  mL  per  hour. 


116.  Botation  of  the  Fly  Wheel  of  Steam  Engine. - 

the  fly  wheel  he  given  as  iii  Fig.  135  with  radius  r, 
suppose  that  a  belt  runs  over  it  horizontally  aa  shown  by 


Pi  and  Pj.  The  effective  steam  pressure  is  P;  If  ia  tba 
pressure  of  the  guides  on  the  crosshead.  (It  is  normal  if 
friction  is  neglected.)  The  pressure  on  the  crank  pin  is 
resolved  into  tangential  and  radial  components  Tand  Ny 
The  relation  between  _Pj  and  Pj  is  shown  by  the  expres- 
sion Pi=  (const.)  Pa  =  f/'a  (see  Art.  156).  The  sis 
general  equations  give,  considering  only  the  fly  wheel, 


^^ 
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Ei=  -P, 

-P^-N^cma-  Tsma 

=  0, 

2y  =  y»oB 

i.-A',  sin«-ff  =  0, 

Ez  =  0, 

Smom,=  0, 

2mom„=0, 

5mom,  =  P,r- 

-Psi'+7'o  =  9/.. 

It  is  reasonable  to  assume  tliat  the  reaistance  of  the 
machinery,  as  shown  by  Pj  aad  P^,  is  constant.  The  last 
equation,  then,  states  that  T,  the  tangential  force  on  the 
crank  pin,  varies  with  6,  the  angular  acceleration.  From 
this  equation  we  have,  remembering  that  P^  =  CP^,  (7  <  1 
orP^>P^, 


Ta- 


L 


Since  P^  >  Pj,  it  is  evident  that  the  numerator  will  be 
zero  when  Ta  =  (P2—-Pi)r,  m  that  6  will  be  zero  for  such 
a  case.  This  makes  the  angular  velocity  o)  either  a  maxi- 
mum or  a  minimum  at  such  a  point.  At  the  dead  point 
B,  T  is  zero;  as  a  increases,  rincreaaes  until  at  a  certain 

point  B-y  it  equals  (^P^  —  P^-.     At  this  point  6  =  0  and 

01  is  a  minimum.  Beyond  S^,  w  increases  and  6  increases, 
jThas  a  maximum  value  and  so  does  ^  at  some  point  beyond 
5j,  after  which  T  decreases,  since  it  is  again  zero  at  the  dead 
point  A.     Thus  in  passing  to  zero  there  is  a  value  such 

that  T=  (P^  —  -Pj)-,  so  that  6  is  again  zero  at  some  point 

Ay     At  this  point  A^^  9  changes  from  positive  to  n 

so  that  CO  is  a  maximum.     It  is  evident  that  there  are  two 

corresponding  points  A^  and  Bj  below  the  line  AB. 


^H 
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The  above  equation  may  be  writteii  I 

where  the  subscript  zero  indicates  some  initial  value ;  now  ^^B 


I 


ada  =  dt,  diatance  iu  the  crank -pin  circle  and  rda,  =  isl^ 
distance  in  the  fly-wheel  circle.     We  may,  accordingly, 

write 

=  f'T,h-(P^~Pj)  arc  of  fly  wheelT. 

Since  work  done  (see  Art.  136)  on  one  end  of  connecting 
rod  equals  the  work  done  on  the  other,  I  Tdg  =  j  Pdx, 
where  x,  r^,  and  dx  are  distances  in  the  cylinder  corre- 
sponding to  «,  g(|,  and  ds  in  the  crank-pin  circle.  Assum- 
ing that  this  lias  already  been  shown,  we  may  write 

I,- — ^-=rpdx-iP^~P^)  arc  of  fly  wheel  j. 

The  approximate  value  of  (  Pdx  may  be  found  by  reading 
from  the  indicator  card  the  values  of  P  for  successive 
values  of  x  between  the  limits  x  and  x^, 

A  more  exact  treatment  of  the  above  equation  may  be 
obtained  by  considei-ing  that  the  expansion  of  steam  in 
the  cylinder  is  constant  and  equal  to  P'  up  to  the  point 
of  eut-off  and  that  beyond  this  point  the  pressure  varies 
inversely  as  the  volume.  If  we  assume  P  constant  and 
equal  to  P'  to  the  cut-off,  then  the  limits  of  integration 
will  be  regarded  accordingly,  and  we  may  write 


//"i     V^P'J'fc-  (Pj-P,)  arc  of  fly  wheel T^ 

=  P'^i-",}  ~  iJ'i-J'i)  "C  of  fly  wIieelT  . 

Beyond  the  cut-ofl:  P  varies  inversely  as  the  volume  of 
steam  in  the  cylinder,  and  so  P  =  y( — ^~')  =  ^'  Then 
from  the  point  of  ciit-off  to  the  end  of  the  stroke 


r-d. 


-  (P,  -  Pi)  are  of  fly  wheel 


■I; 


If  the  pressure  be  regarded  as  constant  throughout, 
that  ia,  if  the  mean  effective  pressure  P^'  be  substituted 
for  I*,  we  have,  considering  the  motion  from  B  to  A, 


P 


I,-    ,^      =  Pia «  -  (,p,  ■ 


./>.> 


The  two  first  equations  of  this  article  in  %X  and  S  Y 

^'^^  r  =  (?  COB  «  -  (Pj  +  Pi)  siu  «, 

and 

'  \     sma     J      ^    ^  '-^ 

Problem  175.  Suppose  the  mean  effective  steam  pressure  ia  18,000 
lb.,  the  radius  of  the  crank-pin  circle  18  iu.,  and  the  radius  of  the  fly 
wheel  3  ft.  li  (J-*,  —  J',)  =  500  lb,  and  oia  =  2  tt  radians  per  second, 
flndtu^;   if  7,=  2000. 

Problem  176.  The  fly  wheel  in  the  above  problem  has  a  velocity 
iuj  =  6  JT  radians  per  second.  What  constant  resistance  (Pj  —  P^)  will 
change  this  to  2  t  radians  per  aecond  in  100  revolutions? 

Problem  177.     Find  the  values  of  a  for  which  u  and 
mum  and  minimum  in  the  above  problem. 


. 
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117.   Rotatioa  and  Translation.  —  In  this  work  oaly  the 

■  simple  ciise  of  rotation  and  translation  in  a  straight  line 

\  will  be  considered,  since  the  engineer  is  not  usually  cou- 

I  cemed  with  more  complicated  motiuns.     Let  us  consider 

I  the  motion  of  a  body  rotating  about  an  axis  that  moves 

I  {nrallel  to  itself.     Suppose  the  body  in  Fig.   136  rotates 

about    0,  and  at 

the  same  Lime  has 

a  motion  of  tnius- 

lation    along    X 

Take    the   origin 

at  0,  and  allow  it 

to    be    translated 

with    the   body. 

Any  elementary 

mass    dM  of  the 

body  may  be  coe- 

sidered  subjected 

to  a  force  dM-a 

parallel  to  X.  due 

to  the  translation,  a  tangential   force  dT=  9Mp,  and  a 

normal  force  dN=  a^Mp.     These  are  the  effective  forces. 

Writing  down  the  equations  of  equilibrium  between  these 

forces  and  the  impressed  forces,  we  have  at  any  instant 

Sx  =  ^  dMa+  ^dTsma-  fdNc 

1y  =  -  CdNsma-  J dTcoaa^ 

£z  =0 

£  mom^  =  0 

Sraora^  =  0 

2mom,=  -  JdTp-  J  dMapmua=  -ei,~aMy. 


fiMy-9Mx 
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It  is  seen  at  once  that  if  the  x  and  y  axes  pass  through 
the  center  of  gravity,  so  that  x  and  y  are  each  zero,  the 
right-hand  side  of  the  second  equation  becomes  zero,  and 
the  first  and  last  equations  may  be  written 

1x  =  May 
2  mom^  =  —  01g. 

As  an  illustration  let  us  assume  that  a  cast-iron  cylinder 
rolls  on  a  straight  horizontal  track,  due  to  the  application 


Fig.  137 


of  certain  impressed  forces.  Suppose  the  radius  of  the 
cylinder  is  18  in.  and  its  thickness  2  in.,  and  that  at  the 
time  of  observation  it  is  making  10  revolutions  per 
second.     From  this  time  there  is  only  a  constant  tangen- 


tiftl  force  of  friotioo  F  acting  parallel  to  X.  and  t 
normal  pressure  N.  The  cylinder  cornea  to  rest  in  on! 
minute.  Find  ¥\  the  distance  passed  over,  in  coming 
to  rest ;  the  angular  velocity  at  the  end  of  10  sec,  anff^ 
the  linear  velocity  at  the  end  of  30  sec.  Take  the  origin 
at  the  center  and  X  horizontal.  From  Fig.  137  it  ia  seen 
that  the  general  equations  for  this  case  become 

N=  a, 

Fr  =:$!,. 

Since  F  is  constant,  a  and  6  are  constant,  bo  we  have  in 
addition  to  the  above  equations 

m  =  ^^  +  0t. 

These  equations  are  sufficient  to  determine  the  unknown 
quantities. 

Problem  178.  The  same  cylinder  given  in  the  above  illustration 
rolls,  without  slipping,  down  a  rough  inciined  plane,  inclined  at  »d 
angle  B  to  the  horizontal.  In  addition  to  the  forces  acting  aa  gi»en 
above  there  ia  a  component  of  gravity  (see  Fig.  138). 

Let  X  be  parallel  to  the  plane,  then 

S,x  =  F+  GsinS  =  Jlfa, 

2y  =  iV-Gco8S  =  0. 


o  that  a  is  constant  and  equal  to 


^  ■ 
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If  the  cylinder  has  the  aame  velocity  aa  in  the  above  illnstration, 
find  the  constaiit  force  of  frictioii  and  the  distance  passed  over  ia 
coming  to  rest,  8  =  10". 


Via.  138 

PToblem  179.    A  oast-iron  cylinder,  radius  3  in,  and  6  ii 
rolls  down  a  rough  inclined  plane,  incliued  at  an  angle  of  3< 
the  horizontal.     Find  the  acceleration  down  the  plane;  the  angular 
acceleration ;  the  force  of  friction  F\  aud  the  normal  pressure  N. 

118.    Side  Eod  of  Locomotive.  —  The  side  rod  of  a  loco- 
motive furnishes  au  interesting  study  of  a  case  of  com- 
bined    rotation 
and     translation. 
Assume    the   ve- 
locity of  the  loco- 
motive    uniform 
so  that  each  dM 
of    the   side   rod 
revolves     uni- 
formly in  the  arc  ^"^  ^™ 
of  a  circle  of  i-adiua  r.     See  Fig.  139  (referred   to  the 
Ipoomotive).     Writing  the  equation  of  equilibrium  altM 


(Z.V 


=/^=/i«=J 


uU,Mi^mmtiMt> 


Bi'i.*.iihiajrf*.« 


■  id.^^ 


I 


■  tfc«caBk  pia«  da*  ta  tka  aninfa^I  tone. 

lift.  IW  CwuCit'  to4.  —  The  omiaectiag  rod  of  so 
mfnatf  fass  s  eircolar  motioa  at  one  end  vhile  the  other 
«id  mores  backward  tad  forvard  in  a  straight  line.  We 
dull  consider  the  rootion  relative  to  the  engine  and  sball 
aasome  that  the  fly  wheel  is  of  sufficient  weight  to  give 
the  crank  a  motion  sensiblr  uniform.  It  will  be  con- 
venient to  regard  the  motion  of  the  connecting  rod  as 
consisting  of  a  rotation  about  the  crosshead  end  while 
that  end  is  moving  in  a  straight  line. 

In  Fig.  140  let  A  be  the  crosshead  and  0  the  center  of 
the  crank-pin  circle.  Let  I  be  the  length  of  the  connect- 
ing rod,  and  r  the  radius  of  the  crank-pin  circle.  If  we 
neglect  friction,  the  only  forces  acting  on  the  conne( 


ect^^_ 
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rod  at  A  are  N',  the  pressure  of  the  guides,  and  P',  the 
pressure  exerted  by  the  piston  rod.  The  force  exerted  on 
the  conEecting  rod  by  the  crank  pin  has  been  resolved 
into  its  normal  and  tangential  components  iV,  and  T,  re- 
spectively. Suppose  Q)j  to  be  the  constant  angular  velocity 
of  the  crank,  and  suppose  the  angular  velocity  of  the  rod 
about  A  to  be  represented  by  m  and  the  angular  accelerar 
tion  by  6. 

If  we  consider  any  element  of  mass  dMol  the  rod,  it  is 
seen  that  the  forces  acting  upon  it  consist  of  a  force  dP  = 


43-- 


dM-  a  parallel  to  OX,  a  normal  force  diV=  a?Mp  and  a  tan- 
gential force  dT=0Mp,  so  that  at  any  instant  we  have 
the  same  formula;  as  those  developed  in  Art.  104.  These 
may  be  written  in  this  case. 

l.T.i  =  P'  -  Tsin  «  -  iV^j  cos  a  =  iJfffl  -  <^Mi  -  OMy, 
1.1/i  =  -  iV'  +  iPj  sin  «  -  Tcaa  «  =  —  to^M^  +  0Mx, 
S  moni^  =  Nil  sin  (a  +  ^)  -  Tl  cos  («  +  ■^)  =  BI^  -  aMy. 

The  axis  of  rotation  cannot  pass   through   the  center 
^flf  gravity,  so  no  further  reduction  is  possible. 


J 


H     We  know 


JcxcEUJics  torn 


na^     r 
diff  oeatiatiag  with  ttsptct  to  C 


rf*_ 


and 


I 
i 


From  these  last  two  eqaations,  for  any  values  of  »,  and 
a  we  may  obtain  »  and  fl.  The  linear  acceleration,  a,  haa 
been  taken  the  same  for  each  dM  of  the  rod,  and  equal  to 
the  acceleration  of  the  piston.  If  the  quantities  M,  r,  y. 
and  /,  are  known;  we  might  find  for  any  steara  pressure 
P'  and  the  corresponding  a,  the  forces  JT'.  ^^,  and  T.  In 
other  words,  we  could  determine  the  forces  acting  on  the 
guides  and  crank  pin. 

Ftoblsm  181.  The  connecting  rod  given  in  Problem  163,  Art. 
108,  ia  in  use  on  an  engine  whose  crank  has  a  constant  angular  ve- 
locity of  26  radians  per  aecond.  The  length  of  the  crank  is  2  ft, 
the  effective  steain  pressure  on  tlie  piston  is  16,000  lb.  Let «  be  taken 
as  30°,  then  i^  =  5°  45' ;  ui  —  —  4-62  radians  per  second,  and  $  =  —  dS 
radians  per  second  squared.  From  Problem  163,  /  =  2172,  M  =  fll.Ii 
X  =  6.3  ft.,  y  =  .533  ft.  To  determine  a,  consider  the  relation  be- 
tween the  velocity  v  of  the  piston  and  the  velocity  t\  of  the  crank 
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pin,  Fig.  140.  Since  the  velocity  of  every  point 
direction  of  its  length  is  tl 
rod  are  equal.  The  rela- 
tions will  not  be  altered 
if  the  figure  vv,EI)  ho 
turned  through  90°  and 
E  be  placed  at  0  ami 
I'l  be  made  to  coincide 
with  OF  and  drawn  to 
such  a  scale  as  to  equal 
r.     Then  v  will  faU  on 

OG  and  will  be  of  a  length  equal  to  that  cut  off  on  OG  by  AF 
produced  (see  Fig.  141). 

Then  1-  =  "°f"+'^.)  =  sin  a  +  cos  a  tan  A, 


=  M^b 


-  cos  a  tail  ^) . 
mall  values  of  < 


I 


8  may  replace  tan  i^ 


The  acceleration  a 


a  =  a\r (cos «  +  J^  cos 2 «). 

For  a  =  3r,  v  =  -  30.5  ft.  per  second,  and  a  =  1306  ft.  per  (se 

The  three  equations  in  S.r,  2y,  and  2  uiomi  now  giveiV^'  =  9 

Ni  =  58,137  lb.,  and  T  =  -  18,151  lb.    Compounding  N,  and  T, 

the   resultant   pressure   on   the   crank   pin   to   be   60,900   lb. 


e  assumed  ii 


a  signs  for  Ni  and  T  indicate  that  the  ai 
the  wrong  direction. 

Problem  182.    Sbow  that  the  values  of  a.  that  make  <u 
or  minimum,  when  the  motion  of  the  crank  is  assumed  constant, 
T,  Ss-,  etc.,  and  o,  2  x,  etc. 


istant,  are         ^^| 


L 
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Problem  1B3.     Find  what  values  of  a  will  make  $&n 
minimum.     Locate  the  crosahead  for  these  values. 

Problem  1S4,  Find  values  for  T,  N',  JV|,  aud  the  reHoltant  pres- 
sure on  ttie  crank-pin  when  a  =  x  and  when  «  =  0.    Use  the  above  dats. 

Problem  IBS.  Assume  a  force  of  friction  F  acting  on  the  cross- 
lieinl,  such  that  F  =  .OQ  N'.  In  the  above  case  when  a  —  80°,  what  ia 
the  value  of  F,  N',  N,,  and  T1 

Problem  186.  Suppose  the  steam  pressure  zero,  find  T,  N',  Ki, 
and  the  resultant  crank-pin  pressure,  if  wi  is  the  same. 

120.  Body  Botating  abost  an  Axis  —  One  Point  Fixed.  — 

We  .shall  ninv  consider  the  case  of  a  body  rotuting  about 
an  axis  when  only  one  point  of  that  axis  is  fixed.  Con- 
fiider  the  equations  1,  2,  3, 4,  5,  and  6  (Art.  104)  and  recall 
that  a  body  acted  upon  by  any  system  of  forces  may  be 
considered  as  being  acted  upon  by  a  single  force  and  a 
single  couple  (Art.  36).  If  one  point  of  the  axis  is  fixed, 
the  single  force  will  act  at  this  point,  but  the  effect  of  the 
single  couple  will  be  to  move  the  asia  of  rotation  about 
this  point.  The  components  of  the  moment  of  the  couple 
are  shown  in  the  rigbt-hand  aide  of  equations  (4)  and  (5). 
If  these  reduce  to  zero,  the  couple  vanishes  and  rotation  con- 
tinues about  the  original  axis  of  rotation  even  though  only 
one  point  of  that  axis  is  fixed.  But  this  can  happen  only 
when   1  xzdM=  0  aud  also  |  yzdM  =  0.       We  may  say, 

then,  that  a  hody  rotating  about  an  axis  one  point  of  which 
ia  fixed,  when  no  forces  are  acting  to  produce  rotation,  will 
continue  to  rotate  ahout  thai  axis  with  a  co-nstant  angular 
velocity  0). 

121,  GyroEcope.  —  The  gyroscope  illustrated  in  Fig.  142 
consists  of  a  metal  wheel  A  mounted  on  an  axis  BB, 
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at  one  point  to  the  stand  C.  The  weight  D  serves  to  bal- 
ance the  wheel  about  the  point  of  support.  The  wheel 
A  is  very  delicately  mounted,  so  that  there  is  little  fric- 
tion. It  is  set  in  motion  by  means  of  a .  cord  wound 
around  its  axle,  as  in  the  case  of  an  ordinary  top. 


Fig.  142 

When  the  weight  D  exactly  balances  A  so  that  £B  is 
horizontal,  we  have  a  case  of  a  body  rotating  about  an 
axis  fixed  at  one  point,  with  no  external  forces  acting. 
According  to  the  previous  article,  the  body  continues  to 
rotate  about  that  axis. 

If,  however,  the  weight  D  does  not  balance  A^  so  that 
BB  is  not  horizontal,  the  axis  of  rotation  changes,  since 
in  that  case  the  force  of  gravity  tends  to  turn  BB  about 
a  horizontal  axis  through  JS  perpendicular  to  BB.  As  a 
result  of  the  two  rotations,  the  body  tends  to  turn  about 
a  new  axis,  so  that  BB  turns  about  the  point  JS  horizon- 


tally.  AD  this  is  in  accordance  with  Art.  96,  where  we 
saw  that  the  resultant  of  two  an^lar  relocities  was  an 
angolar  Telocity  given  by  the  diagonal  of  a  parallelogram 
ocmstructed  upon  the  two  velocity  arrows  as  sides.  This 
rotation  of  the  gyroscope  about  the  vertical  axis  through 
S  is  known  as  precewion.  The  student  may  reproduce 
the  above  results  experimeutally  by  taking  a  bicycle  wheel 
mooDted  npon  its  axle.  Suspend  one  end  of  the  axle  by 
a  string  and  hold  the  other  in  the  hand,  so  that  the  axle 
is  horizontal.  With  the  other  hand  now  give  the  wheel 
a  spin.  If  the  axle  remains  horizontal,  the  wheel  contin- 
ues to  spin  about  the  same  axis,  but  if  the  hand  support- 
ing one  end  of  the  axle  be  removed,  the  wheel  continues 
to  rotate  about  its  own  axis  while  the  axis  rotates  about 
the  suspending  string.  In  other  words,  the  wheel  has  a 
motion  of  precession. 

The  motion  of  the  bicycle  wheel  is  explained  in  the 
same  manner  as  that  used  in  explaining  the  precession 
of  the  gyroscope. 


122.  The  Spinning  Top.  —  The  student  will  be  interested 
in  seeing  tliat  the  niution  of  a  spinning  top,  with  which 
all  are  fiimiliar,  is  also  capable  of  the  same  explanation. 
Let  the  top  be  represented,  as  in  Fig.  143,  with  its  point 
at  0,  and  suppose  it  has  an  angular  velocity  a>  about  ita 
own  axis.  If  it  is  rotating  sufficiently  rapidly,  and  its  axis 
is  vertical,  it  "  sleeps,"  or  continues  to  revolve  about  that 
same  axis.  If,  however,  the  axis  be  tilted  slightly  from 
the  vertical,  the  weight  of  the  top  ff  and  the  reaction  of 
the  floor  constitute  an  unbalanced  couple  tending  to  make 
it  revolve  about  an  axis  through  0  perpendicular  to  ^ 
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paper.     The  result  of  these  two  rotations  is  to  cause  the 

top  to  always  tend  to  revolve  about  an  axis  a  little  in 

front  of  the  geometrical  ^ 

axis.      This    causes    the 

axis  of  spin  to  continually 

advance,  and  describe   a 

cone   about   OZ,   that   is, 

the  top  precesses.     It  is 

well  known  that  when  the 

top  has  been  so  disturbed, 

if     spinning     rapidly,     it  ""■ '*^ 

moves  about   OZ  very  slowly,  and  gradually  takes   the 

vertical  position  again. 

When  the  velocity  of  rotation  ca  finally  becomes  small, 
the  irregularities  of  the  support  throw  the  axis  out  of  the 
vertical,  and  the  action  of  the  unbalanced  couple  causes 
precession.  At  first  the  precession  is  very  slow,  but  grad- 
ually increases  as  (o  decreases  until  the  top  falls. 


123.  motion  of  Earth.  —  A  brief  presentation  of  this 
subject  would  be  incomplete  without  mentioning  the  pre- 
cession of  the  earth's  axis.  In  Fig.  144  let  8  represent  the 
sun  and  E  the  earth,  with  its  axis  slightly  inclined  to  the 
vertical.  The  earth  is  a  spheroid  with  its  axis  of  rotation 
as  its  short  axis.  Consider  the  ring  of  matter  near  the 
equator  which  if  cut  off  would  make  the  earth  spherical. 
The  attraction  of  the  sun  for  this  ring  of  matter  is  greater 
on  the  side  nearest  the  sun.  This  causes  the  earth  to  be 
acted  upon  by  an  unbalanced  force  F,  and  tends  to  cause  a 
rotation  of  the  earth  about  an  axis  through  0  perpendicu- 
lar to  the  paper.     As  a  result  the  asis  of  rotation  is  moved 
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foTwmrd  slightly  so  that  its  path  is  a  cone  about  OZ.     On 
account  of  the  very  great  velocity  of  the  earth  and  t 
.   of  the  force  I",  this  precession  is  very  slow] 


complete  rotation  of  the  axis  about  OZ  requiring  25,800 
years.  (See  Young's  "  General  Astronomy,"  Precession  of 
the  Equinoxes.) 

124.  Plane  of  Botation.  —  We  have  seen  that  a  body 
moving  in  a  straight  line  continues  to  move  in  that  line 
due  to  its  inertia  unless  acted  upon  by  some  force  (Art,  7S). 
In  a  similar  way  a  body  rotating  about  an  axis  tends  to 
maintain  its  axis  and  plane  of  rotation  due  to  its  momait 
of  inertia  unless  acted  upon  by  some  external  forces.  The 
moment  of  inertia  of  a  rotating  body  has  the  same  relation 
to  its  rotation  as  the  inertia  of  abodyhastoitstranslatioD- 
The  student  may  get  some  idea  of  this  tendency  of  a 
rotating  body  to  matutAln  its  plane  and  axis  of  rotation 
from  the  study  of  a  bicycle  wheel  mounted  on  its  axle.  If 
thtt  wlieul  be  hold  by  grasping  both  ends  of  the  axle  and  if 
it  is  then  rotated  rapidly,  it  will  be  found  that  there  is  no 
difficulty  in  moving  the  rotating  wheel  in  the  plane  of  ro- 
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tation,  but  that  as  soon  as  an  attempt  is  made  to  change 
the  direction  of  the  axle,  there  is  considerable  resistance. 
The  same  experience  may  be  had  by  treating  the  wheel  of 
the  gyroscope  (Art,  121)  in  a  similar  way. 

The  same  action  takes  place  in  the  rolling  of  ships  at 
sea.  The  rolling  is  lessened  by  the  tendency  of  the  large 
fly  wheels  on  board  to  maintain  their  plane  of  rotation. 

125.  GyrOBcopic  Action  Explained.  —  Spinning  bodies, 
such  as  the  gyroscope  or  a  fly  wheel,  when  acted  upon  by 
an  unbalanced  couple  that  produces  a  rotation  at  right 
angles  to  the  spin,  rotate  about  an  axis  at  right  angles  to 


1  of  these  (Art.  12-1).     Such  action  may  be  explained 
as  follows  (see  Fig.  145).     Suppose  the  body  to  be  a  disk, 
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and  that  rotation  is  taking  place  about  the  axis  OY'in  the 
direction  indicated.  A  couple  shown  by  the  forces  P 
produces  rotation  about  the  axis  OZ  in  the  direction  in- 
dicated. 

Consider  any  element  of  the  disk  dM;  it  is  subjected  to 
two  angular  velocities,  tu  about  OY,  and  Uj  about  OZ.  If 
we  imagine  the  element  at  the  point  A  on  the  axis  OZ,  its 
velocity  v  due  to  rotation  about  OZ  is  pw^  =  0,  since 
p  =  0.  As  it  moves  from  A  toward  B  this  velocity  v  in- 
creases, and  from  fi  to  C  it  decreases  until  it  is  zero  at  C. 
This  increase  and  decrease  of  the  velocity  is  represented 
in  the  figure  by  the  arrows  v.  Since  the  velocity  of  dS£ 
increases  in  going  from  A  to  B,  the  increase  must  be  caused 
by  some  force  having  the  direction  dP^,  on  the  side  facing 
the  reader.  The  decrease  in  the  velocity  v  in  going  from 
B  to  C  must  be  due  to  a  force  dP^,  acting  away  from  the 
side  facing  the  reader.  In  a  similar  way  the  velocity  v 
increases  in  going  from  0  to  B  and  decreases  in  going  from 
2)  to  A.  The  force  acting  on  any  dM  as  it  moves  from 
j1  to  ji  again  are  represented  by  the  arrows  dP^.  It 
is  seen  that  the  result  of  such  forces  acting  on  every  dM 
will  be  to  turn  the  disk  about  the  axis  OX.  This  motion 
about  OZ  we  have  called  preces- 
sion (Art.  121  and  Art.  122).  ^ 

126.  FreceHBionsI  Homeiit; 
Special  Case — A  simple  analy-sis 
serves  to  give  the  moment  about 
the  axis  OX.  Let  the  disk  of  the 
preceding  article  be  represented 
in  Fig.  146  with  the  axis  OY 
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perpendicular  to  the  paper.     The  elementary  mass  dM  is 
in  the  position  shown.     The  velocity  (y)  of  this  dMis 

V  =  /5G)j  =  rcDj  sin  a, 

when  p  is  the  distance  from  the  axis  OZ^  (o^  the  angular 
velocity  about  OZ,  and  r  is  the  distance  from  0. 

Therefore  the  acceleration  a^  in  the  direction  of  v  is 

given  by 

dv  da 

— -  =  r®!  cos  a  — -. 

dt  ^  dt 

But-—  =  a>,  the  angular  velocity  about  OY^ 
dt 

so  that  a^  =  roD^oD  cos  a 

and  c^Pj,  the  force  in  the  direction  of  v, 

=  dM'  a^  =  dMr(o^(o  cos  a. 

We  may  write  dM=  ttrda  dp. 

Then  dP^  =  tl(o.(07^dr  cos  ac?a. 

The  moment  of  this  force  about  the  axis  OX  is 

mom^^  =  dP^(r  cos  a)  =  t^w-^wr^dr  cos^  acZa. 

The  moment  for  the  whole  disk  U  about  the  axis  OX  is 
then 

£/*=  tlw-^o)  I  r^rfr  |  cos^  ada 
g       ^^       •^o 

=  t-i-a).a)—  I  cos-*  aaa  =  t-^a).a)--\  -  +  -  sin  2  a 
^        4«/o  ^        4L2      4  Jo 

=  C-G)ift)— -TT. 

^         4 
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so  that 


C=M^^ 


If  the  rotatii^  body  U  the  rim  of  a  fly  wheel  with  ont- 
Bide  radius  r^  and  inside  r,  the  Talue  of  C  changes  only 
■  1  integrating  between  the  limits  r^  and  r„     Then 


,7        W- 


^^ 


=  ilf», 


*  4 


i) 


IAb  an  illustration,  suppose  the  weight  of  the  ring  of  a 
Toacope  to  be  50  lb.  and  the  mean  radios  6  in.,  and 
Datside  radios  S  in.,  and  let  t^  be  nnity,  and  suppose  it 
makes  100  revolutions  per  second  about  the  axis  07- 
Then 

50 


It  is  seen  that  with  a  small  value  for  «>,  the  tendency 
to  turn  about  OX  is  considerable. 

Note.  The  aJjove  analysis  is  substantiaUj  the  s&me  as  that 
given  in  EngiattTring,  June  7,  19U7. 

Problem  18T.  A  ship  cairiea  a  cast-iron  fly  wheel  vhose  rim  i» 
S  ft  outside  diameter,  4  iu.  thick,  and  IS  in.  wide.  When  it 
ia  making  3  revolutions  per  second,  its  axis  is  turned  aboat  an  axis 
throagh  the  plane  of  the  wheel  with  unit  angular  velocity.  Find  the 
Biotueut  of  the  couple  that  tends  to  turn  the  wheel  about  an  aii> 
perpendicular  to  these  two  axes. 

Problem  1B8.  A  solid  cast-iron  disk  3  ft.  in  diaiueter  and  3 
in.  thick  revolves  about  its  aiis,  making  3000  revolutions  per 
minute-  At  the  same  time  it  is  made  to  turn  about  an  axis  in  its 
plane  at  the  rate  of  2  revolutions  per  minute.  Find  the  magnitude 
of  the  couple  tending  to  rotate  the  disk  about  ba  axis  perpendiculsr 
to  these  two  axes. 
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The  equation 
may  be  written 


U     Mr^ 

<D  4: 


If  the  value  of  the  couple  U  is  constant,  it  is  seen  that  <i>  varies  in- 
versely with  (Dj.  That  is,  if  <i>  is  large  co^  is  small,  and  if  <i>  is  small  <i>^ 
is  large.  This  was  pointed  out  in  Art.  122  and  illustrated  in  the  case 
of  the  top  when  it  is  dying  down.  As  the  spin  decreases  in  such 
cases,  the  precession  increases. 

127.  Frecessional  Moment ;  General  Case.  —  The  preces- 
sional  moment  for  any  body  when  OZ  is  perpendicular  to 
OJ^may  be  obtained  from  a  consideration  of  the  moment 
equation  (Art.  126)  by  retaining  the  dM.  The  equation 
may  then  be  written 

Z7=  J  dP^(r  cos  0^)="  J  dM(o^(or^  cos^  a 


or 


U—  o)jO)J  c?il!f(r  cos  a)\ 


Since  r  cos  a  is 
the   distance   of 
dM    from    OX, 
this    may    be  z» 
written 


l7=«i«J^^. 


When  the  axis 
of  precession  OZ 
is  inclined  at  an 
angle  S  to  the 
axis  of  spin  OY, 
the  above  value 
for    U  must   be 


dK 


Fio.  147 


changed  slightly.  To  lanke  the  ideas  clear,  let  the  erg- 
iiifil  tucis  OZ  be  ilranrn  as  well  as  the  inclined  ftxis  OZ' 
iimkiug  the  angle  S  with  OY,  as  in  Fig.  147.  Let  p  be 
the  diHtitnoe  of  »n  elementary  dMliom  OZ,  aa  before,  sad 
/>,  the  distADce  uf  JM^  from  0^.  Then  p  =  p,  sic  £,  and 
Ihe  expretuiou  for  the  velocity,  tf  =  pa^  =  rwj  sin  a  becomes 


f  =  fw,  Bin  B  sin  «. 

ud 

o,  =  ^  =  n>^o>  Bin  S  COB  o, 

since  sin  S  ia  constant,  so  that 

(i/*,  =  rt,(i^=rfJlfr»,o>8in  Scosu; 

therefore 

U=j'dPlTGO%  «)=  JdJlf«,«  sin  «,* 

=  a.,01  sin  sj'.iilf(r  cos  a)". 

or 

ir=<*,.j^^Blns. 

The  gyroscopic  action  of  the  fly  wheel  of  an  automobile 
has  much  to  do  in  causing  the  machine  to  overturn  when 
rounding  sharp  curves  at  high  speeds.  Even  when  the 
machine  is  not  overturned,  the  gyroscopic  moment  due  w 
the  rotation  of  the  wheel  causes  an  extra  pressure  on  tlie 
bearings.  This  pressure  is  shown  by  the  wear  on  tlie 
bearings.  It  is  left  as  au  exercise  to  determine  the  over- 
turning moment  due  to  the  action  of  an  automobile  fly 
wheel  under  assumed  conditions.  It  will  also  interest  the 
student  to  know  that  a  German  torpedo  boat  116  ft,  long, 
and  56  tons  displacement,  was  held  upright  in  a  heavy 
sea  by  an  1100  lb.  disk  rotating  1600  revolutions  pet 
roimito. 


Froblem  189.  A  locomotive  is  going  at  tlie  rate  of  40  mi.  per 
hour  around  a  curve  of  600  ft  radius.  The  diameter  of  the  drivers 
is  80  in.,  and  a  pair  of  drivers  and  axle  have  a  moment  of  inertia 
about  an  axis  midway  between  the  wheels  and  perpendicular  to  the 
aile  of  3000.  What  is  the  magnitude  of  the  couple  introduced  by 
the  precessional  motion  of  this  pair  of  wheels?  Give  the  direction  in 
which  it  acta.  Does  it  tend  to  make  the  locomotive  tip  inward  or 
outward  ? 

Problem  190.  A  car  pulled  by  the  locomotive  in  the  preceding 
problem  has  four  pairs  of  wheels.  The  moment  of  inertia  of  each 
pair  of  wheels  aiid  their  connecting  axle,  witii  respect  to  an  axis  mid- 
way between  the  wheels  and  perpendicular  to  the  asle,  is  320  (see 
problem  87).  What  is  the  magnitude  o£  the  precessional  couple  acting 
upon  the  whole  car? 

Problem  191.  The  fly  wheel  of  an  engine  on  board  a  ship  makes 
300  revolutions  per  minute.  The  rim  has  the  following  dimensions : 
oubiide  radius  i  ft.,  in.side  radius  3J  ft.,  width  12  in.  The  ship 
rolls  with  an  angular  velocity  of  J  a  radian  per  second ;  find  the  torque 
acting  on  the  ship  due  to  the  gyrostatic  action  of  the  fly  wheel. 

Problem  192.  A  conical  top  is  made  of  wood  and  is  spinning 
about  its  asis  with  a  velocity  of  20  revolutions  per  second.  The  cone 
has  a  base  of  2  in.  and  a  height  of  2  in.,  and  spins  on  the  apex. 
While  spinning  steadily  with  its  axis  vertical  (sleeping),  it  ia  dia- 
turbed  by  a  blow  so  that  its  axis  is  inclined  at  an  angle  of  30°  with 
the  vertical.  Find  the  velocity  of  precession  and  the  torque  1/  that 
tends  to  keep  the  top  from  falling.     See  Fig.  143. 

128.  Car  on  Single  Bail.  — An  interesting  application  of 
the  gyroscope  has  been  made  recently  in  England,  A 
car  (see  Fig.  148)  is  run  upon  a  single  rail,  anil  is 
held  upright  by  lue-ma  of  rapidly  rotating  fly  wheels. 
Each  car  contains  two  of  these  wheels  rotating  in  op- 
posite directions,  at  the  rate  of  8000  revolutions  per 
minute. 
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Ad^  tendenev  of  the  ear  to  tip  over,  either  when  r 
mi^  or  standing  at  the  station,  is  righted  by  the  gjr^" 
BCopie  actioo  of  th«  6y  vheels.     The  experiiaeDtal  car 


was  80  successful  in  operation  that  it  maintained  itself  in 
an  upright  position  even  when  loaded  ecceutrically.  The 
action  of  the  fly  wheels  is  such  as  to  place  the  center  of 
gravity  of  the  car  and  load  directly  over  the  rails. 


(No, 


See  Bncfineering,  June  7,  1907.} 


CHAPTER  XIII 


WORE  AND  ENERGY 

129.  Definitions.  —  When  the  forces  acting  upon  a  body 
cause  a  motion  of  that  body,  work  is  done.  We  define 
the  work  done  by  a  force  as  the  magnitude  of  the  force 
times  the  distance  through  which  the  body,  upon  which  it  ants, 
moves  along  its  line  of  action. 

This  definition  may  be  leas  exactly  stated  by  saying 
that  a  force  acting  on  a  body  that  moves  through  a  dis- 
tance does  work.  This  brings  to  mind  the  forces  consid- 
ered as  acting  in  Chapters  11,  III,  and  VI,  where  no  mo- 
tion was  produced;  that  is,  where  the  point  of  application 
did  not  move.  Such  forces  produce  no  work  according 
to  our  definition. 
To  make  the  idea 
of  work  clearer, 
suppose  the  body 
0  (Fig.  149)  to 
be  aieted  upon  by 
a  force  P,  and 
that  the  body  is  moved  until  the  point  at  A  is  finally 
at  B.  The  work  done  by  P  is  P  times  AB.  Suppose 
the  plane  upon  which  0  moves  is  rough,  so  that  it  offers 
a  resistance  F.  In  passing  over  the  distance  AB,  the 
force  F  does  a  n>ork  of  resistance  equal  to  F  times  AB. 
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Th*  Bp— ri  fime  JC  whuh  is  lb  j^^b^k  of  Ae  sapport- 
iu»  wocfc.  BDBB  ■»  Bati^  takec  plwx  aloi^ 
its  Baa  af  aetion.    IBsi^B  a<  vatkisniHlfld  to  that  of 
a£Aeb«iJrmlfcB  JrTrtMMrftl»  acting  foroe. 
ofti 

vqck  i«¥<J^ta  force  times 


•  of  force  and 
These  are 

tb0  aabs  aaid  bj-  enginBap  m  lU»  comtzv  and  England. 
sod  an  t^  nnilB  that  wiD  be  BBed  m  tlus  book. 

W«  Bight  nj.  tben.  tlHt  the  «nl  ^mri,  titfaet-pimnd. 
mlie  wpri  Jmm  iffmfm  wiw  «i|pitedi«  M.MwjMUKf 
vies  tA«  iMiy  apiM  wUei  it  Mb  Mwwt  tiwiyA  a  tfiiifdfiM 

In  eoontnes  v)ier«  the  netne  system  is  used,  the  etg 
is  need  wbra  a  small  imit  of  work  es  convenieiit.  The 
erg  is  the  vork  done  by  a  force  of  one  djne  when  the  hody 
upon  which  the  fi>rce  acts  mores  a  distance  of  one  centi' 
meter  ia  the  ilirectioa  c»f  the  force.  A  larger  unit  of 
work,  the  jovU,  is  often  nsed;  the  joule  is  HF  ergs.  Eii' 
gineers  often  use  the  tilo^aat-mtt^r  as  a  unit  of  work. 
It  is  the  work  done  bj  a  force  whose  magnitude  is  one 
kilogram,  while  the  body  apon  which  the  force  acts  movi 
one  meter  in  the  direction  of  the  force. 

131.  Oraphical  Bepresentation  of  Work.  —  Work  has  been 
defined  as  the  prmluct  of  a  force  and  a  distance.  If  the 
force  be  uniform  and  equal  to  P,  and  the  body  upon 
which  it  acts  be  moved  through  a  distance  a,  the  graph- 
ical representation  of  the  work  done  by  P  ia  given  by  the 
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area  of  a  rectangle,  Fig.  150,  constructed  on  P  and  a  as 
sides,  since  p 

W=  Pa.  I >i 

If  the  force  P  varies  as  the  dis- 
tance through  which  the  body  is 
moved  along  its  line  of  action,  we  '""■  "" 

may  represent  the  work  by  the  area  of  the  triangle  as 
shown  in  Fig.  151,  Let  the  force  be  zero  when  the 
^  motion   begins,  and    let    it    be   P, 

when  the  distance  passed  over  along 
its  line  of  action  is  OA.  Then  since 
the  force  varies  as  the  distEince,  it 
is  equal  to  P  for  any  intermediate 
distance  OC.  The  total  work  done, 
then,  in  moving  the  body  through  a 
distance  OA  by  the  variable  force 
P,  which  varies  as  the  distance,  is 
equal  to  — ^' --   *.     It  is  seen  that 

this  is  the  same  as  the  work  done  by  the  average  force  -^ 

acting  through  the  distance  OA.  The  resistance  of  a 
helical  spring  varies  with  the  elongation  or  compression. 
The  same  law  of  variation  holds  for  all  elastic  bodies. 

Another  variation  of  force  with  distance  with  wliich 
the  engineer  is  frequently  concerned,  is  the  case  where 
the  force  varies  invermly  as  the  distance  through  which  the 
body  is  moved.  If  P  is  the  force  and  S  the  distance, 
the  relation  between  force  and  distance  may  be  expressed, 

P  =  - — T— A,  or  ^5=  const.     But  this  represents  the  equi- 
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lateral  hyperbola.  This  will  be  made  clearer  by  refereiM 
to  the  specific  example  of  the  expansion  of  steam  in  a  steam 
cylinder,        (See 


At  this  point,  the  entering  ateam  is  cut  off  and  the  work 
done  must  be  done  by  the  expansion  of  the  steam  now  in 
the  cylinder.  According  to  Mariotte's  Law,  the  pressure 
varies  inversely  with  the  volume  of  steam;  but  since  the 
cross  section  of  the  cylinder  is  constant,  we  may  say  that 
the  pressure  varies  inversely  as  the  distance.  From  the 
properties  of  the  curve,  it  is  easy  to  see  that  the  area  under 
the  curve  represents 
the  work  done. 

The  curve  ob- 
tained in  practice 
representing  the  re- 
lation between  the 
force  and  distance  is 
shown  in  Fig.  153. 

The    curve    after 
cut-off  is  not  a  true  hyperbola,  and  its  area  is  determined 
a  planimeter  o 
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132.  Power. —  The  idea  of  work  is  independent  of  time. 
But  for  economical  reasons  it  is  necessary  to  take  into 
consideration  this  element  of  time.  We  must  know 
whether  certain  work  has  been  done  in  an  hour  or  ten 
hours.  For  such  information  a  unit  of  the  rate  at  which 
work  is  done  has  been  adopted.  This  unit  is  called  power. 
Power  is  the  rate  of  doing  work.  It  is  the  ratio  of  the  work 
done  to  the  time  spent  in  doing  that  work. 

The  unit  of  power  is  the  horse  power.  This  has  been 
taken  as  550  ft. -lb.  per  second,  or  33,000  ft.-lb.  per  minute. 
Originally  the  idea  of  the  rate  of  work  was  connected 
with  the  rate  at  which  a  good  draft  horse  could  do  work. 
This  value  aa  used  by  Watt  was  550  ft.-lb.  per  second. 
The  horse  power  of  a  steam  engine  is  mean  effective 
pressure  times  distance  traveled  by  the  piston  per  second, 
divided  by  550. 

133.  Energy.  — Energy  is  the  capacity  for  doing  work; 
it  is  stored-up  work.  Bodies  that  are  capable  of  doing 
work  due  to  their  position  are  said  to  possess  potential 
energy.  Bodies  that  are  capable  of  doing  work  due  to 
their  motion  are  said  to  possess  kinetic  energy.  A  familiar 
example  of  potential  energy  is  the  energy  possessed  by  a 
brick  as  it  is  in  position  on  the  top  of  a  chimney.  If  the 
brick  should  fall,  its  energy  at  any  instant  would  be 
called  kinetic.  When  the  brick  strikes  the  ground,  work 
is  done  in  deforming  the  ground  and  brick,  or  perhaps 
even  breaking  the  brick  and  even  generating  heat.  The 
work  done  by  the  brick  when  it  strikes  is  sufficient  to 
use  up  all  the  energy  that  the  brick  had  when 
struck. 


A 
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134.  Coiuerration  of  Energy. — The  kinetic  energy  of 
the  brick  spoken  of  in  the  last  article  was  used  np  in 
doing  work  on  the  ground  and  air,  and  upon  the  brick 
itself,  so  that  the  kinetic  energy  that  the  brick  possessed 
when  it  struck  was  used  up.  It  was  not,  however,  de- 
stroyed, but  was  transferred  to  other  bodies,  or  into  beat. 
Such  transference  is  in  accord  with  the  well-known  prin- 
ciple of  the  conservation  of  energy.  This  principle  may 
be  stated  as  follows:  energy  cannot  he  created  or  destroyed. 
The  amount  of  energy  in  the  universe  is  constant.  This 
means  that  the  energy  given  up  by  one  body  or  system  of 
bodies  is  transferred  to  some  other  body  or  bodies.  It 
may  be  that  the  energy  changes  its  form  into  light,  heat, 
or  electrical  energy. 

Energy  cannot  be  created  or  destroyed;  it  is,  therefore, 
evident  that  such  a  thing  as  perpetual  motion  is  impossible. 
Such  a  motion  would  involve  the  getting  of  just  a  little 
more  energy  from  a  system  of  bodies  than  was  put  into 
them. 

135.  Energy  of  a  Body  moving  in  a  Straight  Line.  — Sup- 
pose the  body,  Fig.  154,  moving  in  a  straight  line  as  in- 


I 


dicated  with  a  variable  velocity  v.  Let  /*  be  a  constant 
working  force,  so  that  the  resulting  force  acting  on  the 
body  will  be  P—  R.     From  the  relation  that  the  accelerat- 
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jng  force  equals  the  ma,sa  times  the  acceleration,  we  may 
-  write  „     „ 

Integrating  between  the  limits  Vf,  and   v,  and   0   and  8, 
we  have  -y, ^^C-'      -«)«. 


body 

when  it  has  a  velocity  v,  and  the  quantity  —^  the  kinetic 
energy  of  the  body  when  it  has  a  velocity  Vg.  The  left- 
hand  side  of  the  equation,  therefore,  represents  the  change 
in  kinetic  energy.  The  equation  shows  that  the  work 
done  hi/  the  working  force  equals  the  work  done  hy  the  re- 
sisting force  plus  the  changein  the  kinetic  energy. 

The  weiglit  of  the  body  is  64.4  lb.,  and  P  is  a  constant 
force,  say  100  lb.,  ami  R  a  constant  resistance  =s  84  lb. 
If  the  body  starts  from  rest,  what  will  be  tlie  velocity  when 
it  has  moved  a  distance  of  16  ft.? 

Substituting  in  the  above  equation,  we  have  u  =  16  ft. 
per  second. 

Problem  193.  A  car  whose  weight  ia  20  tons,  and  having  a.  veloc- 
itj  of  60  mi.  per  hour,  ia  brought  to  rest  by  means  of  brake  friction 
after  tlie  power  has  been  shut  off.  If  the  tangential  force  of  friction 
of  200  lb.  acts  on  each  of  the  8  wheels,  how  far  will  the  car  go 
before  coming  to  rest? 
Solution.     Here  M  ^  ~^,  i^n  =  88  ft.  per  secoud,  d  =  0,  P  =  0, 


rw  *w 
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gince  there  are  uo  working  forccii.    R  =  1600  lb.,  so  that  ^^H 

Therefore  s  =3009  ft  ^^H 

Problem  194.  Suppose  the  car  in  the  preceding  problem  to  be 
moving  at  the  rate  of  60  mi.  per  hour  wheii  the  power  is  shut  off, 
what  tangeutial  force  on  each  of  the  8  wheels  will  bring  the  car  t^ 
rest  in  one  half  a  mite? 

Pioblem  19S.  What  is  tlie  kinetic  energy  of  a  river  200  ft.  wide 
and  15  ft  deep,  if  it  fTowH  at  the  rate  of  4  mi.  per  hour,  the  weight 
of  a  cubic  foot  of  water  being  62.5  lb.?  What  horse  power  might  be 
developed  by  using  al!  the  water  in  the  river? 

Pioblem  196.  The  flow  of  water  in  Niagara  Kiver  is  approxi- 
mately  270,000  ca.  ft.  per  second.  What  is  its  kinetic  energy! 
What  liorse  power  could  be  developed  by  using  all  the  water? 

Problem  197.  This  amount  of  wat«r,  270,000  cu.  ft.,  goes  over  the 
falls  of  Niagara  every  second.  The  height  of  the  falls  including  rapids 
above  and  below  is  216  ft.  What  horse  power  could  be  developed  by 
using  all  the  water?  What  horse  power  could  be  developed  by  using 
the  water,  coaaidering  the  height  of  the  falls  to  be  165  ft,,  the  height 
of  free  fall  1 

Note.  It  is  estimated  that  the  total  horse  power  of  Niagara  Falls, 
considering  the  fall  as  216  ft.,  is  7,500,000.  The  Niagara  Falls  Power 
Company  diverts  a  part  of  the  voltime  of  water  above  the  rapids  into 
their  power  plants,  where  it  passes  through  a  tunnel  into  the  rivtr 
below  the  falls.  The  turbines  are  140  ft.  below  the  water  level,  and 
each  one  is  acted  upon  by  a  column  of  water  7  ft.  in  diameter.  The 
estimated  power  utilized  in  this  way  is  220,000  horse  power.  The 
student  should  estimate  the  horse  power  of  each  turbine,  assuming 
the  water  to  fall  from  rest  through  140  ft.  For  a  full  account  of  tlie 
power  at  Niagara  Falls,  the  student  is  referred  to  Proc.  Inst.  C.  E., 
Vol.  CXXIV,  p.  323. 

When  the  motion  of  the  body  is  not  along  the  line  of 
the  force,  as  is  the  case  in  Fig.  155,  where  the  body  ia 
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supposed  moving  up  the  plane  under  the  system  of  forces 
BhowD,  we  resolye  the  force  into  componentH  along  and 
perpendicular  to  the  direc- 
tion of  motion.  It  is  evi- 
dent that  the  component 
perpendicular  to  the  direc- 
tion of  motion  can  do  no 
work  in  moving  the  body 
up    or    down    the    plane. 

The  same  might  be  said  of  the  component  of  ff  perpen- 
dicular to  the  plane  and  of  iV,  so  that  the  work-energy 
equation  in  such  a  case  includes  only  the  components  of 
the  forces  along  the  line  of  motion.  The  accelerating 
force  in  this  case  is  P  cos  a,  and  the  resisting  forces  are  JP 
and  0-  sin  a.     The  work-energy  equation  becomes 


2 


-F8  +  (_a  sin  k)s  =  (P  cos  «)«, 


where  8  is  a  distance  measured  along  the  plane. 

Problem  198.  A  body  whose  weight  is  32.2  ih  la  pulled  up  an 
inclined  plane,  inclined  at  an  angle  of  30"  with  the  horizontal  by  a 
horizontal  force  of  250  lb.  The  motion  is  resisted  hy  a  conitint 
force  of  friction  of  10  lb.  acting  along  the  plane  If  it  starts  from 
rest,  what  will  Iw  its  velocity  after  it  has  gone  up  a  diatance  of  100  ft.  ? 

Problem  199.  The  same  body  as  that  in  the  preceding  problem  is 
projected  down  the  plane  with  a,  velocity  of  5  ft,  per  second.  How  far 
will  it  go  before  coining  to  rest? 

Hint.  In  this  case  there  is  no  working  force  acting,  and  the  final 
kinetic  energy  is  zero,  so  that  the  work-energy  equation  reduces  to  the 
expression :  the  work  of  resistance  equals  the  initial  kinetic  energy. 

Problem  200.  The  student  should  solve  Problem  112  by  using 
the  principle  of  work  and  energy. 


r 
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136.  Work  under  the  Action  of  a  Variable  Foroe.  —  When 
the  forces  are  not  constant,  the  work-energy  equation 
already  derived  does  not  hold  true.  In  such  a  case  the 
equation  vdv  =  ad»  becomes,  by  integrating. 


^-?-X^-=X™'- 


The  integrals  expressed  cannot  be  determined  until  it  ia 
known  how  R  and  P  vary.  In  any  case,  however,  we  see 
that  the  quantity  under  the  integral  sign  represents  work, 
and  BO  we  may  say:  the  work  done  equals  the  resistance 
overcome  pins  the  change  in  kinetic  energy. 

Let  us  suppose  that  the  resistance  R  varies  as  the  dis- 
tance, and  also  that  the  force  P  varies  as  the  distance. 
Then  R  =  const,  x  («)  =  C^a  and  P  =  const,  x  (a)  =  Cj«. 
The  work-energy  equation  becomes,  upon  substitution,  ^H 


Mifl     ^«l 


-^  +  C^J  tds  =  C^j  ads. 


In  Art.  81  the  case  of  a  body  of  644-Ib,  weight  falling 
in  a  resisting  medium  was  discussed.  We  may  now  dis- 
cuss this  same  problem  by  means  of  the  principle  of  work 
and  energy.     In  this  case, 

R  =  10s,P=  a,M=20,  Wfi- V2^ 
Then      ^-'^^Sfll  +  ioj^lds- 


:62.1ft.  per  sect 

eufda. 


1 


This  gives  a  relation  between  velocity  and  distance.     The 
student  should  complete  the  problem,  as  outlined  in  Art.  81. 
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Problem  201,  A  body  whose  weight  is  64.4  lb.  falls  freely  from 
rest  from  a  height  of  5  ft.  upon  a  SOO-lb.  belical  apring.  Find  the 
compression  in  the  spring. 

It  will  be  recalled  from  Problem  113  that  a200-lb.  spring  b  such  a 
spring  as  would  ba  compressed  1  in.  by  a  weight  of  200  lb.  resting 
upon  it.  It  will  also  be  recalled  that  in  compressing  such  a  spring, 
the  resistance  of  the  spring  is  at  first  zero,  and  that  it  increases  in  pro- 
portion to  the  compression.  So  in  the  present  case  we  may  write 
-^  =  — ,  where  the  distance  of  one  inch  is  expressed  in  feet ;  since 
12" 

s  is  expressed  in  feet  and  R  is  the  resistance  of  the  spring  in  ponnds, 
R  =2400  J.     In  this  case /■  =  G,v  =  0,  v„  =  V2^  =  1T,9  ft.  per  second, 
and  M=  2,    Then  the  work-energy  equation  gives 
L  _  g.(17.9).'  4. 2400  ^  =  64.4  g, 

^  s=  .544  ft.,  or  6.52  in. 

Problem  202.  A  weight  of  500  lb.  is  to  fall  freely  from  rest 
through  a  distance  of  6  ft.  Tlie  kinetic  energy  is  to  be  absorbed 
by  a  helical  spring.  Speciftcations  require  that  the  spring  shall  not  be 
compressed  more  than  2  in.     Find  the  strength  of  the  spring  required. 

Problem  203.  It  requires  2000  lb.  to  press  a  certain  sized  nail 
into  a  board  a  distance  of  2  in.  The  same  size  nail  is  to  be  driven 
to  the  same  depth  by  a  5-lb.  hammer  (Fig.  150)  in  4  blows.  With 
what  velocity  must  the 
hammer  strike  the  nail 
each'  time?  Assume  that 
all  the  energy  of  the  ham- 
mer is  absorbed  by  the 
nail  and  that  the  resist 
ance  offered  by  thi 

distance  of  penetration  of 
the  nail.  Neglect  the 
weight  of  the  hammer  as  a  working  force.     Under  the 


% 


0= 


Fra.  156 


_  jnade,  the  penetration  of  the  nail  will  be  the  ai 


for  each  blow. 
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Problem  2D4.  Specifications  atate  that  it  shall  require  32,000  lb. 
I  compress  &  lielical  Hiring  IJ  in.  Wliat  weight  falling  freely 
rom  rest  through  a  height  of  10  ft.  will  compreaa  it  one  inch? 
Ftoblem  305.  The  draft  rigging  of  a  freight  car  shown  in  Fig. 
157  is  provided  with 
two  helical  springs,  one 
inside  the  other.  The 
outsidespringis  a  10,000- 
lb.  spring,  and  the  iuside 
a  5000-lb.  spring,  A  car 
weighing  60,000  lb,  b 
provided  with  such  a 
draft  rigging.  While  go- 
ing at  the  rate  of  1  ini.  per  hour  it  collides  with  a  bumping  post 
How  much  will  the  springs  be  compressed? 

Problem  206.  The  draft  rigging  in  the  preceding  problem  ia 
attached  to  the  first  car  of  a  freight  train,  consistiug  of  30  cars,  each 
weighing  60,000  lb.  How  much  will  the  springs  of  the  first  car  bs 
elongated  if  there  is  10  lb.  pull  for  each  ton  of  weight  when  the  speed 
ia  40  mi.  per  hour?  The  speed  is  increased  to  45  mi.  per  hour. 
How  much  will  the  springs  be  elongated  if  the  resistance  per  ton  at 
this  speed  is  12  lb.? 

Problem  207.  The  !&fallet  compound  \(iao\ariivvB  (Railway  A  gf, 
Aug.  9,  1007)  is  capable  of  exerting  a  draw-bar  pull  of  04,800  I!). 
According  to  the  preceding  problem,  how  many  60,000-lb.  cars  canba 
pulled  at  45  mi.  per  liour?  What  strength  of  spring  would  be 
necessary  for  the  first  car,  if  the  allowable  compression  is  Ij  in.? 

Problem.  208.  An  autninnbile  going  at  the  speed  of  30  mi  per 
honr  comes  to  the  foot  of  a  hill.  The  power  is  then  shut  off  and  the 
machine  allowed  to  "coast"  up  hill.  If  the  sloj*  of  the  hill  ia  1ft 
in  50,  how  far  up  the  hill  will  it  go,  it  friction  acting  down  tlie  plane 
is  .06  O,  where  G  is  the  weight  of  the  machine? 


137.     Pile  Driver. — A  pile  driver  consiata  essentially  of 
a  hammer  of  weight  Q-  so  mounted  that  it  may  have  a  free 
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fall  from  rest  upon  the  pile  (Fig.  158).     The  safe  load 
to  be  placed  upon  a  pile  after  it  has  been 
driven   is   the   problem    that    interests    the 
engineer.     This    is   usually    determined    by 
driving  the  pile  until  it  sinks  only  a  certain 
fraction  of  an  inch  under  each  blow,  then 
the  safe  load  is  a  fraction  of  the  resistance 
offered   by  the   earth   to   these   last  blows. 
Tliis  resistance  is  very  small  when  the  pili 
begins  to  penetrate  the  earth,  but  increases 
as   penetration   proceeds,  until    finally 
due  to  the  last  blows  it  is  nearly  con- 
stant.     If   we   regard  the   hammer   Q- 
aa  a  freely  falling  body,  and  consider 
the  hammer  and  pile  as  rigid  bodies, 
and  further  assume,  as  is  usually  done, 
that  R  for  the  last  few  blows  is  constant, 
we  may  write  the  work-energy  equation. 


^  Mvl=  C Rds=  R»^, 


since  the  final  kinetic  energy  is  zero  and  the  weight  of 
the  hammer  as  a  working  force  is  negligible.  The 
distance  Sj  is  the  amount  of  penetration  of  the  pile  for 
the  blow  in  question.     But  ii^=  2gh,  so  that 


i-^i'o  ■■ 


-.  Gh. 


We  have  then  as  the  value  for  the  supporting  power 
of  a  pile, 


:a  FOB  ESQI3K 


I  Talae,  R  from  |  to  }  of  JS,  is  taken  as  the  safe 
mpp«irting  power  of  pilea.  The  Eiduir  of  safetjr  aoA  the 
ViUoe  of  *,  for  the  last  blow  are  nsmllj  matters  %A  ^leeifi- 
cattoD  ID  smj  particular  work.  This  is  the  formula  given 
hj  Wei^iacb  and  Malesworth.  Other  aathorinas  give 
fonnalie  aa  follows : 

ITiaatwine.  R  =  *)')  G  -v'S,  if  »,  is  small,  ^^h 

Wellington,  if  =    ~        .  where  A  is  in  feet  and  »i  in  indM^H 
McAlpine.    £  =  .Sf)[<7  +  (.22SVl- 1)2240] ;  ^H 

_  Goodrich,     ft  =  '4^  W 


3»i 

For  other  fonnolie  and  a  general  discassion  of  the 
subject  of  the  bearing  power  of  piles,  the  reader  is  referred 
to  Transactions  of  Am.  Soc-  C.  Eng.,  Vol.  48,  p.  180, 

The  great  nomber  of  fonnida;  for  the  supporting  power 
of  piles  is  due  to  the  various  aasuinpliSns  that  are  made 
in  deriving  them.  In  deriving  the  ilolesworth  formula, 
the  hammer  and  pile  were  considered  as  rigid  bodies. 
It  will  be  seen  that  the  hammer  and  pile  are  both  elastic 
bodies,  both  are  compressed  by  the  Blow;  there  is  friction 
of  the  hammer  with  the  guides,  and  the  cable  attached 
to  the  hammer  runs  back  over  a  hoisting  drum.  There 
is,  in  most  cases,  a  loss  of  energy  due  to  brooming  of  the 
head  of  the  pile.  This  broomed  portiou  must  be  cut  off 
before  noting  the  penetration  due  to  the  last  few  blows. 

Results  of  tests  have  also  been  taken  into  consideration 


and  have  modified  the  fonnulfe.  The  Wellington  formula 
differs  from  the  Molesworth  formula  rinly  in  the  deuorai- 
nator,  where  k^  +  I  is  used  instead  of  g^.  This  has  been 
done  to  guard  against  the  very  large  values  of  It  given 
when  s^  is  very  small.  According  to  the  Wellington 
formula,  It  can  never  be  greater  than  0-h,  the  total  energy 
of  the  hammer,  and  this  is  perhaps  the  safer  formula  to 
use  for  small  values  of  s^. 

Engineers  have  come  to  believe  that  it  will  be  extremely 
difficult  to  get  a  general  formula  that  will  give  very  ex- 
act information  as  to  the  bearing  power  of  piles,  since 
soil  conditions  are  so  varied.  The  more  simple  formulte 
■with  a  proper  factor  of  safety  are  used. 

As  an  illustration  of  the  use  of  the  formula,  let  us 
consider  the  problem  of  providing  a  pile  to  support  75 
tons.  If  the  weight  of  the  hammer  is  3000  lb,,  and  the 
height  of  fall  15  ft,,  the  pile  will  be  considered  domn  when 


Gh     3000  X  15 


=  3.6  ii 


Using  a  factor  of  B; 


r  of  ^,  we  have  8^=  .6  in. 


PioblBm  209.  Compute  the  value  of  s,  for  the  pile  in  the  ahove 
illuetr-itiun  liy  using  the  various  torinulte  given  in  thia  article. 
Compare  the  results. 

Problem  210.  A  pile  is  driven  by  a  40IX)-lb.  hammer  falling 
freely  20  ft.  What  will  be  the  safe  load  that  tlie  pile  will  carry  if 
at  the  last  hlow  the  amount  of  penetration  waa  J  in.?  Use  a  factor 
of  safety  of  J.  Compute  by  the  Molesworth  and  the  Wellington 
formulie,  and  compare. 

Problem  211.  A  pile  was  driven  by  a  steam  hammer.  The  last 
twenty  blows  showed  a  penetration  of  one  inch.  If  two  blows  of 
the  steam  hammer  cause  the  aame  penetration  as  one  blow  from 


I  in  tons  will  the  pile 
T  the  last  few  blows 


138.  8lMB    Haamer.  —  The    steam    hammer    consists 
esaeotialljr  of  a  steam  cylinder  mounted  vertically  and 
having  a  weight  or  hammer  attached 
to  one  end  of  the  piston  rod.     Let 
AS  (Fig.  159)  be  the  steam  cylinder, 
D  the  piston,  and  JTthe  anvil,  upon 
which  a  piece  of  metal  is  shown  un- 
der the  hammer  (?.     The  steam  pres- 
sure in  the  cylinder  is  constant  and 
equal  to  P,  while  the  piston  passes 
over   a    distance    a    to    cut-off,   and 
varies  inversely  as  the  volume  over 
the    remaining    distance   b.     G,  the 
weight  of  the  hammer  and  piston,  is 
also  a  working  force.     The  resistance, 
I  (i        R',  of  the  metal  varies 
I         ■      ~  during  any  blow  with 
I  the   amount   of   compreasiou.     It  is 
zero  just  as  the  hammer  touches  the 
[iietal,  and  increases  uij  to  a  maxi- 
fro.  ICJ  1.        ,.  ■        .  . 

mum  when  the  compression  is  great- 
est. Let  R'  be  the  average  resistance  of  the  metal,  and 
jB,  the  exhaust  pressure.  Then  the  work-energy  equa- 
tion for  the  hammer  before  striking  the  metal  becomes 


Mv"^     M4 


Ej'ds  =  Pfds  +£p'ds  +  Oj'di, 
JJil&^  R^s  =  Pa+  as+  j^  P'ds. 


J 


Since  -P'  varies  inversely  as  the  volume  of  the  cylinder, 
const,      c 


Then  the  work-energy  equation  gives 

^  +  R^ii  =  Pa+  (?8  +  clogi. 


The  term  — ^  is  zero,  since  the  motion  has  been  consid- 
ered from  rest  at  the  top  of  the  cylinder  to  a  distance  «. 
The  quantity  e  may  be  computed  by  reading  from  the 
indicator  card  tlie  value  of  P'  at  s.  It  will  be  seen  that 
8  has  been  taken  greater  than  a ;  that  is,  the  piston  is 
beyond  the  point  of  cut-off. 

When  the   hammer  finally  comes  to  the   face  of   the 
metal,  the  work-energy  equation  may  be  written 

^  +  R^h'  =Pa+Gh'  +  c'  log  ^ 

where  the  distance  A'  represents  the  value  of  s  when 
the  hammer  just  touches  the  metal,  and  w^,  S',  and  </  are 
the  corresponding  values  of  w,  6,  and  c.  This  equation 
gives  the  kinetic  energy  of  the  hammer  when  it  strikes 
the  metal.  The  work-energy  equation  for  the  hammer 
during  the  compression  of  the  piece  may  now  be  written 

— -J  =  B'd, 


where  d  is  the  amount  of  compression  of  the  metal  due 
to  the  blow.     This  is  shown  by  the  small  figure  to  the 
right,  where    the   piece  of   metal   has   been  drawn  to 
somewhat  larger  scale. 


tie       ^ 
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Aft«r  th«  IiHiiimer  iitrilces  Uie 
mill  tlifi  wi^ifflil  uf  tlie  hammer  ) 
BihuiiHl  jiniNHurti  lui  H  reeisting  force, iBm  h 
'I'lin  work  (luiiu  liy  the»e  preasnies  ■  a^^  ■■«»  dadb- 
Uriiin  (/  In  itniull.  Ajiproximately,  tbea,  tke  ««&  doac  v 
lliii  iiiflliil  (iquaU  the  kinetic  enecgj- at  tke  iIbc  «C  fat 
iKitititnt. 

liiMliind  of  lining  the  valae  P'  =  -,  and  ct^^atng^ 

llllnt(i'"'  )'"■'*  '■''*  itidicited  in  the  forrnnla,  valaflBol^ 
kihI  »  iiilifliL  bu  read  from  the  indicator  diagnm  (see 
Aril.  1111)  mill  milled  by  means  of  Simpson's  fbnanla 
(«....  All.  a»). 

Am  (III  lllimlnitioii  of  the  foregoing,  let  as  sappoise  the 
Nicmiii  tiyUiiiliU'  S6  In.  long  and  14  in.  in  diameter;  the 
Htnniii  |tl'UHMUro  J*ib18,U00  lb.;  the  exhaust  pressure 
rt,-UmH)  Ih.i  d-7.2  in.;  d  =  \  in.;  ff  =  644  1b.: 
(I'-ID.KUO  ll>.  ;  A' -24  in.  Substituting  in  the  work- 
uiiKigy  (iiiuiUiiiii,  wti  hiivo  for  the  kinetic  energy  of  the 
llUlltllitil'  Kb  U)o  Uiiiu  of  Htriking  the  iron, 

i^- 11,475  ft.-lb.  ^1 


TllU  bIvpn  «  vttlim  for  \\  =  33.8  ft.  per  second  as  compared 
wlUt  U.H  fl,  (wr  (Wound  for  the  same  weight  freely  falling 
tItroiiMh  tho  NitniK  distnnoo. 

liiVMititfntllig  now  thtt  nwistance  of  the  metal,  we  have, 
Ui)(lt>v  \\w  tuwuiujititut  ntrenily  made, 

Jf'.?=  11.475  ft.-lb, 

wUhm  A*- 550,800  lb. 


In  the  above  diacusaion  we  have  neglected  the  compres- 
sion of  the  anvil  and  hammer  due  to  the  blow,  and  also 
the  friction  of  the  piston. 

Problem  212.  Find  the  kinetic  energy  of  the  hammer  when 
ft'  =  IS  ill.     Find  also  u  and  R',  uaing  the  same  value  of  d. 

Problem  213.  A  steara  hammer  exactly  similar  to  the  one  given 
in  the  illustration  above  is  used  witli  the  same  steam  pressure.  It  is 
only  necessary,  however,  for  the  work  for  which  it  is  intended,  that 
tlie  kinetic  energy  of  the  hammer  for  a  stroke  of  2  ft.  be  6000  ft-lb. 
What  weight  of  hammer  should  be  used  'I 

Problem  214.  Compute  the  kinetic  energy  and  velocity  of  the 
hammer  in  the  illustration  (ff  =  6441b.)  when  the  piston  has  moved 
the  full  length  of  the  cylinder  (h'  =  25  in.).  Assume  that  there  ia 
nothing  on  the  anvil. 

Problem  215.  What  value  of  h'  in  the  above  problem  would  give 
the  hammer  the  same  velocity  as  it  would  have  if  it  fell  freely  from 
rest  through  the  height  k  ?  Compute  the  kinetic  energy  for  this 
velocity. 

Problem  216.  In  the  illuatration  given  above,  what  would  be 
the  value  of  R'  if  the  steam  pressure  and  G  be  included  aa  working 
forces,  and  R,  aa  a  resisting  force,  during  the  compression  of  the 
piece  1 

Problem  217.  In  the  illustration  given  above,  suppose  that,  in 
addition  to  the  compression  of  the  piece  \  in.,  the  anvU  is  compressed 
.02  in.    Find  the  value  of  R'. 

139.  Eneriy  of  Rotation  abont  Fixed  Axis.  — In  Art.  103, 
where  the  subject  of  the  rotation  of  a  rigid  body  about 
a  fixed  axis  was  discussed,  the  following  equation  was 
derived ; 

2(/"idi  +P'2rfj+  P'at^B-H  etc.)  =  81, 

where  the  P's  represent  forces  tending  to  rotate  or  retard 
the  rotation  of  a  rigid  body  about  a  fixed  axis,  the  d's, 


I 


the  distances  of  the  lines  of  action  of  these  forces  from  0, 
d  the  angulni'  acceleration,  and  7  the  moment  of  inertia  of 
the  body  with  respect  to  the  axia  of  rotation. 
This  equation  may  be  put  in  the  form 

g  ^  S  (P\d^  +  .Py,  4-  -P Va  +  etc.)  H 

Now  let  us  suppose  the  moment  P\di  is  made  up  of 
a  working  moment  and  a  resisting  moment,  such  that 
P\d.i  =  P"jdj-R'\d'\,  P\d^  =  F"^d^- Ii"^d"^,  etc.  Re- 
membering that  ci>d(i}=  dda",  we  may  write,  after  clearing 
of  fractions, 

ladca  =  'S.iP'\d^da."  +  P'\d^da"  +  P'\d^da"  +  etc.  ■ 

-  'S.iR'\d'\da."-^R'\^\da"  +  R'\d"jda"  +  ei(i.^ 

Let  the  angles  which  P'\,  P"^,  P"s*  ^tc,  make  with  the 
K-axis  be  called  a"j,  (["j,  a"g,  etc.  Then  dyda"  =  d»i,  d^doi' 
=  da^  dgda"  =  rf«g,  and  d'\da"  =  dB'\,  etc.  Then  if  con- 
tinuity exists  80  that  we  may  integrate,  we  may  write 

ij^Qido)  =rP'\d8i  +JV"ad8a  +  etc. 

-J'R'\d8'\-  J'R'\d9'\- 
or 

l(^-^^=^'p'\ds^  +  j'P'  \ds^  +  etc. 

-J'R'\d»'\  -f'R"^dg",-e 
Since       J ay^I=  J m'^fdMp^  =  J| dM^topy  =  J*^  dM^, 
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the  kinetic  energy  of  tlie  body,  where  m  is  the  angular 
velocity,  the  left-hand  side  represents  the  difference  in  the 
kinetic  energy  of  rotation  of  the  body  when  its  initial 
velocity  is  (Og  and  its  final  velocity  w.  On  the  right-hand 
side,  Pds  represents  work,  since  ds  is  measured  along  the 
line  of  action  of  P  in  each  case.  A  similar  statement 
could  be  made  for  the  ^'s,  so  that  the  right-hand  side 
represents  the  work  of  the  working  forces  minus  the  work 
of  the  resisting  forces.  Here,  then,  as  in  simple  transla- 
tion, between  any  two  positions  of  a  rigid  body,  the  work 
done  iy  the  working  Jorces  equals  the  work  done  by  the  reaist- 
ing  forces  plris  the  change  in  kinetic 
energy. 

As  an  illustration,  let  as  consider 
the  case  of  two  weights  (see  Fig, 
160),  (?i=20  lb.  and  (7a=10  lb., 
suspended  from  drums  rigidly  at- 
tached to  each  other  and  of  radii  3 
ft.  and  2  ft.  respectively.  Let  the 
weight  of  the  two  drums  and  shaft 
be  644  lb.,  and  the  radius  of  gyration 
2  ft.  The  radius  of  the  axle  is  one 
inch  and  the  axle  friction  30  lb.  The 
friction  acts  tangentially  to  the  axle. 

Assume  that  the  initial  velocity  co^  is  one  radian  per  sec- 
ond, and  the  final  velocity  18  radians  per  second,  how 
many  revolutions  wUl  the  drums  make  ? 

The  work-energy  equation  gives 

l(18)'(80)-l(l)=(80)  +  ff,2„ 

=  (?l  2  Trr^ 


where  r,  in  the  radius  of  the  large  drum,  r  that  of  the 
small  drum,  r^  that  of  the  axle,  and  n  the  number  of  revolu- 
tions.    Making  the  substitutions,  n  becomes 

54,8  revolutions. 

Uluatration,  what  ia  the  Telocity  of 
Gi  und  Gi  when  tu  haa  ita 
initml  and  final  values?  In 
what  time  do  the  drums 
make  the  54.8  revolutiona? 

Problem  219.  The  drum 
iil  Fig.  161  is  w,lid  and  has 
a  radius  r  and  a  tliickneaa  k. 
Initially,  it  ia  rotating,  mak- 
ing wo  radians  per  gecond, 
but  it  is  brought  to  reat  by 
the  action  of  a  brake.     The 

brake  is  applied  from  below  by  a  force  P  acting  at  the  end  of  the  besm. 

The  force  of  friction  between  the  drum  and  brake  is  — ,  where  P'  is 

the  normal  pressure  exerted  by  the  beam  on  the  drum.  The  radiue 
of  the  axle  is  ri,  and  the  axle  friction  (.05)  P",  where  P"  is  the  pres- 
sure of  the  axle  on  the  bearing  (neglecting  the  lifting  caused  by  P). 
Required  the  work-energy  equation. 

Since  the  drum  conies  to  reat,  the  final  kinetic  enetgy  is  Eero,  w 
that  ^H 


-i(Uo=/-f-:^2x 


I  +  (.00)  P"  2  TTTin  =  0. 


There  are  no  working  forces,  so  we  find  the  equation  reducing  to  tie 
form:  the  initial  kinetic  energy  equals  the  work  of  resistance.  The 
normal  pressure  exerted  by  the  beam  on  the  drum  may  be  found  by 
taking  moments  about  the  hinge  of  the  beam.     Then 
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The  number  of  revolutions  turned  throiigh  i 
designated  bj  n.    Tbe  equation  then  becomes 


T=  """  ^"  "^  ^'>  ^  +  C-Od)  P"  2  Trr.n. 


■2b 

Problem.  220.  Suppose  the  drum  in  the  preceding  problem  to 
be  3  tt.  iu  diameter,  IJ  in.  thick,  and  made  of  caat  iron.  It  is  mak- 
ing 4  revolutions  per  second  when  the  force  P  =  100  lb.  ia  applied  to 
tbe  beam.  Tlie  length  of  the  drum  is  S  ft.,  and  tbe  rim  weighs  twice 
as  much  as  the  spokea  and  hub.  1i  k  =  1.25  ft.,  a  +  &  =  S  ft.,  and 
r  =  1  in.,  find  the  number  of  revolutions  ni  that  the  drum  will  make 
before  coming  to  rest.  Assume  the  friction  of  tbe  brake  on  tbe  drum 
to  be  J  the  normal  pressure,  and  the  friction  of  the  axle  (.Oo)  P". 

Problem  221.  The  drum  in  the  preceding  problem  is  making 
3  revolutions  per  second ;  what  force  will  be  requbred  to  bring  it 
to  rest  in  100  revolutions? 

Problem  222.  If  the  brake  in  Problem  220  is  above  instead  of 
below  the  drum,  how  will  the  results  in  Problems  220  and  221  be 
changed? 

Problem  223.  A  square  prism  a 
BO  HB  to  rotate  due  to  the  weight  G. 
pulley  B  and  meets  the  square 
at  P' .  The  mechanism  is  such 
that  motion  begins  when  /*  is 
in  the  position  shown,  and 
ceases  when  the  prism  has  made 
a  quarter  turn;  that  is,  when  P 
reaches  P'.  The  diameter  of 
the  journal  is  2  in.,  and  the 
weight  on  the  same  is  600  lb. 
The  force  of   friction  on   the 

journals  is  80  lb.,  and  on  the  pulley  at  B  10  lb.  Find  the  tension  in 
the  cord  when  P  reaches  P'.  The  cord  is  elastic,  and  ia  made  of  BUch 
material  that  it  elongates,  due  to  a  pull  of  100  lb.,  .02  in.  in  each  inch 
of  length.  What  is  the  elongation  per  inch  due  to  the  fall  of  G  as 
„Btated? 


I 


s  shown  in  Fig.  162  is  mounted 
The  elastic  cord  runs  over 
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140.  Brake  Shoe  Testing  Machine.  — The  brake  shoe  test- 
ing machine  owuud  by  the  Master  Car  Builders'  Asao 
elation  has  been  established  at  Purdue  University.  It 
consists  of  a  heavy  fly  wheel  attached  to  the  same  axle 
as  the  car  wheel.  These  are  connected  with  the 
engine,  and  may  be  given  any  desired  rotation.  When 
this  has  been  obtained,  they  may  be  disconnected  and 
allowed  to  rotate.  The  dimensions  and  weight  of  tiie 
parts  are  known  so  that  the  kinetic  energy  of  the  fly 
wheel  and  rotating  parts  may  be  computed  by  noting  t 


angular  velocity.  When  the  desired  velocity  haa  been 
attained,  the  brake  shoe  i«  brought  down  on  the  car  wheel. 
The  required  normal  pressure  on  the  shoe  at  A  (see  Fig. 
163)  is  obtained  by  applying  suitable  weights  at  B.  Tlie 
system  of  levers  is  such  that  one  pound  at  B  gives  a  nor- 
mal pressure  of  24  lb.  on  tlie  brake  shoe.  The  weight  of 
the  levers  themselves  gives  a  normal  pressure  of  1233  lb. 
Provision  is  also  made  for  measuring  the  tangential  pull 
of  the  brake  friction  j  this,  however,  is  not  shown  in  the 
figure. 
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The  weight  of  the  fly  wheel,  car  wheel,  and  shaft  and 
all  rotating  parts  is  12,600  lb.,  and  the  radius  of  gyra- 
tion is  v'2.16.  The  weight  of  12,600  lb.  is  supposed  to 
be  the  greatest  weight  that  any  bearing  in  passenger  or 
freight  service  will  be  called  upon  to  carry.  The  diame- 
ter of  the  fly  wheel  is  48  in.,  its  thickness  30  in.,  diame- 
ter of  shaft  7  in.,  and  the  diameter  of  the  car  wheel  is 
33  in.  The  brake-shoe  friction  is  \  the  normal  pressure 
of  the  brake  shoe  on  the  wheel,  and  the  journal  friction 
may  be  assumed  as  (.002)  of  the  pressure  of  the  axte  on 
the  bearing.  The  work-energy  equation  for  the  rotating 
parts  after  being  disconnected  from  the  engine  becomes 


IC 


•12,600'' 
32.2  , 


„     in  2.600' 

2132.2  . 


(1233-^24^)^2 

(1233  +  12,600  +  24  (?)(.002)2  x  ; 
no  working  forces. 


since  there  ai 

Problem  224.  The  speed  is  auch  as  to  correspond  to  a  speed  of 
train  of  a  mile  a  minute  when  brakes  are  applied.  What  must  bo 
the  weight  G  so  that  a  stop  may  be  made  in  a  thousand  feet?  What 
is  the  corresponding  normal  pressure  on  the  brake  shoe? 

PToblem  22s.  If  the  speed  cotresponda  to  the  speed  of  a  train 
of  100  mi.  per  hour,  what  weight  G  would  be  necessary  to  reduce 
the  speed  to  00  mi.  per  hour  in  one  mile?  What  is  the  normal  pres- 
sure on  the  brake  shoe  necessary? 

Problem  22G.  If  the  velocity  corresponds  to  a  train  velocity  of 
60  mi.  per  hour,  and  the  apparatus  is  brought  to  rest  in  220  revolu- 
tions, the  weight  G  is  100  lb.  Find  the  tangential  force  of  friction 
acting  on  the  face  of  the  wheel.  What  relation  does  this  bear  to  the 
normal  brake-ahoe  pressure  ? 

Note.  In  the  preceding  problems,  the  ratio  (the  coefficient  of 
frictioD,  see  Art.  140)  has  been  taken  as  \.    One  of  the  important 
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uses  of  this  testing  machine  is  to  determina  the  coefficient  of  friction 
for  different  tjpes  of  brake  shoes.  Experitoent  shows  that  it  varies 
geDerall;  from  ^  to  J,  sometimes  going  as  high  as  ■^. 


lU.  Work  of  Combined  BotatioB  and  Translation.  —  The 

relation  between  work  and  energy  of  simple  translation 
and  the  work  and  energy  of  rotation  about  a  fixed  axis 
have  been  discussed.  We  shall  now  determine  the  rela- 
tion for  combined  rotation  and  translation  when  the  axis 
remains  parallel   to   itself.      Let   the   body   of  mass  M 


(Fig.  164)  be  in  rotation  with  angular  velocity  a>  about  an 
axis  at  0,  and  at  the  same  time  let  this  axis  move  parallel 
to  itself  with  a  linear  velocity  v.  At  any  instant  the 
elementary  mass  dM  has  a  linear  velocity  of  translation 
Wj  and  a  tangential  velocity  v=a>p.  Its  resultant  velocity 
is  expressed  as  the  diagonal  of  a  parallelogram  con- 
structed upon  the  two  velocity  arrows  as  sides,  so  that 


''J»ii 


Multiplying  both  sides  of  this  equation  by 


rdMv"     rdMy'  ^    rd. 


2 


but  p  cos  <f>=i/,  and  j  dMi/  =  My=  0,  since OX'is  a  gravity 
line.  At  any  instant  to  and  j;^  are  constant.  Therefore, 
CdMv'^ 


K.E. . 


-  =  Wi+\mv\. 


At  any  instant,  then,  tlie  kinetic  energy  of  combined  rota- 
tion and  translation  is  equal  to  the  kinetic  energy  of  trans- 
lation of  the  center  of  gravity  plus  the  kinetic  energy  of 
rotation. 

As  an  illustration,  consider  a  disk  of  radius  r  and  thick- 
ness h  rolling  without  slip- 
ping down  an  inclined 
plane,  inclined  at  an  angle 
a  with  the  horizontal  (see 
Fig.  165).  There  is  a 
working  force  G-  sin  a  and 
a  resisting  force  1"=  (.06) 
(7  cos  a.  Now  the  kinetic 
energy  of  tlie  disk  is  made 
up  of  the  sum  of  its  kinetic  energy  rotation  and  transla- 
tion. If  dig  and  v^  be  the  respective  initial  angular  and 
linear  velocities,  we  have 


3  «s  J  _  1  ^  r  +  I  Mjjf  -  J  JtfwS  + -F«  =  G  Bi 


Problem  227.  Suppose  the  disk  in  the  above  illustration  to  be 
made  of  cast  iron,  and  let  r  =  2  ft.,  4  =  J  ft.,  and  «  =  30°.  At  a  cer- 
tain instant  it  its  making  2  revolutioiia  per  second.  What  will  be 
the  linear  and  angular  yelocities  after  the  disk  has  gone  SO  ft.? 
Would  the  disk  finally  come  to  rest? 

142.   Kinetic  Energy  of  Rolling  Bodies.  —  It  is  convenient 

to  express  the  kijietic  eneigy  of  combined  rotation  and 
translation  of  such  bodies  as  rolling  wheels  in  a  different 
form  from  that  given  in  the  preceding  article.  There  is 
Botne  mass  M^  that  will  have  the  same  kinetic  energy  when 
translated  with  a  velocity  v^  as  the  kinetic  energy  of  trans- 
lation plus  the  kinetic  energy  of  rotation  of  the  body  of 
mass  M;  that  is, 


for  a  wheel  rolling  on  a  straight  track  tor  = 

the  radius. 

Then  M^  =  M-\-L 


This  has  been  called  the  equivalent  mass. 

Applying  this  to  the  disk  in  the  preceding  article,  n 
find  the  work-energy  equation  to  be. 


M,v\      M,v 


-f-  ^d  =  ff  sin  a  . 


for  the  disk,  since  J=  \  Mt^,  M^^^M. 

Problem  228.    A  sphere  of  radius  r  rolls  witliout  slipping  doirtt'* 
an  inclined  plane,  inclined  at  an  angle  a  to  the  horizontal,  with  sn 
initial  velooity  i'„.      Show  that  its  kinetic  energy  ia  the  same  as  that 
of  a  sphere  whose  mass  is  }  larger  translated  with  a  velocitj  v,. 


Problem  229,  The  sphere  in  the  preceding  problem  !fl  made  of 
Btee],  12  in.  in  diameter,  and  tt  =  30°.  If  t„  =  10  ft.  per  second,  what 
will  be  the  velocity  10  tt.  down  the  plane?  There  ia  &  force  of  fric- 
tion Eusting  up  the  plane  =  (.03)  times  the  normal  pressure  of  the 
sptiere  on  the  plane. 

143.  Work- Energy  Selation  for  Any  Hotion.  —  The  rela- 
tion between  work  and  energy  for  the  motions  considered 
in  this  chapter  holds  for  more  complicated  motions  and 
for  motions  in  general.  The  limits  of  the  present  work 
will  not  admit  the  proof  of  the  general  theorem.  It  may- 
be said,  however,  that  for  any  motion  the  work  done  by 
the  working  forces  equals  the  work  done  by  the  resisting 
forces  plus  the  change  in  kinetic  energy.  In  the  case  of 
the  motion  of  a  compUcated  machine,  the  total  work  done 
equals  the  total  resistance  overcome  plus  the  change  in 
kinetic  energy  of  the  various  parts  of  the  machine. 

144.  Work  done  when  Hotion  is  TTniform.  —  When  the 
motion  is  uniform,  the  change  in  kinetic  energy  is  zero, 
and  the  work -energy  equation  reduces  to  the  form  ;  tcork 
done  equals  the  resistance  overcome. 

As  an  illustration,  let  us  consider  the  case  of  a  loco- 
motive moving  at  uniform  speed  and  represented  in  Fig. 
166.  Suppose  P  the  mean  eifective  steam  pressure  (see 
Art.  131),  J"  the  friction  of  the  piaton,  J"  the  friction  of 
the  crosahead,  F"  the  journal  friction,  J""  the  crank-pin 
friction,  T  the  friction  on  the  rail,  i?  the  draw  bar  resist- 
ance, ff  the  weight  of  the  locomotive,  and  i^"  and  iV  the 
normal  reactions  of  the  rails  on  the  wheels.  Consider 
only  one  side  of  the  locomotive  and  write  the  work-energy 
equation  for  a  distance  8,  equal  to  a  half  turn  of  the  driver 


I 
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(from  dead  center  A  to  dead  center  5),  that  the  loco' 
motive  travels.     This  becomes,  for  the  frame, 

Pira  =  FQrra  +  2r)  +  J"(7ra  +  2r)  +  R'-jra  -R-rra, 

where  R '  is  the  pressure  of  the  driver  axle  on  the  fi 
If  we  neglect  friction,  this  becomes 

P  =  B'-JB. 

Considering  the  rotating  and  oscillating  parts,  we  obtain 
P{'jva+2r)=F{-^a  +  2r)  +  J"(7ra  +  2r)+  ISra 

+  F  "irr^  +  F"'irr^  +  R'ira,     ■ 

where  rj  and  r^  ura  the  radii  of  the  driver  axle  and  the 
crank  pin,  respectively.  If  we  neglect  friction,  this  equa- 
tion reduces  to  the  form, 

PC^ra  +  2  r)  =  Twa  +  It'-jra.  ^M 


Taking  all  the  parts  represented  in  Fig.  166,  we  may 
disregard  the  work  of  friction  of  the  cylinder  and  cross- 
head,  since  the  sum  would  be  zero.  That  is,  the  work  done 
by  the  piston  on  the  cylinder,  due  to  friction,  equals  the 
work  done  by  the  cylinder  on  the  piston  due  to  friction. 
We  have,  then,  for  the  work-energy  equation, 


P(7ra  +  2r)  =  P-rra  +  Jiira  +  Tira  +  ^'"■jrr,  +  F"'Trr^. 

It  ia  seen  that  the  pressure  of  the  steam  on  the  head  of 
the  cylinder,  for  the  half  of  the  stroke  considered,  ia  a 
resistance.  If  we  neglect  friction  and  assume  perfect  roll- 
ing, this  equation  becomes 

P  (7ra  -t-  2  r)  =  Pira  +  Rira, 


or  considering  both  cylinders, 


This  is  the  formula  usually  given  for  the  tractive  power 
of  a  locomotive  having  single  expansion  engines.  This 
may  be  expressed  in 
terms  of  the  dimen- 
sions of  the  cylii]- 
dera  and  the  unit 
steam  pressure.  Let 
p  be  the  unit  steam 
pressure  in  pounds 
per  square  inch,  I 
the  length  of  the 
cylinder  in  inches,  d 
the  diameter  of  the 
cylinder  in  inches, 
and  d^  the  diameters  of  the  drivers  in  inches;  then 

Considering  the  forces  acting  on  the  driver,  disregarding 
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friction,  and  taking  moments  about  the  center  of  the  wheel 
(see  Fig.  167),  we  have,  for  uniform  motions,  ^_ 

Pr  =  ^H 

or  T=-P.  ^^ 


Taking  moments  about  the  point  of  contact  of  the  wheel 
and  rail,  we  have,  for  the  position  ahown, 

and  since  P  =  R'  —  R, 

wo  have  R  =  -P. 


pheel 

I 


It  followa  that  T  =  R;  that  ia,  the  train  resistance  can- 
not be  greater  than  the  adhesion  of  the  drivers  to  the  rails. 

This  adhesion  in  American  practice  ia  usually  taken  as  | 
to  -J  t!ie  load  on  the  drivers, 

Problem  230.  What  reBiBtBiicfl  H  may  be  ovaroome  by  a  locomo- 
tive moving  at  uniform  speed,  diameter  of  drivers  82  in.,  cylinders 
16  X  24  in.,  and  a  steam  pressure  on  the  piston  of  160  lb.  per  square 
inch!    What  should  he  the  weight  of  the  locomotive  on  the  drivers? 

Problem  331.  If  the  diameter  of  the  drivers  of  a  locomotive  is 
68  in.,  and  the  size  of  the  cylinder  is  20  x  2i  to.,  vihat  train  resistance 
may  be  overcome  by  a  steam  preaaure  of  160  lb.  per  square  inch  ? 

Problem  232.  A  locomotive  has  a  weight  of  155  tons  on  the 
drivers,  if  the  adhesion  is  taken  as  J,  this  allows  31  tons  for  the  draw- 
bar pull.  The  train  resistance  per  ton  of  2000  lb.,  for  a  speed  of  60 
mL  per  hour,  ia  20  lb.  Find  the  weight  of  the  train  that  can  be 
pulled  by  the  locomotive  at  the  speed  of  90  mi.  per  hour. 

Problem  233.  An  90-car  freight  train  ia  to  be  pulled  by  a  single 
expansion  locomotive  at  the  rate  of  30  mi.  per  hour.  The  weight  of 
each  car  is  60,000  lb.,  and  the  resistance  for  this  speed  ia  10  lb.  per 
ton.    What  must  be  the  weight  on  the  drivers,  if  the  adhesion  is  j? 
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FRICTION 

145.  Erictioo.  —  When  one  body  is  made  to  slide  over 
another,  there  is  considerable  resistance  offered  because  of 
the  roughness  of  the  two  bodies.  A  book  drawn  across 
the  top  of  a  table  is  resisted  by  the  roughness  of  the  two 
bodies.  The  rough  parts  of  the  book  sink  into  the  rough 
parts  of  the  table  so  that  when  one  of  the  bodies  tends  to 
move  over  the  other,  the  projections  interfere  and  tend  to 
stop  the  motion.  The  bearings  of  machines  are  made 
very  smooth,  and  usually  we  do  not  think  of  such  Burfaces 

having  projections.  Nevertheless  they  are  not  perfectly 
smooth,  and  when  one  surface  is  rubbed  over  the  other,  re- 
sistance must  be  overcome.  This  resisting  force  to  the 
motion  of  one  body  over  another  is  known  as  friction. 
When  the  bodies  are  at  rest  relative  to  each  other,  the 
friction  is  known  as  the  friction  of  rest,  or  Etatic  friction. 
When  they  are  in  motion  with  respect  to  each  other,  the 
f  riiitiou  is  known  as  tiie  friction  of  motion,  or  kinetto  friction. 

146,  Coefficient  of  Frio- 
tdon,  —  If  the  body  repre- 
sented in  Fig.  168 
pulled  along  the  horizon- 
tal plane  by  the  force  P, 
the  following   forces  will 


be  acting  on  it ;  the  downward  force  O  (not  shown)  and 
the  reaction  R  inclined  back  of  the  vertical  through  the 
angle  6,  The  reaction  R  of  the  plane  on  the  body  may  be  re- 
solved into  two  components,  one  horizontal  and  one  vertical. 
The  horizontal  force  is  known  aa  the  force  of  friction,  and 
the  normal  force,  the  normal  pressure,     The  tangent  of  the 


angle  &,  or 


JV 


J  called  the   eoe^aient   of  friction.     This 


coefficient  of  friction,  which  we  shall  represent  hyf  may 
be  defined  aa  the  ratio  of  the  force  of  friction  to  tlie  normal 
pressure  ;  it  is  an,  alisolute  nu7nber. 

The  coefficient  of  friction  is  usually  determined  bj  al- 
lowing a  body  to  slide  down  an  inclined  plane  as  shown  in 
Fig.    169.      The    angle    e    is 
d^  increased    until    the    force  of 

friction  F  will  just  keep  the 
body  from  sliding  down  the 
plane.  The  angle  0  is  then 
called  the  anffle  of  repose,  and 
the  tangent  of  ^  is  the  coeffi- 
cient of  friction. 

It  is  possible  with  such  an 
apparatus  to  determine  the 
coefficient  of  friction  for  various  materials.  It  has  been 
found  that  after  motion  begins  the  friction  is  less,  that  is, 
the  friction  of  motion  is  less  than  the  friction  of  rest.  This 
is  an  important  law  for  engineers. 


147.  Laws  of  Friction  for  Dry  SnrfaceB.  — Very  little  was 
known  of  the  laws  of  friction  until  within  the  last  seveuty- 
five   years.     About  1820   experiments    were   made   that. 


seemed  to  show  that,  for  such  materials  as  wood,  metals,  etc., 
friction  varies  with  the  pressure,  and  is  independent  of 
the  extent  of  the  rubbing  surfaces,  the  time  of  contact, 
and  the  velocity.  A  little  later  (1831)  Morin  published 
the  following  three  laws  as  a  result  of  his  experiments  on 
friction : 

(1)  The  friction  between  two  bodies  is  directly  propor- 
tional to  the  pressure;  that  is,  the  coe^cient  of  friction  is 
constant  for  all  pressures. 

(2)  The  coefficient  and  amount  of  friction  for  any  given 
pressure  is  independent  of  the  area  of  contact. 

(3)  The  coefficient  of  friction  is  independent  of  the  velocittf, 
although  static  friction  is  greater  than  kinetic  friction. 

These  laws  of  Morin  hold  approximately  for  dry  uulii- 
bricated  surfaces,  although  it  has  been  found  that  an  in- 
crease in  speed  lowers  the  coefficient  of  friction.  The 
coefficient  of  friction  is  a  little  greater  for  light  pressures 
upon  large  areas  than  for  great  pressures  on  small  areas. 

The  following  is  a  table  of  some  of  the  coefficients  of 
friction  as  determined  by  Morin  : 


Coefficients  of 

Friction,  doe  t 

■>  Morin 

1 

M*raBi.L 

Co™,™»o..,.. 

.. 

hi 

Brick  on 

limestone 

Dry 

.67 

35°  50' 

Caatiro 

1  on  cast  iron 

Slightly  greased 

.16 

9»    6' 

Cast  iro 

1  on  oak 

Wet 

.ti.^ 

30»    2' 

Copper 

11  oak 

.17 

8°  38' 

noak 

Greased 

.11 

6=17' 

Leather 

on  cast  iron 

.28 

15039' 

CoKifPiciESTB  or  Friction,  due  to  MnBut  — 

Matuul 

CnxuiTioB  or  fiu.r.cm 

iJ 

-Soil 

Leather  on  oast  iron 

Wet 

.38 

20'' 49' 

Leather  on  cast  iron 

Oiled 

.12 

6' 51' 

Leather  on  oak 

Fibers  parallel 

.74 

36-30' 

Leather  on  oak 

Fibers  crossed 

.47 

25°  11' 

Oak  on  oak 

Fihere  parallel,  dry 

.02 

31"  48' 

Oak  on  oak 

Fibers  crossed,  dry 

.54 

28"  22' 

Oak  on  oak 

Fibers  jiarallel,  soaped 

.44 

23=  45' 

Oak  on  oak 

Fibers  crossed,  wet 

.71 

SS"  23' 

Oak  on  oak 

Fibers  end  to  side,  dry 

.-13 

23"  16' 

Oak  on  oak 

Fibers  parallel,  greased 

.07 

4-  6' 

Oak  on  oak 

Heavily  loaded,  greased 

.15 

8=45' 

Oak  on  pine 

Fibers  parallel 

.87 

33°  50' 

Oak  on  lime  atone 

Fibers  on  end 

M 

32°  15' 

Oak  on  hemp  cord 

Fibers  parallol 

.SO 

38' 40- 

Pine  on  pine 

Fibers  piirallel 

.H9 

29°  15' 

Pine  on  oak 

Fibers  parallel 

..^3 

27°  56' 

Wrought  iron  on  oak 

Wet 

.62 

.11°  48' 

Wrought  iron  on  oak 

.65 

as-  2' 

Wrought  iron  on  wronght  iron 

J28 

15°  3a' 

Wrought  iron  on  cast  iron 

.19 

10°  40' 

Wrought  iron  on  limeHtone 

.19 

36°  7' 

Wood  on  metal 

Greaaed 

.10 

6°  C 

Wood  on  smooth  atone 

Dry 

.58 

30°  7' 

Wood  on  smooth  earth 

Dry 

.33 

18°  16' 

148.   Friction  of  Lubricated  Surfaces.  —  The  laws  of 
tion  as  given  by  Worin  and  stated  in  the  preceding  arti( 
hold  approximately  for  rubbing  surfaces,  when  the  sur- 
faces are  dry  or  nearly  so ;  that  is,  for  poorly  lubricated 
surfaces.     If,  however,  the  surfaces  are  well  lubricated  so 


that  the  projections  of  one  do  not  fit  into  the  other,  but 
are  kept  apart  by  a  iibn  or  layer  of  the  lubricant,  the  la 
of  Morin  are  not  even  approximately  true.     The  study  of 
the  friction  of  lubricated  surfaces,  then,  may  he  divided   i 
into  two  parts:    (1)  the  study  of  poorly  lubricated  bear-   , 
ings,  and  (2)  the  study  of  well-lubricated  bearings,  the   I 
friction  of  which  varies  from  |  to  ^  that  of  dry  or  poorly 
lubricated  bearings. 

Since  the  friction  of  poorly  lubricated  bearings  is  about 
the  same  as  that  of  dry  surfaces,  we  shall  consider  that 
the  laws  of  Morin  hold,  and  shall  confine  our  attention  to 
the  friction  of  well-lubricated  bearings.  If  the  lubricant 
is  an  oil,  the  friction  of  the  bearing  is  no  longer  due  to 
one  surface  rubbing  over  the  other,  but  to  the  friction 
between  the  bearing  and  the  oil,  and  to  the  internal  fric- 
tion of  the  oil.  That  is,  the  oil  adheres  to  the  two  sur- 
faces and  its  own  particles  attract  each  other,  and  the 
motion  of  one  of  the  surfaces  with  respect  to  the  other 
changes  the  positions  of  the  oil  particles.  It  is  to  be 
expected  then  that  the  friction  of  an  oiled  bearing  will 
depend  upon  the  viscosity  of  the  oil,  upon  the  thickness  of 
the  layer  interposed  between  the  surfaces,  and  upon  the 
velocity  and  form  of  the  bearing. 

The  coefficient  of  friction  is  no  longer  constant,  but 
ries  with  the  temperature,  velocity,  and  pressure.  The 
variation  of  the  coefficient  of  friction  of  a  paraffine  oil 
with  temperature  is  shown  in  Fig.  170  when  the  pressure  on 
the  bearing  is  33  lb.  per  square  inch  and  a  velocity  of  rub- 
bing of  290  ft.  per  minute.  It  is  seen  that  the  coefficient 
of  friction  decreases  with  increase  of  temperature  until  a 
temperature  of  80°  F.  is  reached,  when  it  increases  rapidly. 
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This  means  that  above  this  temperature  the  oil  ia  so  thin 
that  it  is  squeezed  out  of  the  bearing,  and  the  conditions 
of  dry  bearing  are  approached.  The  temperature  at 
which  oils  show  an  increasing  coefficient  of  friction  is  dif- 
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ferent  for  different  oils,  even  at  the  same  pressure  and 
velocity.     The  curve  in  Fig.  170,  however,  may  be  re- 
garded as  typical  of  all  oils  when  the  pressure  and  velocity 
are  constant. 
The  following  table,  due  to  Professor  Thurston,  showB 


the  relation  between  the  coefficient  of  friction  and  tem- 
perature for  a  sperm  oil  in  steel  bearings  when  the  veloc- 
ity of  rubbing  is  30  ft.  per  minute. 


PB«flBUEK,   LB 

TSMP.IL,T.„E 

CORFI-ICEBT 

Pr^ure,  l= 

TlMPEE^TTBH 

CoiFr..;.iiM 

P1«B«..K, 

DuGKHia  r. 

°'  P^ICTIOT. 

PIR«1.T». 

DmrbisF. 

OP  F.10T.0!. 

200 

150 

.0500 

100 

no 

.0025 

200 

140 

.0250 

50 

no 

.0035 

200 

130 

.0100 

4 

no 

.0500 

200 

120 

.0110 

200 

90 

.0040 

200 

no 

.0100 

150 

90 

.0025 

200 

100 

.0075 

100 

90 

.0025 

200 

95 

.0060 

50 

90 

.0035 

200 

90 

.0056 

4 

90 

.0400 

150 

110 

.0035 

It  is  seen  that  for  a  pressure  of  200  lb.  per  square  inch  as 
the  temperature  increases  from  90°  F.  the  coefficient  in- 
creases, indicating  that  the  temperature  of  90°,  for  the 
given  pressure  and  velocity,  was  above  the  temperature  at 
which  the  oil  became  so  thin  as  to  be  squeezed  out  and  the 
bearing  to  approach  the  condition  of  a  dry  bearing.  For 
a  constant  temperature  110°  F.  and  90°  F.  the  coefficient  is 
seen  to  decrease  with  increase  of  pressure  up  to  a  certain 
point  and  then  to  increase.  This  is  a  typical  behavior  of 
oils  when  the  temperature  is  constant  and  the  pressure 
varies. 

At  speeds  exceeding  100  ft.  per  minute,  the  same 
authority  found  "  that  the  heating  of  the  bearings  within 
the  above  range  of  temperatures  decreases  the  resistance 
due  to  friction,  rapidly  at  first  and  then  slowly,  and 
gradually  a   temperature   is   reached   afc   which   increase 
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takes    place    and   progresses   at   a    rapidly   accelerating 
rate." 

The  relation  between  the  coefficients  of  rest  and  of 
motion  as  determined  by  Professor  Thurston  for  three  oils 
is  given  below.  The  journals  were  cast  iron,  in  steel 
boxes;  velocity  of  rubbing  loO  ft.  per  minute  and  a  tem- 
perature 115°  F, 


Sfuu  Oil 

Wht 

VlltQlIIU  Oil, 

^:i-\ 

P«H.n„. 

"j:: 

Inn' 

'mi 

AHai 

Ine 

IS 

^r 

HBTl- 

ping 

BO 

.013 

,0T 

s& 

.0213 

.11 

.025 

,02 

m 

.01 

100 
2B0 

.008 
,005 

.1.16 

J)ffit 

.01 

.010 
,009 

If 

.020 
.026 

.0137 
.0085 

.11 

.0226 
.016 

NX) 

.004 

.15 

,03 

.018 

.00625 

.10 

.016 

.0043 

.18fl 

sa 

.005 

.185 

.0147 

,0000 

.12 

xsa 

1000 

.000 

.IK 

.03 

.010 

.IB 

,01T 

,0125 

.12 
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It  is  seen  that  the  coefficient  of  friction  at  starting  ii 
much  greater  than  at  stopping,  and  that  theae  are  1 
much  greater  than  the  value  at  a  speed  of   150  ft.  ] 
minute. 

For  an  intermittent  feed  such  as  is  given  by  one  oil  hotl 
without   a   cup,   oiled    occasionally,   Professor   Thurstosl 
found  for  steel  shaft  in  bronze  bearings,  with  a  t 
rubbing  of  720  ft.  per  minute,  the  following  coeflicientjj 
of  friction : 


^^^^^^^^^               FRICTION        ^^^^^^T^l^^H 

Oil. 

FH^»«B,.  .«,  .^  «,,  <«. 

8 

16 

38 

^ 

Sperm  and  lard 
Olive  and  cotton  seed 
Jlinaral  oila 

.15fr-.25 
.IfiO-.283 
.154-.2ei 

.138-.192 
.107-.245 
.145-.233 

.086-141 
.101-.  168 
.086-.  178 

,077-.144         ^H 
.0TB-.131        ^M 
.0S4-.2S2        ^H 

The  results  show  that  the  coefficient  decreases  with  the 
pressure  within  the  range  reported,  but  that  the  results 
are  considerably  higher  than  those  for  well-lubricated 
bearings.  He  also  found  in  connection  with  the  same 
tests  that  with  continuous  lubrication  sperm  oil  gave  the 
following  coefficients: 


P 


.0051 
.0057 


The  results  of  teats  of  the  friction  of  well-lubricated 
bearings  are  summarized  by  Goodman  (^Engineering  Newi, 
April  7  and  14, 1888)  as  follows: 

(a)  The  coefficient  of  friction  of  well-lubrieated  surfaces  is 
from  \  to  -^  that  of  dry  or  poorly  lubricated  surfaces. 

(6)  The  coefficient  of  friction  for  moderate  pressures  and 
speeds  varies  approximately  inversely  as  the  normal  pressure; 
the  frictional  resistance  varies  as  the  area  in  contact.,  the  n 
mat  pressure  remaining  the  same. 

(e)  For  low  speeds  the  coefficient  of  friction  i 
higlh  f>ut  as  the  speed  of  rubbing  increases  from  about  10  to 
100 /(,  per  minute,  the  coefficient  of  friction  diminishes,  and 
again  rises  when  that  speed  is  exceeded,  varying  approxi- 
mately as  the  square  root  of  the  speed. 
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((f)  The  coefficient  of /riotion  varies  approximately  in- 
versely a»  the  temperature,  within  certain  limits;   namely, 

Just  before  abrasion  takes  place. 

149,  Hettaod  of  Testing  Lnbricants.  — To  make  the  matter 
of  the  teats  of  the  friction  of  lubricants  clear,  it  will  be 
convenient  to  make  use  of  the  description  of   a  testing 


machine  used  by  Dean  W.  F.  M.  Goas  at  Purdue 
University  on  graphite,  and  a  mixture  of  graphite  and 
sperm  oil.  In  making  the  tests  the  apparatus  shown  in 
Figs.  171  and  172  was  used.  (See  "A  Study  in  Graph- 
ite," Joseph  Dixon  Crucible  Co.) 

This  apparatus  represents,  in  principle,  the  machines 
generally  used  for  testing  lubricants.  It  is  therefore 
shown  in  some  detail.  The  weight  Q-  is  hung  from  the 
shaft  upon  which  it  is  suspended  by  the  form  of  box  to  be 
tested.  The  desired  speed  of  rubbing  is  obtained  by 
means  of  the  cone  of  pulleys,  and  the  pressure  on  the  bear- 


ing  is  adjusted  by  the  spring.  The  temperature  of  the 
beariag  is  read  from  the  thermometer  inserted  in  the  bear- 
ing. When  rotation  takes  place,  the 
weight  (?  is  rotated  a  certain  distance 
dependent  upon  the  friction.  This  dis- 
tance is  measured  on  the  scale  A.  The 
forces  acting  upon  the  pendulum  (?  are 
shown  in  Fig.  172,  where  R  represents 
the  resistance  of  the  spring,  ^the  force 
of  friction,  I  the  distance  of  the  center 
of  gravity  of  (?  from  the  axis  of  rota- 
tion, 0  the  angle  through  which  ff  is 
deiiected,  and  r  tlie  radius  of  the 
shaft.  Taking  moments  about  the 
center  of  the  shaft,  we  have,  when  (? 
is  held  in  the  position  shown,  due  to 
friction, 

F^  =  Ql  sin  ^,  where  F^  is  the  total 
friction  on  the  bearing  IF  =  F^\ 


I 


but 


ii' 


1  that 


Gl  sin  0 
rR      ' 


It  is  customary  to  take  ff  small  compared  with  R,  so 
that  the  pressure  on  both  sides  of  the  bearing  may  be 
considered  equal  to  R,  the  resistance  of  the  spring.  The 
spring  is  easily  calibrated  so  that  R  may  be  made  any- 
thing desired  by  compressing  the  spring  through  the 
appropriate  distance  as  indicated  on  the  scale  ^^(Fig.  171). 
The  quantities  ff,  I,  r,  and  R  are  known,  and  ^  can  be 
read  so  that/ can  be  calculated. 


If  G  is  not  small  compared  to  R^  then 


average  pressure      (^R+  Q-)-\-  R 


/-- 


The  resiilts  of  tests  made  upon  a  mixture  of  graphite 
and  oil  as  a  lubricant  are  given  in  the  pamphlet.  The 
tests  were  run  under  200  lb.  per  square  inch  pressure, 
at  a  speed  of  rubbing  of  145  ft.  per  minute.  Oil  was 
dropped  into  the  bearing  at  the  rate  of  about  12  drops  per 
minute,  showing  a  coefficient  of  friction  of  J, 

Problem  234.  If  the  weight  of  the  pendulum  is  360  lb.,  the 
diameter  of  the  shaft  4J  in.,  distaiice  of  tbe  center  of  gravity  of  G 
from  the  center  of  shaft  2  ft.,  ttie  angle  ^  5  degrees,  and  the  average 
reaixtance  of  the  spring  1000  lb.,  find  the  coefficient  of  friction.  The 
weiglit  G  should  not  be  neglected  in  this  case, 

150.   Eolling  Friction. — The   resistance  offered   to  the 

rolling  of  one  body  over  another  is  known  as  rollijig  fric- 
tion. It  is  entirely  different  from  sliding  friction,  and  ita 
laws  are  not  so  well 
understood.  When  a 
wheel  or  cylinder  (Fig, 
173)  rolls  over  a  track 
the  track  is  depressed 
and  the  wheel  dis- 
torted. The  force  P 
I  this  depression  and  distortion  is 
known  as  rolling  friction. 
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The  forces  acting  on  the  wheel  are  seen  from  Fig.  173 
to  be:  P  the  working  force,  W  the  weight  on  the  wheel, 
and  R  the  resistance  of  the  track  or  roadway  to  the  rolling. 
This  upward  pressure  R  is  not  quite  vertical,  but  has  its 
point  of  application  a  short  distance  K'  from  the  vertical. 
Its  line  of  action  passes  thi-ough  the  center  of  the  wheel. 
The  distance  K'  depends  chiefly  upon  the  roadway;  it  is 
called  the  ooeffioient  of  rolling  friction.  It  is  measured  in 
inches  and  is  not  a  coefficient  of  friction  in  the  strict 
sense  that  /  is  the  coefficient  of  sliding  friction.  Taking 
moments  about  the  point  of  application  of  R,  we  have, 
approximately, 

WE'  =  Pr, 


so  that 


"  When  the  track  or  roadway  is  elastic  or  nearly  so,  we 
have  a  condition  something  like  that  represented  in  Fig. 
174.  The  wheel 
sinks  into  the  ma- 
terial and  pushes  it 
ahead,  at  the  same 
time  it  comes  up 
behind   the  wheel. 

For    a   portion    of  '  ■*^^>~- 

the  wheel  on  each  '-' 

side  of  the  point  0 

the  roadway  is  simply  compressed;  over  the  remainder  of 
the  surface  in  contact,  however,  slipping  occurs,  aa 
indicated  by  the  arrows.  The  resultant  resistance, 
however,  is  in  front  of  the  vertical  through  the  center, 


and    we 
roadways, 
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la   in    the    case    of    imperfectly   elastic 


I 
I 


It  has  been  found  by  Reynolds  (see  Phil.  Trans.  Royal 
Soc.,  Vol.  166,  Part  1)  that  when  a  cast-iron  roller  rolls 
on  a  rubber  track,  the  slippage,  due  to  the  elasticity  of 
the  track,  may  amount  to  as  much  as  ,84  in.  in  34 
in.  An  elastic  roller  rolling  on  a  hard  track  will  roll 
less  than  the  geometrical  distance  traveled  by  a  point  on 
the  circumference.  When  the  roller  and  tracks  are  of  the 
same  material,  the  roller  rolls  through  less  than  its  geo- 
metrical distance. 

151,  Friction  Wheels.  —  The  friction  of  bearings  is  often 
made  much  less  by  the  use  of  friction  wheels.  The  ar- 
rangement is  usually  something  like  that  shown  in  Fig. 
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175.  Tlie  two  friction  wheels  A'  carry  tlie  shaft  of  the 
mechanism  A.  The  friction  of  the  shaft  A  is  thus  changed 
from  sliding  to  roUing  ffiction.  Let  P  he  the  normal 
pressure  on  the  shaft,  and  let  the  two  equal  forces  P'  act- 
ing through  the  centers  of  the  friction  wheels  be  the  com- 
ponents of  P  acting  ou  the  friction  wheels.  The  forces 
acting  on  each  friction  wheel  are,  then,  the  pressure  P', 
the  friction  F,  and  the  friction  of  the  bearing  J".  Since 
P,  P",  and  P'  form  a  balanced  system  of  forces,  when  the 
forces  acting  on  the  shaft  are  considered, 

'IcQuff 

where  2^  is  the  angle  between  the  forces  P'.  The  value 
of  the  friction  F'  of  the  friction  wheel  hearings  ia 

cos/3 

where/is  the  coefficient  of  sHding  friction,  and  the  moment 
of  this  friction  is 

^     cos/S 
Taking  moments  about  the  center  of  a  friction  wheel,  we 
have 

Fr^  =  F'r^, 
BO  that 

It  is  seen  that  if  the  ratio   -S  is  constant,  the   friction 

may  be  made  less  by  taking  j9  small,  so  that  cos  fi  is  large. 
If  r,  is  large  as  compared  with  j-g,  the  friction  is  reduced. 


I 
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The  work  lost  due  to  friction  per  revolution  of  ^  is 

2  TIT,  F,  or  _^^H 


»f=2ir 


The  friction  of  A  when  resting  in  an  ordinary  bearing 

would  be /P.     In  order  that  the  friction  of  the  friction 

wheels  may  be  less  than  that  of  a  plain  bearing,  we  must 

have 

■    ''a   „<1,  or  ^<co3/3. 
fj  cos  p  r^ 


The  work  lost,  per  revolution  of  A,  in  a  plain  I 
would  be  2  -rrr-^fP.  It  ia  seen  that  the  criterion  that  the 
work  lost  in  the  friction  bearing  be  less  than  that  lost  in 
the  plain  bearing  is  the  same  as  that  given  above,  viz.,     ^ 


cos  ^  >  "T  ■ 


If  the  angle  (8  ia  zero,  that  is,  if  there  is  only  one  fric- 
tion wheel,  so  that  the  center  of  A  is  vertically  over  A', 
the  friction  is 

''a 
This  is  always  less  than  the  friction  of  a  plain  bearing, 
since  "^  is  always  less  than  unity. 


Problem  235,  If  /•  =  4  tons  and  the  radius  o£  tlie  shaft  is  2  in- 
and  the  coefBciBut  of  friction  is  .07,  what  work  is  lost  jier  revolu- 
tion? If  the  shaft  makes  3  revolutions  per  second,  what  horae  powff 
per  revolution  ia  loat  in  friction?    Given  also  )3  =  45'^,  r,  =  J  in.,  and 
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Fioblem  236,     In  the  case  of  the  shaft  mentioned  in  the  preced-           ^| 
ing  problem,  how  much  more  horse  power  per  revolution  would  it 
take  if  the  bearing  was  plain  1    What  value  of  j3  would  give  the 
Bsme  loss  due  to  friction  in  both  the  plain  beai-ing  and  the  one  pro- 
vided with  friction  wheels? 

152.   Resistance  of  Ordinary  Roads.  —  Resistance  to  trac- 
tion consists  of  axlo  friction,  rolling  friction,  and  grade           ^^ 
resistance.     Axle  friction  varies  from  .012  to  .02  of  the        ^H 
load,   for  good   lubrication,   according   to   Baker.      The        ^H 
tractive  power  necessary  to  overcome   axle   friction   for          ^ 
ordinary  American  carriages  has  been  found  to  be  from 
3  lb.  to  3J  lb.  per  ton,  and  for  wagons  with  medium-sized 
wheels  and  axles  from  3J  lb.  to  4J  lb.  per  ton. 

The  total  tractive  force  per  ton  of  load,  for  wheels  50  in., 
30  in.,  and  26  in.,  in  diameter,  respectively,  is,  Ewscording 
to  Baker  (Mngineering  Newi,  March  6,  1902): 

^T^./r™ 

57 
132 
173 

252 

61 
145 
203 
303 

70 
179 

374           ^M 

On  timothy  aud  blue  grass  sod,  dry,  grass  cut     . 
On  timothy  and  blue  grass  sod,  wet  and  springy . 
On  plowed  ground,  not  harrowed,  dry  and  cloddy 

Rolling  resistance  ia  influenced  by  the  width  of  the  tire. 
According  to  Baker,  poor  macadam,  poor  gravel,  compres- 
sible earth  roads,  and,  on  agricultural  lands,  narrow  tires, 
usually  give  leas  traction.     On  earth  roads  compoaed  of 
dry  loam  with  2  to  3  in.  of   loose   dust,  traction   with 
li-in.  tires  waa  90  lb.  per  ton,  and  with  6-in.  tires  106 
lb.  per  ton.     On  the  same  road  when  it  was  hard  and 
dry,  with  no  dust,  that  is,  when  it  waa  compressible,  the         ^^ 
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traction  was  found  to  be  149  lb.  per  ton  with  IJ-in.  tires 
and  109  lb,  per  ton  with  6-in.  tires.  On  broken  stone 
roads,  hard  and  smooth,  with  no  dust  or  loose  stones,  the 
traction  per  ton  was  121  lb.  with  Ij-in.  tires,  and  98  lb. 
with  6-in.  tires.  Moisture  on  the  surface  or  mud  in- 
creases the  traction. 

Morin  found  that  with  44-in.  front  and  d4-in.  rear 
wheels  on  bard  dry  roads  the  traction  per  ton  was  114  lb. 
with  either  IJ-in.  or  3-in,  tires.  On  wood-block  pave- 
ments the  traction  per  ton  was  28  lb.  with  IJ-in.  tires, 
and  38  lb.  with  6-in.  tires. 

On  asphalt,  bricks,  granite,  macadam,  and  steel-road  sur- 
faces, investigated  by  Baker,  the  traction  per  ton  varied 
from  17  lb.  to  TO  lb.,  the  average  being  38  lb. 

Morin  gives  the  coefficient  of  rolling  friction  for  wagons 
on  9<ift  Boil  as  .065  in,,  and  on  hard  roads  .02  in.  Accoril- 
ing  to  Kent  ("Pocket-Book"),  tests  made  upon  a  loaded 
omnibus  gave  the  following  results: 


Granite      .... 
Asphalt     .... 

Wood 

Macailam,  graveled 
Macadam,  granite,  ne 


007 

17.41 

0121 

27.14 

0185 

41.00 

0199 

44,4S 

0451 

101.08 

I 


Problem  237.  Compare  the  resistance  offered  to  a  load  of  two 
tons  pulled  over  asphalt,  macadam,  good  earth  roada,  or  wood-hlock 
pavement.     Width  of  tires,  6  in. 

Problem  233.    Compare  the  resistaucea  in  the  above 
that  of  ateel  rails  to  the  same  load. 
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153.   Holler  BearingB.  —  In  the  roller  bearings  the  shaft 
rolls  on  hardened  steel  roll  'i      ■■  "n  i  i     a. 

Fig.  176.     The  roll- 


</  WJr' 


\ 


ers  are  kept  in  place 

in  some  way  similar 

to  that  shown  in  the 

journal  of  Fig.  177.    I  \  '^  f 

Such    hearings    are  '  ^       ■■ 

used    where     heavy  '         \  ^    .' 

loads  are  to  be  car-  

ried.     Tests  of  roUer  ^'^  i''*' 

bearings  have  been  made  by  Dean  C.  H.  Benjamin 
(^Machinery,  October,  1905),  who  determined  the  follow- 
ing values  for  the  coefficient  of  friction.  Speed  480 
revolutions  per  minute. 


Dii-™.  OF 

Ro.L«  B«..« 

Y^.^  0^.-1^  E««™ 

Mu. 

Uln. 

Ayer^B 

M«. 

Ml.. 

AyenmB 

2ft 

2U 

.086 
.052 
.041 
,053 

.019 
.034 
.035 
.049 

.026 
.040 
.030 
.051 

.160 
.129 
.143 

.138 

.099 
.071 

.076 
.091 

.117 

.094 
.104 
.104 

It  was  found  that  the  coefficient  of  friction  of  roller 
bearings  is  from  |  to  J  that  of  plain  bearings  at  moderate 
speeds  and  loads.  As  the  load  on  the  bearing  increased, 
the  coefficient  of  friction  decreased.  Tightening  the  bear- 
ing was  found  to  increase  the  friction  considerably. 

Tests  of  the  friction  of  steel  rollers  1,  2,  3,  and  4  in. 
in  diameter  are  reported  in  the  Transactions  Am,  Soc. 
C.  E.,  August,  1894.     The  rollers  were  tested  between 
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platea  IJ  in.  thick  and  5  in.  wide,  arranged  as  ehown  in 
Fig.  178.     Testa  were  made  witli  the  plates  and  rollers  of 


,  wrought  iron,  and  steel.     The  friction  P'  for 


unit  load  P  was  found  to  be  ■ 


V^ 


1  rollers 


■0078 


for  steel, 


and  plates,  '- — ~  for  wrought  iron,  and 
Vr 

when  r  represents  the  radius  of 
the  roller  in  inches.  The  rollers 
were  turned  and  the  platea 
planed,  but  neither  were  polished. 

154.  Ball  Bearings —  For  high 
Bpeeds    and    light    or    moderate 
loads   tlie    friction   is   muoh   re- 
I  duced   by   the    use   of  hardened 
Ffa-  iTit  steel   balls   instead   of   the  steel 

rollers.     These  bearings  are  now  used  on  all  classes  of. 


h 

1 
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machinery,  giving  a  much  greater  efBeieney  except  for 
heavy  loads.  The  principal  {ibjeetion  to  the  ball  bearing 
seems  to  be  due  to  the  fact  that  there  is  so  little  area  of 
eoiitaet  between  the  balls  and  bearing  plates.  This  gives 
rise  to  very  high  stresses  over  these  areas,  and  consequently 
a  considerable  deformation  of  the  balls.  When  the  ball 
has  been  changed  from  its  spherical  form  it  is  no  longer 
free  to  roll,  and  the  friction  increases  rapidly.  Some 
authorities  consider  a  load  of  from  50  to  150  Iba.  sufficient 
for  balls  varying  in  size  from  ^  to  ^  inch  in  diameter. 
Figure  179  illustrates  a  type  of  bearing  used  for  shafts, 
and  Fig.  180  a  type  used  for 
thrust  blocks. 

The  conclusions  reached  by 
Goodman  from  a  series  of  tests 
on  bicycle  bearings  (Proc.  Inst. 
C.  E.,  Vol.  89)  are  as  follows: 

(1)  The  coefficient  of  friction 
of  hall  hearings  is  constant  for 
varying  loads,  hence  the  frictional 
resistance  varies  directly  as  the 
load. 

(2)  The  friction  is  unaffected  by  a  d 
The  bearings  were  oiled  liefore  starting  the  tests.     The 

coefficient  of  friction  for  ball  bearings  was  found  to  be 
rather  higher  than  for  plain  bearings  with  bath  lubrica- 
tion, but  lower  than  for  ordinary  lubrication.  Ball  bear- 
ings will  also  run  easily  with  a  less  supply  of  oil.  The 
following  tiible  gives  the  results  of  tests  of  ball  1 
The  bearings  were  oiled  before  starting,  and  the  t' 
run  at  a  temperature  of  68°  F. 
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„ 

« 

350 

Lm>« 

nlto^ 

»ib>. 

p«  Mpr. 

bL» 

OlCftMk* 

Prtate.B. 

Co-KBMtal 

rrtHiM.k. 

C«CH«>«i 

Friction.  lb. 

10 

-0000 

.08 

.0105 

.10 

.0105 

20 

.0015 

.00 

.0097 

J3 

.0120 

30 

.OOoO 

.15 

JKtBO 

.15 

.0110 

40 

.005S 

Si 

jxse 

S\ 

.0007 

SO 

,0064 

SI 

.006* 

SI 

.0090 

00 

.OOBO 

M 

.0065 

ja 

.0075 

70 

.O01» 

M 

.OOM 

M 

.0068 

60 

.00(8 

.38 

.0062 

M 

.0000 

00 

.0060 

.46 

.0068 

.61 

.0060 

100 

.01^ 

.58 

.0060 

.00 

.0057 

110 

.00&4 

.50 

.0063 

.71 

.0060 

lao 

.(USA 

.« 

.0075 

.90 

.0057 

.68 

130 

.0058 

.75 

.0078 

1.01 

.0063 

.81 

140 

xtm 

.78 

.0077 

1.08 

.0060 

.8* 

150 

.0060 

.00 

-0083 

1.24 

.0062 

.63 

ISO 

.0075 

1.20 

.0081 

1.20 

.0058 

.93 

170 

.0078 

\M 

.0078 

1.33 

.0055 

M 

180 

.0070 

1.42 

.0078 

1.40 

.0053 

.95 

190 

.0087 

1.65 

.0076 

1.44 

.0054 

1.03 

200 

.0000 

1.80 

.0081 

1.62 

.0060 

1.S0 

Another  series  of  teats,  run  with  a  constant  load  on  the 
bearing  of  200  lb.  and  a  temperature  of  86°  F.,  shows  the 
variation  of  the  coef&cient  of  friction  with  the  speed.  It 
is  seen  that  as  the  speed  increaaed  the  coe£Bcient  and  the 
friction  deereaseii.  The  preceding  table,  however,  shows, 
for  loads  below  175  If).,  nn  increage  in  the  coefficient  with 
inereoM  in  speed.  In  particular,  this  table  shows  that  for 
loads  below  80  lbs.  the  coefficient  increased  with  increase 
of  speed ;  for  loads  between  90  and  175  lbs.  it  increased 
when  the  speed  was  150  r.p.m.  and  decreased  when  it  was 
850  B.P.M.     Beyond  175  Ihs.  the  coefficient  increased. 


Oo^,o,»».F..™» 

15 

.00735 

1.47 

»3 

.00465 

.93 

175 

.00375 

.75 

204 

.00345 

.W 

280 

.00300 

.60 

It  seems  from  the  data  given  that  the  first  conclusion 
of  Goodman's  should  be  changed  to  read :  the  coefficient  of 
friction  of  ball  bearings  is  eonetant  for  varying  loads,  up  to 
a  certain  limit,  beyond  which  it  increases  with  increase  of 
load      This  limit  la  about  150  lb.  in  the  teats  reported. 

Teats  on  ball  bearings  designed  for  machinery  subjected 
to  heavy  pressures  have  been  made  in  Germany  (see  Zeit- 
schrift  des  Vereins  deutsche  Ingenieure,  1901,  p.  73).  It 
was  found  that  at  speeds  varying  from  65  to  780  revolu- 
tions per  minute,  where  the  bearing  was  under  pressures 
varying  from  2200  lb,  to  6600  lb.,  the  coefficient  of  friction 
varied  little  and  averaged  .0015, 

Tests  of  ball  bearings  made  by  Stribeck  and  reported  by 
Hess  (Trans.  Am.  Soc.  M.  E.,  Vol.  28,  1907)  give  rise  to 
the  following  conelusiona :  (a)  the  load  that  may  be  put 
upon  a  bearing  is  given  by  the  formula 

■  11.02' 

where  P  is  the  load  in  pounds  on  a  bearing,  consisting  of 
one  row  of  balls,  e  is  a  constant  dependent  upon  the  mate- 
rial of  the  balls  and  supporting  surfaces  and  determined 
experimentally,  d  the  diameter  of  the  balls,  the  unit  being 
^  of  an  inch,  and  n  the  number  of  balls.      For  modern 
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materials  e  varies  from  5  to  7.5.  (A)  The  coefGcient  of 
friction  varied  from  .0011  to  .0095.  It  was  independ- 
ent (jf  speed,  "within  wide  limits,"  and  approximated 
.0015;  this  was  increased  to  .003  when  the  load  was 
about  one  tenth  the  maximum. 

The  following  values  for  the  coefficient  of  friction  for 
heavy  loads  are  reported,  from  observation,  with  the  state- 
ment that  the  real  values  are  probably  somewhat  less: 


Kevolutiona 
per  minute 

U 

100 

IH 

380 

fiSO 

7S0 

1150 

friction    for 

load  S40  lb. 

.0005 

.0095 

,0093 

.0088 

.0085 

.007^ 

Coefficient    of 
friction   for 
load  2400  lb. 

.0065 

.0062 

.0058 

.0053 

.0050 

.0049 

.ooff 

Coefficient    of 

friction    for 

load  4000  to 

92501b. 

.0055 

.0054 

.0050 

.0050 

.0041 

.0041 

.0040 

It  should  be  remembered  that  the  friction  of  a  ball 
bearing  is  due  to  both  sliding  and  rolling  friction,  the 
sliding  friction  being  due  to  the  elasticity  of  the  balls 
and  the  bearing  (see  Art.  150).  Rolling  friction  is  most 
nearly  approached  when  the  balls  are  hard  and  not  easily 
changed  from  their  spherical  sliape.  All  materials,  how- 
ever, are  deformed  under  pressure  so  that  perfect  rolling 
friction  is  impossible.  On  account  of  the  sliding  friction 
present  in  roller  and  ball  bearings,  it  is  necessary  to  use  a 
lubricant  to  prevent  wear. 


FBICTION 


285 


Problem  239.  How  many  }-iu.  balls  will  be  necessary  in  a  ball 
bearing  designed  to  carry  4000  lb.,  if  c  =  7.5?  If /=  .0015,  what 
work  is  lost  per  revolution,  the  distance  fr^pm  the  axis  of  rotation  to 
the  center  of  balls  being  one  inch  ? 

155.  Friction  Oears.  —  In  the  friction  gears  the  driver 
is  usually  the  smaller  wheel,  and  when  there  is  any  differ- 
ence in  the  materials  of  which  the  wheels  are  made,  the 
driver  is  made  of  the  softer  material.  This  latter  arrange- 
ment is  resorted  to,  to  prevent  flat  places  being  worn  on 
either  wheel  in  case  of  slipping.  These  gears  have  been 
used  for  transmitting  light  loads  at  high  speeds,  where 
toothed  gears  would  be  very  noisy,  or  in  cases  where  it  is 
necessary  to  change  the  speed  or  direction  of  the  motion 
quickly. 


IRON  FOLLOWER 


Fig.  181 


The  use  of  paper  drivers  has  made  possible  the  trans- 
mission of  much  heavier  loads  by  means  of  such  gears. 


I 
I 
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A  series  of  XiesXs,  made  by  W.  F.  M.  Goss,  and  reported 
in  Trans.  Am.  Soc.  SI.  E.,  Vol.  18,  on  the  friction  be- 
tween paper  drivers  and  cast-iron  followers,  is  of  inter- 
est in  this  coDoectioD.  The  apparatus  used  is  shown  in 
Fig.  181.  The  pressure  between  the  wheels  was  obtained 
by  a  mechanism  that  forced  the  two  wheels  together  with 
a  pressure  P.  A  brake  wheel  shown  in  the  figure  ab- 
sorbed the  power  transmitted. 

The  coefficient  of  friction  was  regarded  as  the  ratio  of 
f  to  i*.  as  in  sliding  friction.  While  this  is  customary, 
it  is  not  entirely  true,  since  we  have  the  rolling  of  one 
body  over  the  other.     We  shall,  however,  assume  that  we 

may  call  the  coefficient  of  friction  /=  — ■     It  was  found 

that  the  coefficient  of  friction  varied  with  the  slippage, 
but  was  fairly  constant  for  all  pressures  up  to  some  point 
between  150  to  200  lb.  ]»er  inch  of  width  of  wheel  face. 
"  Variations  in  the  peripheral  gpeed  between  400  and  2800 
fi.  per  minute  do  not  affect  the  coefficient  of  friction." 

If  the  allowable  coefficient  of  friction  be  taken  as  .20, 
the  horse  power  transmitted  per  inch  of  width  of  face  of 
the  wheel  is 


H.P. 


150  X  .2  X  -jJ^Trrf  X  »'  X  N _ 

33,000 


.  .000238  dwiV; 


where  4  is  the  diameter  of  the  friction  wheel  in  inches, 
w  the  width  of  its  face  in  inches,  and  iVthe  revolutions 
per  minute.  Using  this  formula,  the  following  table  is 
given  in  the  article  in  question : 


I 


Horse  Power  which 
Friction  Wb 


MAY  BE  Transmitted  ut  Means  o 
tEL  OP  One  Inch  Face,  when  rdi 

{R    A    FrBBSDRE    of    150    LB. 


DIA««. 

K.v„,..™,  f«  M.>.™ 

m  lr«]B>a 

Ml 

00 

7H 

100 

160             KDO 

eoo 

looo 

S 

.0476 

.0952 

.1428 

.1904 

.2856 

.3808 

1.1424 

1.004 

10 

.O-fiSS 

.1190 

.1785 

.2380 

.3570 

.4760 

1.42S0 

2.380 

14 

.08.13 

.IHfie 

.2499 

.3332 

.4998 

.0664 

1.0092 

3.332 

16 

.0052 

Ami 

.2856 

.3808 

.5712 

.7616 

2.2648 

3.808 

18 

.1071 

.2143 

.3213 

.4284 

.6426 

.8968 

2.5704 

4.288 

24 

.1428 

.2356 

.4284 

.5712 

.8568 

1.1424 

3.4272 

5.712 

30 

.1785 

.3570 

.5355 

.7140 

1.0710 

1.4280 

4.2840 

7.140 

36 

.2142 

.4284 

.6426 

.8568 

1.2652 

1.7136 

5.1408 

8.560 

42 

.249}) 

.4998 

.7497 

.9006 

1.4994 

1,0992 

5.9970 

9.006 

48 

.2856 

.5712 

.8508 

1.1424 

1.7136 

2.2848 

6.8544 

11.420 

The  value  of  the  coefficient  of  friction  for  friction  gears, 
(Kent,  "Pocket  Book")  may  be  taken  from  .15  to  .20  for 
metal  on  metal;  .25  to  .30  for  wood  on  metal;  .20  for 
wood  on  compressed 
paper. 

Fioblem  240.  If  the 
friction  wheels  are  groovpd 
as  shown  in  Fig.  182,  both 
of  cast  iron,  and  the  small 
driver  fita  into  the  groove 
of  the  larger  follower,  we 
may  take/=.18.     Then 

F  =  2/iV=2yPcosa 
=  .36  P  cos  a. 

Problem  241,  The  speed  of  the  rim  of  two  grooved  friction 
wheels  is  400  ft.  per  minute.  If  a  =  4,0°,  /=  ,18,  what  must  be  the 
pressure  P  to  transmit  100  horse  power? 


k 
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Problem   2*2.      What  horse  power  mny  be   tr^Dsmitted    by  the 
ge»riiig  in  the  prwediug  problem,  it  P  =  GOOO  lb.  and  the  peripht 


TelocitT  i;  12  (t.  iwr  setond? 

156L    Friction  of  BelU.  —  When  a  belt  or  cord  passes  oi 
ft  pulley  and  is  acted  upon  by  tensions  T^  and  T^  tlie  ten- 
sions are  unequal,  due  to  the  friction  of  the  pulley  on  the 
belt.     We  slmll  determine  the  relation  between  T^  and  T^ 
Let  the  pulley  be  represented  in  Fig.  183.     The  belt 


v^l 


an  arc  of  the  pulley  whose  angle  in  a.  Consider  the  foM 
acting  upon  the  belt  and  suppose  T^  and  T^  to  be  the  t 
siona  in  the  belt  on  the  tight  and  slack  sides,  respectively, 
and  T  the  tension  in  the  belt  at  any  point  of  the  arc  of 
contact.  Let  F  bo  the  total  friction  between  the  pulley 
and  belt  and  dF  tlie  friction  on  an  elementary  arc  dg.  If 
dP  13  tlie  normal  pressure  on  an  elementary  are,  then 
dF=fdP  and  T^  -  T^=  F,  where  /  is  the  coefficient  of 
friction. 

1  in  Fig.  183  an  elementary  arc  of  the  belt 
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of  length  ds.  The  forces  acting  on  this  elementary  part 
are,  the  tensions  T+  dT  and  T^  the  friction  dF^  and  the 
normal  pressure  dP.  Taking  moments  about  the  center 
of  the  pulley,  we  have 


or 


iT  +  dT)r  =  dFr  +  Tr, 
dT=^  dF. 


Of  the  forces  acting  upon  this  elementary  portion  of  the 
belt,  dT  and  dF  are  in 
equilibrium,  so  that  jT,  dP^ 
and  T  must  also  be  in  equi- 
librium. Since  this  is  true, 
these  latter  forces  must 
form  a  closed  triangle  when  drawn  to  scale  (Art.  13). 
We  have,  then,  from  Fig.  184,  approximately. 


so  that 


or 


This  gives 


or 


log,  2\  -  log.y^  =  A 


^2 


or,  writing  it  in  the  exponential  form, 

This  is  the  relation  desired.  The  quantity  e  =  2. 72+  is 
the  base  of  the  system  of  natural  logarithms.  The 
logiog=.4343. 
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When  the  band  is  used  to  resist  the  motion  of  a  pulley 
aa  in  some  types  of  brakes  (see  Fig.  185),  it  is  known  as  a 
friction  strap,  see  Art.  165. 


Fio.  I8S 


Problem  343.  A  rope  ia  wrapped  four  times  arouiid  a  post  and  ft 
man  ezerta  a  pull  of  50  lb.  od  one  end.  If  thecoetHcteat  of  friction  is 
.3,  what  force  can  l>e  exerted  upon  a  boat  attached  to  the  other  end 
of  the  rope  ? 

Problem  24*.  A  pulley  4  ft.  in  diameter,  making  200  revoJutioiiB 
per  minute,  drives  a  belt  that  abaortis  20  horse  power.  What  must  be 
the  'width  of  the  belt  in  order  that  the  tension  may  not  exceed  70  lb. 
per  inch  of  width  ? 

Problem  245.  What  should  be  the  width  of  a  belt  }  of  an  inch 
tWck  td" transmit  10  horse  power?  The  belt  covers  .3  the  smaller 
pulley  and  haR  a  velocity  of  600  ft.  per  minute.  The  coefficient  of  frifr 
tion  is  .27  and  the  strength  of  the  material  300  lb.  per  square  inch. 

Note.     The  power  that  can  be  transmitted  by  a  belt  dep 
upon  the  friction  between  the  belt  and  pulley.    So  that 


^(T,~  T,)v_ 


157.  Tranami&Bioii  STiiainonieter.  — 
in  Art.  16G,  that  the  tension 
of  a  belt  on  the  tight  side  is 
greater  than  the  tension  on  the 
slack  side.  The  transmission  dy- 
namometer (the  Fronde  dynamom- 
eter), illustrated  in  Fig,  186,  is 
designed  to  measure  the  difference 
in  these  tensions.  Let  the  pulley 
D  be  the  driver  and  the  pulley  E  T-. 
the  follower,  so  that  J\  represents 
the  tight  side  of  the  belt  and  T^  + 
the  slack  side.  The  pulleys  B,  B 
run  loose  on  the  T-shaped  frame 
CBB.  This  frame  is  pivoted  at  A. 
If  we  neglect  the  friction  due  to 
the  loose  pulleys,  we  have  the  fol- 
lowing forces  acting  on  the  T- 
frame,  two  forces  T^  at  the  center 
of  the  right-hand  pulley  B,  two 
forces  T^  at  the  center  of  the  left- 
hand  pulley  B,  a  measurable  re-  ^"'* 
action  P  at  C,  and  the  reaction  of  the  pin  at  A 
moments  about  the  pin,  we  have 

P(^OA)  =  2  T^iBA)  -  2  21,(54) 
=  2BAiTy-T,\ 
HO  that  ri-=''?  =  f^- 


Taking 


The  distances  OA  and  BA  are  known,  and  P  may  be 
measured;  the  difference,  then,   T^— T^,  may 
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obtained.     The  value  2j  —  T^  ia  then  known  and  tlie  horse 
power  determined  l»y  the  relation  (see  Problem  253)       ^H 


where  n  ia  the  number  of  revolutions,  r  is  the  radius  of  the 
machine  pulley  in  feet. 

158.  Creeping  or  Slip  of  Belti.  —  A  belt  that  transmits 
power  between  two  pnlleys  ia  tighter  on  the  drioivg  aide 
than  it  ia  on  ihb  following  aide.  On  account  of  tiiis  differ- 
ence in  tension  and  the  elasticity  of  the  material,  the  tight 
side  is  stretched  more  than  the  slack  side.  To  compen- 
sate for  tliia  greater  stretch  on  one  side  than  on  the  other, 
the  belt  creeps  or  slipa  over  the  pulleys.  This  slip  haa 
been  found  for  ordinary  conditions  to  vary  from  3  to  12 
ft.  per  niiuute.  The  coeflieient  of  friction  when  the  slip 
is  considered  is  about  .27  (^Lanza).  It  has  also  been 
foimd  that  the  loss  in  horse  power  in  well-designed  belt 
drives,  due  to  slip,  does  not  exceed  3  or  4  per  cent  of  the 
gross  power  transmitted,  and  that  ropes  are  practically 
as  efficient  as  belts  in  this  respect.  For  an  account  of  the 
experimental  investigations  on  this  subject  the  student  is 
referred  to  Institution  of  Mechanical  Engineers,  1895, 
Vols.  3-i,  p.  599,  and  Transactions  Am.  Soc.  M.  E.,  Vol. 
26,  1905,  p.  584. 

159.  Coefficient  of  Frietioii  of  Belting.  —  The  value  of 

the  coefficient  of  friction  of  belting  depends,  not  only  on 
the  slip  but  also  upon  the  condition  and  material  of  the 
rubbing  surfaces.  Morin  found  for  leatiier  belts  on  iron 
pulleys  the  coefficient  of  friction  /=  .56  when  dry, 


1 


when  wet,  .23  when  greasy,  and  .15  when  oily  (Kent, 
"Hand  Book"),  Most  investigators,  however,  including 
Morin,  took  no  account  of  slip,  so  that  the  best  value  of/, 
everything  considered,  ia  that  given  in  the  preceding 
article  (.27). 

160.  Centrifugal  Tension  of  Belts.  —  When  a  belt  runs  at 
a  high  rate  of  speed  over  a  pulley  there  ia  conaiderable 
tension  introduced  in  the  belt  due  to  the  centrifugal  force. 
We  have  seen  (Art.  86)  that  the  centrifugal  force  equals 

■ ,  where  M  is  the  mass  and  u  the  tangential  velocity- 
Let  the  centrifugal  force  he  represented  by  P^  and  the 
tension  in  the  belt  due  to  this  force  by  T^.     We  know 


that  P, : 


Now  if  we  consider  a  section  of  belt  one 


foot  long  and  of  one  square  inch  cross  section,  we  may 
consider  the  tensions  2i,  at  either  end  of  this  length,  in 


equilibrium  with  P^  (see  Fig.  187  (a)  ).     From  Fig.  187 
(6)  we  have  approximately  P^  =  Tj9,  but  from  Fig.  187 


(«), 


=  -,  so  that  Pc  =  - 
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where  W  is  the  weight  of  a  portion  one  fcxx  long  and  (we 
square  inch  in  cross  section.     If  7  for  leather  13  56  lb., 

W  = 

Hence,  in  designing  belts,  the  total  tension  mast  be 

r,  +  r,  =  r,  +  .012 1^=  T^e^'  +  .012  a 

Problem  246.  A  Ix'lt  ruim  at  a  velocity  of  4000  ft.  |ier  minuU. 
What  UiuhIoii  in  inlroduueil  bj  the  centrifugal  force  of  tfae  belt  in 
pumiiiiK  iivnr  Mio  whsul? 

Probism  247.  What  adilitional  width  of  belt  must  be  prorid^ 
fnr  111  rrolilcniD  214  aitd  245  if  the  centiifugal  force  of  the  belt  is 

161.   StiffneBs  of  Belts  and  Bopei.  —  Ilelts  and  ropes  used 
in  the  transmission   of  (wwer 
,--— — —-.^  are   not   perfectly   flexible,  so 

that  some  force  is  necessary  to 
bend  them  around  the  pulleys, 
Wo  desire  to  know  the  magni- 
tude of  this  force.  Let  T 
(Fig.  188)  be  the  tension  in 
the  on-sida  of  the  belt  and 
T  +  T-^  the  tension  on  the 
off-side.  Neglecting  the  effect 
of  the  friction  of  the  pulley,  Ty 
represents  the  force  necessary 
to  overcome  the  stiffness  of 
the  rope.  In  the  analysis  here 
■  given,  it  is  assumed  that  while 


gg 


it  takes  a  certain  force  T-^  to  cause  the  rope  to  wind  around 
the  pulley,  it  does  not  require  any  force  to  straighten  it. 
This  assumption  is  nearly  true  for  steel  wire  rope,  but  not 
nearly  bo  true  for  hemp  rope.  All  rope  requires  some 
force  to  straighten  it  when  coining  off  the  pulley. 

Taking  moments  about  the  center   of  the  pulley  and 
neglecting  the  friction  of  the  bearing,  we  have 


where 


rfj  = 


\-  -,   and   d^ 


,(A-<i{) 


=  r  +  fli  +  -  +  Oj- 


The  distance  «^  is  due  to  the  stiffness  of  the  rope,  and 
the  distance  Oj  the  distance  of  the  point  of  application  of 
T  from  the  center  of  the  rope.  That  T  does  not  act  at 
the  center  of  the  rope,  but  at  a  distance  a^  toward  the 
outside,  is  due  to  the  fact  that  the  outside  of  the  rope  ia 
under  greater  tension  than  the  inside.  Now  the  distance 
a,  for  inelastic  ropes  decreases  as  T  increases,  and  so  we 
may  write  a^  =  ~,  where  c^  is  a  constant,  determined 
experimentally.  For  wire  rope,  a^  increases  with  in- 
creased radius  of  the  pulley,  and  decreases  with  increased 
tension,  so  that  we  may  write 

A 


'■  +  ^ 


"1-         T 

^^  making  these  substitutions  in  the 


2'i  = 


rove  equation,  wi 
for  hemp  rope, 


t 


In  ench  cose  T  is  expressed  in  jjounds  and  r  and  d  in 
im-liea. 

Problem  24S.  —  A  new  hemp  rope,  one  inoh  in  diameter,  passes 
over  n  pulley  13  iii.  in  diameter,  under  a  teosioa  of  500  lb.  What 
ia  the  force  neceasory  to  overcome  the  stiifneHS  of  the  rope?  What 
per  cent  is  this  of  the  total  tension  in  the  rope? 

Problem  249.  —  A  wire  rope,  one  inch  in  diameter,  passes  over  a 
puUey  2  ft.  in  diameter,  under  a  tension  of  1000  lb.  What  force 
is  necessary  to  overcome  the  stiff  nesa  of  the  rope  1  Compare  this  force 
with  that  necessary  to  overcome  the  stiffness  of  the  same  rope  under 
the  sama  tension,  when  it  passes  over  a  pulley  12  in.  in  diameter. 
What  per  cent  of  the  total  tension  is  it  in  each  case? 

Problem  230 A  new  hemp  rope,  2j  in.  in  diameter,  passes 

over  a  grooved  pulley  34  in.  in  diameter,  under  a  tension  of  1000 
Wliat  force  ia  necessary  to  overcome  the  stiffness  of  the  rope? 
Allow  an  iucroaae  of  0  per  cent  for  the  grooved  pulley. 


It  will  be  seen  from  the  formula  and  the  problems  that 
the  force  necessary  to  overcome  the  etiffnesa  of  ropes  is 
greater  for  small  pulleys  than  for  large  ones. 

The  following  empirical  formula  will  be  found  useful 
(see  Memoirs  et  Compte  rendu  de  la  Soci^tS  des  Ing4nie\ 
Civile,  December.  1893,  p.  558,  or  Proc.  Inst.  C.  E.,  Vol. 
116,  p.  455): 


for  ropes,  where  (2  and  r  are  expressed  in  millimeters  and 
2j  and  T  in  kilograms.  A  formula  for  belting  ia  also 
given, 


y. 


.  ^ri„(+i4  7'i 


where  le  is  the  width  of  the  belt  and  t  its  thickness.  Jj 
and  T  are  expressed  in  kilograms  and  mj,  t,  and  r  in  milli- 
meters. 

The  student  should  solve  Problems  248  and  249,  using 
the  empu'ieal  formula  given  above. 

Problem  251.  A  belt  12  in.  wide  and  \  in.  tliick  passes  oyer 
a.  pulley  18  in.  in  diameter  under  o.  tension  of  IWO  lb.  Wliat 
force  13  necessary  to  overcome  the  atiffnasa  of  the  belt? 

In  using  the  empirical  formula  just  given  it  will  be  necessary  to 
change  pounds  ta  kilograms  and  distances  to  millimeters. 

1^.  Friction  of  a  Worn  Bearing. — The  friction  of  a  bear- 
ing that  fits  perfectly  is  the  friction  of  one  surface  sliding 
over  another  and  is  given  by  the  equation 


F=fK, 


llUlllg  ^_ 
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■where  F  is  the  force  of  friction,  /  the  coefficient  of  friction, 
and  ilTis  the  total  normal  pressure  on  the  bearing. 

When,  however,  the  bearing  is  worn,  as  is  shown  much 
exaggerated  in  Fig.  189,  the  friction  may  be  somewhat 


different  When  motion  begins,  the  shaft  will  roll  np  on 
the  hearing  until  it  reaches  a  point  A  where  slipping  be- 
gins. If  motion  continues,  slipping  will  continue  along  a 
line  of  contact  through  A.  Let  i*  be  a  force  that  causes 
the  rotation,  li  a  force  tending  to  resist  the  rotation,  and 
^j  the  reaction  of  the  bearing  on  the  shaft.  There  are 
only  three  forces  acting  on  the  shaft,  so  that  P,  R,  and  R^ 
must  meet  in  the  point  B.  The  direction  of  R^  is  accord- 
ingly determined.  The  normal  pressure  is  JV=  B,  coa  fi, 
and  the  force  of  friction  is 

It  is  seen  that  6  is  the  angle  of  friction.     The  moment  of 
the  friction  with  respect  to  the  center  of  the  axle 
JV  =  jB,r8iiiB. 


If  the  axle  is  well  lubricated  ao  that  B  is  small  and  s 
may  be  replaced  by  tail  9  =f,  the  friction  is 

and  the  moment 

The  circle  tangent  to  AB  radius  r&inB  ia  called  the 
friction  cirele.  Since  r  and  6  are  known  generally,  this 
circle  may  be  made  use  of  in  locating  the  point  A.  In 
other  words,  the  shaft  will  continue  to  rotate  in  the 
ing  80  long  as  the  reaction  R-^  falls  within  the  friction 
circle,  and  slipping  will  begin  as  soon  as  the  direction  of 
iZj  becomes  tangent  to  the  friction  circle. 

Fioblem  252.  If  the  radius  of  the  shaft  is  1  in,,  0  =  4°, 
P  =  000  lb.,  Qi  =  3  ft.,  oa  =  2  ft.,  angle  between  Hi  aiid  aj  is  100"  and 
P  and  R  are  at  right  angles  to  oj  and  a^,  what  resistance  R  may  be 
overcome  by  P  when  slipping  occurs? 

Problem  2S3.  The  radius  of  a  shaft  is  1  in.,  B  =  20  lb., 
P  =  20  lb.,  ai  =  3  ft,,  and  Oi  =  2  ft.  What  force  of  friction  will  be 
acting  at  the  point  A,  when  the  angles  between  P  and  at  and  R  and 
Qj  are  right  angles  ?  What  must  be  the  value  of  the  coefficient  of 
friction  ? 

163.  Friction  of  Pivots. —  The  friction  of  pivots  presents 
a  case  of  sliding  friction,  so  that  the  force  of  friction  j 
equals  the  coefficient  of  friction  times  the  normal  pressure. 
That  is, 

(a)  FlatrEnd  Pivot.  —  The  friction  on  a  flat-end  pivot 
ia  greatest  on  the  outside  and  varies  linearly  to  zero  at  the 
center  as  shown  in  Fig,  190.     The  resultant  force  of  friction 


i 
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R  has  its  point  of  application  |  r  from  the  center.     We 
may  write 

F=R=fP, 

and  the  moment  of  the  friction  with  respect  to  the  center 
is 

Moment  =  §  rfP. 


The  work  lost  per  revolution  is 

(6)   Collar  Bearing  or  Hollow  Pivot.     Let  the  out 
radius  be  r^  and  the  inside  radius  r^  (i^'ig-  191);   then, 

F=B=fP, 


sid^^ 


and  the  moment  of  friction  ia 
Moment 

(For  the  position  of  the  center  of  gravity, , 
The  work  lost,  due  to  friction,  per  revolution  ii 

If  j-j  =  0,  this  reduces  to  the 
for  the  sohd  flat-end  pivot. 

(c)  Oonical  Pivot. 
The  conical  pivots, 
such  as  are  illustrated 
in  Fig,  192,  do  not 
usually  fit  into  the 
step  the  entire  depth 
of  the  cone.  Let  the 
radius  of  the  cone  at 
the  top  of  the  step  1 
/,  a  half  the  angli  i  i 
the  cone,  and  Pj  the 
resultant  normal  re- 
action of  the  bearing 
on  the  pivot.     Then 


and  the  total  friction  F 


The  moment  of  friction  in  this  case  ia 


(i")G 


fp 


SOS 
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/  be  nguded  as  applied  a: 
I  r*.     The  wi^  lort  dne  to  feietiatt  per  lerolation  ma; 


be  writaen 


If  «  =  -.  this  Talne  £nr  vofk  lost  cedoces  to  the  wort 

lost  per  revtdation,  in  the  aae  of  t^  flat-end  solid  pirot. 
It  is  ooilj  seen,  siiice  ain  ■  is  less  dan  anicy,  tliat  if  r'  u 
■ewdf  sqml  to  r,  the  Crictioo  of  tlie  conical  bearing  is 
greater  than  tha  ErictioD  of  the  flat-end  bearing.  This 
might  baTe  been  expected  from  the  wedgelike  action  of 
the  ptTDt  on  the  step.  It  is  also  easily  seen  that  r'  may 
be  taken  sm^  enough  so  that  the  friction  will  be  less 
than  the  frietion  of  the  flat  pivot.  The  work  lost  due  to 
friction  in  the  case  of  the  conical  piTot  will  be  equal  to. 
w  the  waA.  to6t,  due  to  friction  in  the 
case  of  the  Sat-end  pivot, 


according  as 


St-dlla. 


(d)  Spherical  Ptvei 
Suppose  the  end  of  the 
pivot  is  a  spherical  sur- 
face, as  shown  in  Fig. 
193.  Let  r  he  the  radius 
of  the  shaft  and  r,  the 
radius  of  the  epherieal 
surface;  then  the  load 
per    unit    of    area   o£ 

p 
horizontal  surface  is  --z- 


J^ 


The  horizontal  projection  of  any  elementary  circle  of  the 
bearing,  of  radius  x,  is  2  irxdx.     Tiie  load  on  this  area  is 

and  the  corresponding  normal  pressure  ia 
"IPxdx 


dP,-- 


OD 


-  sec  ^. 


-,  so  that  dP,=  tS^f^'-i-X 


The  corresponding  friction  is  fdPi- 

Integrating  between  the   values   x=0   and  x^^r,   the 
value  for  the  total  friction  is  given  by 

Since   r  =  rj8iaa  and  VrJ  —  r^  =  Tj  cos  a,  the  expression 
for  the  friction  may  be  written 


If  , 


— ,   that 


1  +  COS(t 

if    the    bearing    is    hemispherical, 


I'=2fP,   and   if   a=0,  that   is,  if  the   bearing  is   flat, 
F=fP. 

The  moment  of  the  friction  is  given  by  adding  all  the 
teitaB  fdP^x  by  means  of  integration;  this  gives 

Moment  = -=^r— J  ( -i  sir 
or  in  terms  of  «, 

Moment  =  fPr  ( — 


r 
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The  work  lost  due  to  friction,  for  each  revolution,  is 
foand  by  adding  the  work  lost  by  friction  on  each  ele- 
nientary  arwi  of  the  bearing;  that  is,  by  finding  the  aum 
of  such  terms  as  2vxfdPi  by  means  o£  integration: 


W  =  twfJPr\ 


itiB*it 


If  the  bearing  is  hemispherical,  a 
becomes 


=  - ,  and  the  moment 


and  the  work  lost  per  revolution 

The  friction  of  flat  pivots  is  often  made  much  less  by 
forcing  oil  into  the  bearing,  so  that  the  shaft  runs  on  a 
film  of  oil.  In  the  case  of  the  turbine  shafts  of  the  Niag- 
ara Falls  Power  Company  (see  Art.  135)  the  downward 
pressure  is  counteracted  by  an  upward  water  pressure. 
In  some  cases  the  end  uf  a  Sat  pivot  bus  been  floated  on 
a  mercury  bath.  This  reduces  the  friction  to  a  minimum 
(see  Engineering,  July  4,  1893). 

The  Schiele  pivot  is  a  pivot  designed  to  wear  uniformly 
all  over  its  surface.  The  surface  is  a  tractrix  of  revolu- 
tion; that  is,  the  surface  formed  by  revolving  a  tractrix 
about  its  asymptote.  Its  value  as  a  thrust  bearing  is 
not  as  great  as  was  first  anticipated  (see  American  Mn- 
ehinist,  April  19,  1894). 

The  coefficient  of  friction  for  well -lubricated  bearings 
of  flat-end  pivots  has  been  found  to  vary  from  .0044  to 
.0221  (see  Proc.  Inst.  M.  E.,  1891).     For  poorly  lubri- 


eated  bearings  the  coefficient  may  be  as  higb  as  ,10  or 
.25  for  dry  bearings. 

Froblem  254,  Show  that  the  work  lost  per  revolution  for  the 
hemispherical  pivot  ia  2.35  timea  the  work  lost  per  revolution  for  the 
flat  pivot. 

Pioblem  255.  The  entire  weight  of  the  shaft  and  rotating  parts 
of  the  turhines  of  the  Niagara  Falls  jxiwer  plant  is  152,000  lb.,  the 
diaiiieter  of  the  shaft  11  in.  If  the  coefficient  of  friction  is  con- 
eidered  as  .02  and  the  bearing  a  flat-end  pivot,  what  work  wonld  be 
lost  per  revolution  due  to  friction  ? 

Problem  256.  A  vertical  shaft  carrying  20  tons  lerolvea  at  a 
speed  of  50  revolutions  per  minute.  The  ahaft  ia  8  in.  in  diameter 
and  the  coefficient  of  friction,  considering  medium  lubrication,  ia 
.08.  What  work  is  lost  per  revolution  if  the  pivot  is  flat?  What 
horsepower?     What  horsepower  ia  lost  if  the  pivot  is  hemispherical? 

Problem  257.  What  horse  power  would  be  lost  if  the  shaft  in 
the  preceding  problem  was  provided  with  a  collar  bearing  18  in.  out- 
side diameter  instead  of  a  flat-ead  block  ?    Compare  results. 

Problem  258.  A  vertical  shaft  making  200  revolutions  per  minute 
carries  a  load  of  20  tons.  The  shaft  is  6  in.  in  diameter  and  is 
provideil  witli  a  flat-end  bearing,  well  lubricated.  If  IJie  coefficient 
of  friction  is  .004,  what  horse  power  ia  loat  due  to  friction? 

164.  Absorption  Dynamometer. — The  friction  brake  shown 
in  Fig.  181  ia  used  to  absorb  the  energy  of  the  mechanism. 
It  may  be  used  as  a  means  of  measuring  the  energy,  and 
when  so  used  it  may  be  called  an  absorption  dynamometer. 
The  weight  W,  attached  to  one  end  of  the  friction  band, 
corresponds  to  the  tension  in  the  tight  side  of  an  ordinary 
belt  (see  Art.  156),  while  the  force  measured  by  the  spring 
S  corresponds  to  the  tension  on  slack  side  of  a  belt.  Let 
_Jr=  Ti  and  A'=  T^ ;  then  T^  =  T^e^%  just  as  was  found  in 
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B  case  of  I>elt  teDaion.     The  work  absorbed  per  revolu- 
1  is  work  =  (T,  —  T^yiirri,  where  »-,  ia  the  radios  i 
Ptlie  brake  wheel.     The  horse  power  absorbed  ia 

33,000 

III  many  cases  the  friction  band  is  a  hemp  rope,  aadis 
such  cases  it  is  possible  to  wrap  the  rope  one  or  moK 
times  around  the  pulley,  making  it  possible  to  make 
r,-  7,  large  while  7,  is  small. 

The  surface  of  the  brake  wheel  may  be  kept  cool  by 
allowing  water  to  flow  over  the  inside  surface  of  the  riift 
which  should  bo  jirovided  with  inside  flanges  for  tiiat 
purpose, 

165.  Friction  Brake. — ^The  friction  brake  shown  m 
Fig.  185  consists  of  tJio  lever  BO,  the  friction  band,  and 
the  friction  wheel.  Such  brakes  are  used  on  many  type" 
of  hoisting  drums,  automobiles,  etc.  Let  tho  band  ten- 
sions be  7*1  and  T^,  and  let  W  he  the  force  causing  the 
motion,  tliat  is,  the  working  force,  andP  the  force  applied 
at  the  end  of  the  lever  EO  in  such  a  way  as  to  retard  the 
rotation  of  the  drum.  We  have  here  as  before  7,=  f.^' 
and  the    work    per  revolution   (^T^—T^^irry  + Fimy 

By  taking  moments  about  A  we  have  2*1—2^=  — ^^~   -^ 

where  j-g  is  the  radius  of  the  shaft  and  F  is  the  force 
friotioa  acting  on  the  shaft.     Taking  moments  about  Q, 

^X^obleiQ  259.    A  weight  of  one  ton  is  being  lowered  into  a  mine 
.     jXi^eauH  of  a  friction  brake.    The  radius  of  the  drum  is  1}  tt, 


i 
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radius  of  the  friction  wheel  2  ft.,  eoefflcient  of  brake  friction  .30, 
B  =  45^  ;S  =  liJ",  (/i  =  rfj  =  1  ft.,  EC  =  6  ft.,  radius  of  shaft  1  in., 
coefficient  of  axle  friction  .04,  and  the  weight  of  the  drum  and  brake 
wheel  is  600  lb.  Find  T„  T^,  and  P  in  order  that  the  weight  W 
may  be  lowered  with  uniform  velocity. 

Problem  260.  Suppose  the  weight  in  the  above  problem  is  being 
lowered  with  a  velocity  of  10  ft.  per  second  when  it  is  discovered  that 
the  velocity  must  he  reduced  one  half  whUe  it  is  being  lowered  the 
next  10  ft.,  what  pressure  P  will  it  be  necessary  to  apply  to  the  lever 
at  ^  to  make  the  change?  What  will  be  the  tension  in  the  friction 
bands  and  the  tension  iu  the  rope  that  supports  Wl 

Problem  261.  If  tlie  weight  in  the  above  problem  has  a  velocity 
of  10  ft.  per  second,  and  it  is  required  that  the  mechanism  be  so  con- 
structed that  it  could  be  stopped  in  a  distance  of  0  ft.,  what  pressure 
P  on  the  lever  and  tensions  Tj  and  T^  would  it  require?  What 
would  be  the  tension  in  the  rope  caused  by  the  sudden  stop?  Com- 
pare this  tension  with  W,  the  tension  when  the  motion  is  uniform. 

166.  Prony  Friction  Brake.  —  The  Prony  friction  brake 
may  be  used  as  an  absorption  dynamometer  as  Bhown  in 


principle  in  Fig.  194.     Let  TC  be  a  working  force  acting 
on  the  wheel  of  radius  r  and  suppose  the  brake  wheel  to 


be  of  radiufl  r,.  The  brake  conaista  of  a  eeries  of  blocb 
of  wood  attadied  to  the  inner  side  of  a  metal  bind  in 
such  a  way  that  it  may  be  tightened  around  the  brake 
wheel  aa  desired  by  a  screw  at  B.  This  band  is  kft 
from  turning  by  a  lever  OAD,  lield  in  the  position  sho«B 
by  an  upward  preHsure  P,  at  A.  Considering  the  forcts 
acting  on  the  brake  and  taking  moments  about  the  center. 
we  have  the  couple  due  to  friction^  S'r-y.  equal  to  tLe  mo- 
ment 7*(  0^1),  or 

fV,  =  P^OA). 

Considering  the  forces  acting  on  tlie  wheel,  and  neglectinj 
axle  friction,  we  get 

IV,  =  Wr. 

The  energy  absorbed  ia  used  in  heating  the  brake  wheel- 
The  wheel  is  kept  cool  by  water  on  the  inside  of  the  rm- 
The  work  absorbed  is  2  ■7rr^Fn=  2  ■»-/*(  OA)n,  where  Ji  « 
the  number  of  revolutions.  The  force  P  niay  be  measureii 
by  allowing  a  projection  of  the  arm  at  A  to  press  upon  * 
platform  scales.     The  horse  i)ower  absorbed  is 


where  OA  ia  expressed  in  feet,  and  n  is  the  number  o' 
revolutions  per  minute. 

If  OA  be  taken  as  -— ,  a  convenient  length,  the  formula 

reduces  to 

HP.  =  .^t. 
1000 

A   dynamometer   slightly    different    from    the    Pronv 


dynamometer  is  shown  in  Fig.  195.     It  differs  only  in  the 
means  of  measuring  P.     In  this  case  the  force  P  is  meafr 


red  by  the  angular  displiicement  of  a  heavy  pendulum 
Wy     Taking  moments  about  the  axia  of  TT,  and  calling 


rg  the  distance  from  that  axia  to  its  center  of  gravity  and 
y9  the  angular  displacement,  we  have 

so  that  the  horse  power  absorbed  may  be  written 

n  83,000  ' 

where   OA,  r^,  and  r^  are  expressed  in  feet.     If   OA  be 
taken  as- — .  this  becomes 

^^ r^lOOO 

The  student  should  understand  that  the  rotation  of  the 
mechanism  at  0  is  not  in  every  case  due  to  a  weight  W 
being  acted  upon  by  gravity.  In  fact,  in  most  cases,  the 
motion  will  be  due  to  the  action  of  some  kind  of  engine. 
This,  however,  will  not  change  the  expressions  for  horse 
power. 
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Problem  262.     U   IK,  =  100  lb.,  OA  = 


iu.,  what  horau  power  is  absorbed  by  llic  brake  il  / 
300  revolutions  per  minute? 


167.  Friotion  of  Brake  Shoes.  —  The  application  of  tlie 
brake  shoe  to  the  wheel  of  an  ordinary  railway  car  is 
shown  in  Fig.  196,  where  I"  is  the  axle  friction,  F  the 
brake-shoe  friction,  N  the  normal  pressure  of  the  bralie 
ahoe,  &  the  weight  on 
the  axle,  and  £'^  and 
iVj  the  reaction  of  the 
rail  on  the  wheel 
Tlie  brakes  on  a  rail- 
way car  when  applied 
should  be  capable  of 
absorbing  all  the  en- 
=  ergy  of  the  car  in  a 
*  '   very  short  time.     The 

high  speeds  of  modern 
trains  require  a  system  of  perfectly  working  brakes, 
capable  of  stopping  the  car  when  running  at  ita  maximum 
speed  in  a  very  short  distance. 

The  coefficient  of  friction  between  the  shoes  and  wheel 
for  cast-iron  wheels  at  a  speed  of  40  mi.  per  hour  is  about 
^,  while  at  a  point  15  ft.  from  stopping  the  coefficient  of 
friction  is  increased  7  per  cent,  or  it  is  about  .27.  The 
coefficient  for  steel-tired  wheels  at  a  speed  of  65  mi.  per 
hour  is  .15,  and  at  a  point  15  ft.  from  stopping  it  is  .10. 
(See  Proc.  M.  C.  B.  Assoc,  Vol.  S9,  1905,  p.  431.) 

The  brake  shoes  act  most  efficiently  when  the  force  of 
friction  F  is  as  large  as  it  can  be  made  without  causioga 


slipping  of  the  wheel  on  the  rail  (skiddiug).  Tho  normal 
pressure  JV,  corresponding  to  the  values  of  the  eoefRoient 
of  friction  given  above,  varies  in  brake-shoe  testa  from 
2800  lb.  to  6800  lb.,  sometimes  being  as  high  as  10,000 
lb. 


Problem  263.  A  20-ton  car  moving  on  a  level  track  with  a 
velocity  oi  a  mile  a  miDute  ia  subjected  to  a  normal  brake-shoe  pres- 
sure oi  6000  lb.  on  each  of  the  8  wheels.  If  the  coefficient  of  brake 
frictiou  is  .15,  how  far  will  the  ear  moTe  before  coming  to  rest? 

Problem  2G4.  In  the  above  problem  the  kinetic  energy  of  rota- 
tion of  the  wheels,  the  axle  friction,  and  the  rolling  friction  have  been 
neglected.  The  coefficient  of  friction  for  the  journals  is  ,002,  that 
for  rolling  friction  ia  .02.  Each  pair  o£  wheels  and  axle  has  a  mass 
of  45  and  a  moment  of  inertia  with  respect  to  the  axis  of  rotation  of 
37.  The  diameter  of  the  wheels  is  32  in.  and  the  radius  of  the  axles 
iB  2J  in.  Compute  the  distance  the  car  in  the  preceding  problem  will 
go  before  coming  to  rest.    Compare  the  results. 

Problem  265.  A  30-tott  car  is  running  at  the  rate  of  70  mi.  per 
hour  on  a  level  track  when  the  power  is  turned  off  and  brakes  ap- 
plied so  that  the  wheels  are  just  about  to  slip  on  the  rails.  If  the 
coefficient  of  friction  of  sliding  between  wheels  and  rails  is  .20,  how 
far  will  t]ie  car  go  before  coming  to  rest? 

Problem  26G.  A  75-ton  locomotive  going  at  the  rate  of  50  mi. 
per  hour  is  to  be  stopped  by  brake  friction  within  2000  ft  If  tho 
coefficient  of  friction  is  .25,  what  must  be  the  normal  brake-shoe 
pressure  ? 

Problem  267.  A  75-ton  locomotive  has  its  entire  weight  carried 
by  five  pairs  of  drivers  (radius  3  ft.).  The  mass  of  one  pair  of  drivers 
is  271  and  the  moment  of  inertia  is  1830.  Tt,  when  moving  with  a 
velocity  of  50  mi.  per  hour,  brakes  are  applied  so  that  slipping  on 
the  rails  is  impending,  how  far  will  it  go  before  being  stopped?  The 
coefficient  of  friction  between  the  wheels  and  rails  is  .21). 
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168.  Train  Eesutance.  —  The  resistance  offered  by  a  tra; 
depends  upon  a  iiuoiber  of  conditions,  such  aa  velocity,  ' 
acceleration,  the  condition  of  track,  number  of  cars,  cuires. 
resistance  of  the  air,  and  grades.  No  law  of  resistance 
can  be  worked  out  from  a  theoretical  consideration,  be- 
cause of  the  imcertainty  of  the  influence  of  the  various 
factora  involved.  Formula)  have  been  developed  from  the 
results  of  tests;  the  most  important  of  these  are  given 
below. 

Let  R  represent  the  resistance  in  pounds  and  v  the  Te- 
locity in  miles  per  hour,  W.  F.  M.  Goss  has  found  that 
the  resistance  may  he  expressed  as 

R  =  .0003  (L  +  347)  w* 

where  L  is  the  length  of  the  train  in  feet  (see  Eti^ineerinij 
Rp.cord.  May  25,  1907). 

The  Baldwin  Locomotive  Works  have  derived  the 
formula 

R=?.  +  ^\ 


as  the  relation  between  the  resistance  and  velocity.     When 
all  factors  are  considered,  this  b 


^  =  3  +  £  +  ,  3788  (0  +  .5682  (c)  +  .01265  (a)*, 

where  (  =  grade  in  feet  per  mile,  e  the  degree  of  curvature 
of  the  track,  and  a  the  rate  of  increase  of  speed  in  miles 
per  hour  in  a  run  of  one  mile. 

To  get  the  total  resistance  it  is  necesKiry  to  include,  in 
addition  to  the  above  factors,  the  friction  of  the  locomo- 


I 


tive  and  tender.     This  is  given  by  Holmes  (see  Kent's 
"Hand  Book")  as 

i£i=  [12  +  .3(u-10)W], 

where  W  is  the  weight  of  the  engine  and  tender  in  pounds 
and  Rf  the  resistance  in  pounds  due  to  friction. 


I-' 
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Other  formulae  derived  as  the  result  of  experiments 
ehown  graphically  in  Fig,  197. 


s         ^H 


Tbe  formula;  themselves  are  as  follows  (see  Enffinrerii^. 
July  26, 1907): 
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It  is  evident  that  these  formQl*  do  not  agree  as  closely 
as  one  would  wish.  The  difference  must  be  due  chiefly  U 
the  different  conditions  under  which  the  tests  were  made. 
These  conditions  should  be  taken  into  accoont  in  an; 
application  of  the  f  ormuhe  to  special  cases. 


lOT.  Definitionfl, — When  two  bodies  that  are  approach- 
ing each  other  collide,  they  are  said  to  be  subjected  to 
impact.  If  their  motion  is  along  the  line  joining  their 
centers  of  gravity,  the  collision  is  designated  as  direct 
ccTttral  impact.  If  they  are  moving  along  parallel  lines, 
not  the  common  gravity  line,  the  impact  is  known  as  direct 
eccentric  impact.  When  the  collision  differs  from  either 
of  the  above  forms,  the  impact  is  known  as  oblique  impact. 

The  phenomena  of  impact  may  be  best  studied  by  con- 
sidering the  two  bodies  somewhat  elastic.  Suppose  for 
simplicity  that  they  are  two  spheres,  M-^^  and  M^,  Fig.  198, 
and  that  they  are  moving  in  opposite  directions  with 
velocities  Wj  and  v^  and  that  the  impact  is  central.  In 
Fig.  198  (a)  they  are  shown  at  the  instant  when  contact 
first  takes  place,  and  in  Fig.  198  (S)  they  are  shown  some 
time  after  first  contact  when  each  has  been  deformed 
somewhat  by  the  pressure  of  the  other.  The  dotted  lines 
indicate  the  original  spherical  form  and  the  full  lines  the 
actual  form  of  the  deformed  spheres-  When  the  spheres 
first  touch,  the  pressure  P  between  them  is  zero,  but  as 
each  one  compresses  the  other,  the  pressure  P  increases 
until  it  becomes  a  maximum.  The  compression  of  the 
spheres  is  indicated  in  the  figure  by  d^  and  d^.     We  shall 


designate  the  time  during  which  the  bodies  are  being  cod 

preeaed  as  the  period  of  deformation. 

After  the  compression  has  reached  its  maximum  valM 

the  bodies,  if  they  be  partially  elastic,  begin  to  separate  ai 
to  regain  their  original 
form.  The  common 
pressure  P  decreases 
and  becomes  zero,  if  the 
bodies  are  sufficientlj 
elastic  so  that  ttey 
finally  separate. 
shitU  designate  this  pe- 
riod of  separation  as 
period  of  restitution, 
the  velocities  of  separw 
tion  as  W['  and  t)/. 

If  the  bodies  are  en- 
tirely inelaatic,  there  will 
be  no  restitution.  They 
will,  in  that  case,  remain 
in  contact  just  as  they 
are  when  the  pressure  be- 
tween them  ia  amaximuni 
and  will  move  on  with  a 
common  velocity  V. 


Pe-     11 

.the^H 


170.  Direct  Central  Impact,  Inelastic. — When  the  bodies 
meet  in  direct  central  impact,  separation  will  take  place 
along  the  line  joining  the  centers  of  gravity.  Let  T  be 
the  time  from  the  first  contact  up  to  the  time  of  masimum 
pressure,  that  is,  the  time  of  deformation,  and  Tj  the  time 


from  first  contact  up  to  the  time  of  separation.  Then 
Ty^~  T  represents  the  time  of  restitution.  We  have,  from 
Art.  72,  dv  =  a-  dt.  Considering  the  motion  of  M^ 
during  the  period  of  deformation,  we  have  dv-^  =  a^dt 
.P 

so  that 


and  rt,  =  - 


Pdt. 


I 


In  a  similar  way,  remembering  that  if  Vj  is  positive  «j  is 
negative, 

M^iV-\-v^=f^Pdt. 

The  two  integrals  f  Pdt  on  the  right-hand  side  of  the 
preceding  equations  cannot  be  determined  ainee  we  do 
not  know  in  general  how  the  pressure  P  varies  with  the 
time;  we  do  know,  however,  that  they  are  equal  term  for 
term,  so  that  we  may  eliminate  them.     We  have,  then, 

or 


If  the  bodies  were  moving  in  the  direction  of  M-^  and 
r,  >  Vy  we  should  have  both  vi  and  v^  positive,  dj  negative, 
and  dj  positive.     Then 

This  is  also  the  value  for  r"if  both  bodies  are  moving  in 
the  direction  v„  and  ii„  >  v^. 


Appiimi  1 


If  the  bodies  are  inelastic,  they  will  both  move  with  the 
velocity  V,  and  there  will  be  no  separation.  Suppose  the 
bodies  to  be  two  lead  balls,  and  let  O^  =  10  lb.,  G^  =  2o 
lb.,  «!  =  40  ft.  per  second,  and  v^  =  60  ft,  per  second. 
Then  V=  54,28  ft,  per  second  if  the  bodies  are  moving  in 
the  same  direction,  and  V=  33. S  ft.  per  second  if  they 
move  in  opposite  directions. 

The  entrgy  lost  in  direct  central  impact  of  inela»tw 
bodies  may  be  found  by  subtracting  the  kinetic  energy  of 
M-^  and  M^,  when  the  common  velocity  is  Y,  from  the 
kinetic  energy  of  the  two  bodies  at  the  time  of  first  con- 
tact. The  kinetic  energy  of  My  before  impact  is  Ey  = 
\  3fjiif,  and  that  of  M^  is  -Bj  =  ^  M^vl,  so  that  the  total 
energy  before  impact  is  ^  Myv\  +  J  M^v\.  The  kinetic 
energy  after  impact  is  J(jW]  +  M^  V^,  so  that  the  loss  ^^ 
kinetic  energy  ii 

and  this  equals 


2(M,  +  M,) 
if  the  bodies  move  in  the  same  direction,  or 


MA<J!i 


KM.+M,-) 


;  the  loss  ^^_ 


if  they  move  in  opposite  directions. 

Thia  energy  ia  used  up  in  deforming  the  bodies  and  in 
raising  their  temperatures.     The  kinetic  energy  i 

ing  may  be  written 


KJK-,  +  J!f,)F==j 


M.  +  M. 


when  the  bodies  n 


J  in  the  same  direction. 


In  the  above  example  of  the  lead  balls,  we  find  that  the 
kinetic  energy  lost  due  to  impact  is  40,3  ft. -lb.  when  the 
bodies  move  in  the  same  direction,  and  1109  ft.-lb.  when 
they  move  in  opposite  directions. 

When  the  bodies  move  toward  each  other  and  M^y^  = 
M^v^,  the  final  velocity  F'is  zero  and  the  kinetic  energy  lost 
ia  ^MjV^  +  ^M^v^.  If  the  masses  are  equal,  V=  "' "~  "' 
and  the  kinetio  energy  lost  is 

2  2 

If  M^  ia  infinite  as  compared  with  JVT,,  and  v^  is  zero,  the 
final  velocity   V  ia  zero,  and  the  kinetic  energy  lost  ia 

Frobleia  368.  A  lead  sphere  whose  radius  is  S  in.  strikes  a  large 
niEiss  of  cast  iron  after  falling  freely  from  test  through  a  distance 
of  100  ft.  What  is  its  final  velocity?  What  is  the  loss  of  kinetic 
energy? 

Problem  269.  A  10-lb.  lead  sphere  is  at  rest  when  it  is  acted  upon 
by  another  lead  sphere,  whose  radius  is  3  in.,  in  direct  central  impact. 
The  velocity  of  the  latter  sphere  is  20  ft.  per  second.  What  is  the 
common  velocity  of  the  two  spheres  and  what  ia  the  loss  of  kinetic 
energy  due  to  impact? 

171.  Direct  Central  Impact,  Elastic.  —  If  the  impact  ia 
not  too  severe,  elastic  or  partially  elastic  bodies  tend  to 
regain  their  original  shape  after  the  deformation  has 
reached  a  masiraum  and  finally  separate  if  they  possess 
sufficient  elasticity.  Using  the  notation  of  Art.  169,  we 
have,  for  the  period  of  restitution,  if  £  is  the  force  of 
restitution. 


I 
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Hdt,     and  for  JML 


and 


The  value  of  the  integral  J  Pdt  during  deformation  TriK 
not  in  general  be  the  eume  aa  its  value  during  restitution. 
Call  the  ratio  Q^Adt  U^\Pdt,  c     This   value,  which,  is 

called  the  co^cient  of  restitution,  la  constant  for  a  given 
material.  It  ia  unity  for  perfectly  elastic  substances,  zero 
for  non-elastic  substances,  and  some  intermediate  value 
for  the  imperfeetiy  elastic  materials  with  which  tlie 
engineer  is  usually  concerned.  The  following  values  of  e 
have  been  determined:  for  steel,  e  =  .5.5,  for  cast  iron, 
e  =  1,  nearly;  for  wood,  e  =  0,  nearly. 

From  the  above  definition  of  e,  it  ia  seen  at  once  that 
we  may  write 


and  these  equations  enable  one  to  determine   e  experi- 
mentally. 

Since  J  Rdt  =  eji'dt, 

we  may  write 


«"i(»l 


■  n-e 


f,(F- 
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SO  that  vj  =  V(l  +  ^i)  —  e^Vj, 

and  v^  =  r(l  H-  ^2)  -  ^2^2* 

where  ^=^&5#^ 

if  the  bodies  are  moving  in  the  same  direction,  and 

M^  +  M^ 

if  they  are  moving  in  opposite  directions.  If  the  bodies 
are  of  the  same  material,  ^^  =  ^3  =  e.  Then  from  the 
above  equation  it  is  seen  that 

^i  -  ^2  =  -  K^i "  ^2)' 
and  the  energy  lost  in  impact  is 

If  the  bodies  are  perfectly  elastic,  so  that  e  =  1,  the  loss 
of  energy  is  zero. 

Problem  270.    The  student  should  show  that  for  any  impact 

M^vi  +  M2V2  =  -^1^1  +  M^v^ ; 

that  is,  the  sum  of  the  momenta  before  impact  equals  the  sum  of  the 
momenta  after  impact. 

Problem  271.  Two  perfectly  elastic  bodies,  having  equal  veloci- 
ties in  opposite  directions,  meet  in  direct  central  impact.  What  tnust 
be  the  relation  of  their  masses  so  that  they  will  be  reduced  to  rest  ? 

Problem  272.  If  the  bodies  are  perfectly  elastic  and  M^^M^, 
show  that  v[  =  v^  and  rj  =  v^, 

T 
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Froblem  273.  If  a  ball  M,  of  a  certain  material  falls  upon  i 
large  ma,m  M^  of  tlie  aame  material  from  a  height  A  and  reboniuU  U 

a  height  hi,  show  that  «  ~'\'i' 

In  this  case  3f,  =  as ,  v^  —  O,  and  r=0. 

Problem  274.  A  30-toa  car  having  a  velocity  of  40  mL  perbonr 
collides  with  a  30-ton  car  having  a  velocity  of  60  mi.  per  hour  in  tl» 
opjiosite  direction.  Both  are  destroyed.  What  is  the  loss  of  kmetic 
energy? 

172.  Elarticity  of  HateriaL  —  All  materials  of  engineer- 
ing are  imperfectly  elastic.  Some,  however,  show  almost 
perfect  elasticity  for  stresses  that  are  rather  low.  This 
has  been  expressed  hy  saying  that  all  materials  have  a 
limit  (elastic  limit)  beyond  which  if  the  stress  be  increased 
the  material  will  he  imperfectly  elastic.  Within  the  litn& 
of  elatticity,  stress  is  proportional  to  the  d^ormation  pro- 
duced. Let  tlie  total  stress  in  tension  or  compression  be 
P,  and  the  stress,  in  pounds  per  square  inch  of  crosa  sec- 
tion, be/i  also  let  d  be  the  deformation  caused  by  Pand 
X  the  deformation  per  inch  of  length.  Within  the  limit 
of  elasticity  of  the  material  the  ratio  _  is  a  constant,  and 

since  f=  -j,  and  >.  =  — ,  when  F  is  the  area  of  cross  aeo- 
tion  and  I  is  the  length  of  the  material,  it  may  be  written 
^=Q.  This  constant  is  called  the  modulus  of  elaatieity  of 
the  material;  it  is  usually  represented  by  E,  so  that 


i 


for  tension  or  compression.     For  steel  H  fias  been  found  to 
be  30,000,000  lb.  per  square  inch. 


173.    Impact  of  Imperfectly  Elastic  Bodiea.  —  Let  tjj  be 

the  compression  oE  M^  due  to  tlie  impiict,  and  d^  the  com- 
pression of  M^.  If  -P„  in  the  pressure  between  the  two 
bodies  when  the  compreasioa  is  greatest,  the  average  force 

p 
acting  maybe  represented  by  -^,  if  the  limit  of  elasticity 

of  the  material  is  not  passed.     The  work  done  on  the  two 


lost  during  compression  ;  then 


From  the  preceding   article  we  know  that   d^  = 


and  d^' 


.PJl 


,  where  ly  and  l^   are   the   lengths   of   the 


B  M^  and  M^  (considered  prismatic),  -F,  and  F^  the 
areas  of  cross  section,  and  E^  and  E^  the  moduli  of  elas- 
ticity.    The  sum   d^  -}-  d^   may   then  be   represented   by 

P  (J^+J^\ 

WW  W  F 

For  convenience  let       '    ^  =  JETj  and   —7—^  ^  -^  (-ffi  and 

ff^  ™^y  lis  considered  as  representing  the  hardness). 


3/i  +  j(faVifi  +  2ri/ 
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Pioblem  275.  Suppose  a  100-Ib.  steel  hammer  strikes  an 
able  ca«t-iroD  plat«  with  a  velocity  of  26  ft.  pet  second.  The  hamuiff 
has  a  face  of  3  eq.  in.  area  and  a  length  of  fl  in.;  the  plaU  bu 
the  same  area  and  a  thickaess  of  2  in.  If  the  modulus  of  elu- 
ticity  of  steel  is  30,000,000  and  of  cast  iron  is  15,000,000,  find  tlu 
greatest  pressure  hetween  the  two  bodies  due  to  the  impact. 

Under  the  assumptions  ii,=  0  and  M^  =  oo, 

Jf,  =  .^,  //j  =  29,500,000,  //,  =  1J,000,OOD. 
Then  P.  =  132,750  lb. 

Problem  376.  Let  the  mass  of  the  ram  of  a  pile  driver  be  Jf| 
and  let  h  he  the  height  of  fall.  I,et  M,  be  tile  niaas  of  the  pile  wi 
I  its  jieiietration  under  a  blow.  If  rf,  is  the  coiopresBion  of  the  ham- 
mer and  df  the  coiiipresHion  of  the  pile,  the  work  equation  hecomea 


P^  = 


G,h 


I 


»  +  iC/i  +  ''0 
It  is  required  to  find  the  load  that  the  pile  will  carry. 
Since  u,  =  V2yA  and  I'n  =  0,  we  may  write 


and  then 


Pn.= 


^2(3/,  +  Mi)  \   HiBi    I 


2C3/|  4 

The  load  P„  that  the  pile  will  carry  ia  found  by  measuring  lln' 
penetration  s  for  the  last  blow.  It  is  customary  to  use  a  factor  ui 
safety,  as  was  explained  in  Art.  137. 

Problem  277.  A  wooden  pile  whose  cross  section  ia  1.5  sq.  ft, 
and  whoso  length  is  30  ft.,  is  driven  by  a  steel  hammer  of  3000 lb- 
weight  falling  a  distance  of  20  ft.  The  penetration  at  the  last  bki" 
is  observed  to  be  J  in.  What  load  will  the  pile  carry,  unng  afanto' 
of  safety  of  0  7 
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Assume  the  weight  of  the  pile  as  1800  lb.,  the  modulus  of  elas- 
ticity of  timber  as  1,500,000,  and  of  steel  as  30,000,000,  the  face  of 
the  hammer  2  sq.  ft.,  and  its  length  2  ft. 

An  approximate  formula  may  be  obtained  by  noting  that  h  is 
large  as  compared  with  Ix  and  E2  is  small  as  compared  with  Ei,  so 
that  Hi  is  large  compared  with  H2,  thus  making 

—'+1 
-WW^  =  -77—  =  W  (approximately). 

Substituting  in  the  expression  for  P«,  we  have 

Gih 


■»  «n  '~~ 


g_^J^_        MiMigh 


(Ml  +  M2)H2 

Problem  278.  The  student  should  solve  Problem  277,  using  this 
approximate  formula  and  compare  the  result  with  that  already 
obtained. 

Problem  279.  Compare  the  results  obtained  in  problems  277 
and  278  with  those  obtained  by  using  formulas  of  Art.  137. 

174.  Impact  Tension  and  Impact  Compression.  —  Figure 
199  (a)  represents  a  mass  M2  subjected  to  impact  from  the 
mass  iffj  falling  from  rest  through  a  height  h.  The  mass 
M2  is  compressed  by  .the  impact.  Figure  199  (6)  repre- 
sents the  body  M^  as  subjected  to  impact  in  tension,  the 
mass  in  this  case  being  a  rod  having  Gr^  attached  to  one  end 
and  the  other  end  attached  to  a  crosshead  A.  The  rod, 
crosshead,  and  weight  fall  freely  together  through  the 
distance  h  until  A  strikes  the  stops  at  J9,  when  one  end 
of  the  rod  suddenly  comes  to  rest  and  the  weight  Q-^ 
causes  tension  in  the  rod  due  to  impact. 

Suppose  v^  represents  the  velocity  of  M^  when  impact 
occurs  and  l^  its  length,  whether  it  be  a  tension  or  compres- 
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sion  piece.     Let  V  be  the  common  velocity  of  the  bodies 

at   the   time   of  greatest   pressure.      Then    V=  ■-■■  -^^^ 

(see  Art.  170),  and  the  kinetic  enei^  necessary  to  hang  , 
the  two  bodies  to  rest  is  given  by  the  expression, 

wliere  h  is  the  lieight  of  fall. 


(« 


1 

ieOI     I 


This  energy  is  used  in  stretching  or  compressing  M^ 
we  neglect  tlie  work  doue  on  0-^,  which  is  supposed  small 
in  comparison.     Let  dj  be  the  deformb,tion  of  M^  when  the 
pressure  between  the  two  bodies  is  greatest,  and  let  tlie 

average  pressure  between  them  be  ~,  as  before.    Then  the 
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p 

work  done  on  the  bar  may  also 'be  expressed  as  -^  x  d^ 

and  ^rf,=^MI-J^M., 

2      '  2Z2     ^M^  +  M^ 

where  J'g  ^^  ^^®  cross  section,  l^  the  length,  and  JJj  ^'^^ 
modulus  of  elasticity  of  M^*     We  may,  therefore,  write 


rf2=\- 


iJf?         25rZ„A 


as  the  elongation  or  compression  of  M^  due  to  the  impact. 

Problem  280.  A  weight  of  500  lb.  falls  through  a  distance  of  2 
ft.  in  such  a  way  as  to  put  a  1-in.  round  steel  rod  in  tension.  If 
the  rod  is  18  in.  long,  what  will  be  the  elongation  due  to  the  im- 
pact? 

In  this  case  M.  =  ^^,  M.  =   ^'^    ,  /„  =  18,  ^  =  24,  E.  =  30,000,000, 
^       32.2        ^      32.2,  ^  '    ^ 

and  2^2  =  H  sq.  in. 

Problem  281.  A  cylindrical  piece  of  steel  1  in.  high  and  1  in. 
in  diameter  is  subjected  to  compression  by  a  weight  of  20  lb.  falling 
through  a  distance  of  1  in.    How  much  will  it  be  compressed  ? 

If  we  substitute  for  P„»  its  equivalent  /2J2  (Art.  172),  where  ^ 
represents  the  stress  in  M2  in  pounds  per  square  inch  of  cross  section, 
we  may  write 

^2=-^, 

SO  that  j^^_^_2jl^ 

E^     M1  +  M2  E2F2 
which  may  be  written 

A.  (F2I2)  = -^M.. 
2E2^        ^      M1  +  M2 

Since  F2I  represents  the  volume  of  Jl/o,  we  have 


I 


ThiB  equation  represeuts  the  relatioa  between  the  height  of  M  (J 

Ml  and  tlie  stress  _/i  produced  by  such  fall. 

Pioblem  282.  la  tlie  preceding  prolilem  what  stress  (ponn* 
pet  square  inch)  was  caused  in  tlie  cylindrical  block  by  the  full  of 
the  20-Ib.  weight? 

Problem  283.  Tlie  safe  streBs  iu  structural  steel  for  moving  loiull 
impact  loBds,  is  usually  taken  as  12,500  lb.  per  square  inch  (value  o{ 
/%).  Tlirough  what  height  might  a  300-Ib.  weight  fall  so  as  to  pro- 
duce tension  in  a  1-in.  steel  round  bar,  10  ft.  Jong,  without  ei- 
ceediag  the  safe  stress? 

Problem  284.  Two  steel  tension  rods  in  a  bridge,  each  of  - 
sq.  iu.  in  cross  section  and  20  ft.  long,  carry  the  effect  of  tbe 
impnct  of  a  loaded  wagon  as  one  wheel  rolls  over  a  stone  I  in. 
high.  The  weight  on  the  wheel  is  2000  lb.  What  stress  is  intro- 
duced in  the  tension  rods? 

Note.  For  the  strength  of  nietnla  under  impaet  the  student  ie 
referred  to  the  work  of  W.  K.  Ilatt,  Am.  8oo.  "  Testing  Material!," 
Vol.  rV,  p.  383. 

175.   Direct  Eccentric  Impact.  —  The  impact  is  said  to  be 
direct  eccentric   wlieii  the 
_£m  line   of   motion    doea  not 
coincide     with 


the  line 
joining  the  centers  of  grav- 
ity of  the  two  bodies  (see 
Fig.  200).  Suppose  J(fi  at 
rest  and  thnt  it  is  acted 
upon  by  M^  moving  with  a 
velocity  v^  in  the  direction 
shown,  and  that  J*„  is  the 
^'°-  2™  force  exerted  by  JVTj  on  Jfj. 

We  shall  first  show  that  the  motion  imparted  to  M^  may 
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be  considered  a  rotation  about  its  center  of  gravity  A  com- 
bined with  a  translation  of  that  center  of  gravity. 

Introduce  at  a  point  (<?),  distant  b  below  A,  two  equal 

P 

and  opposite  forces  equal  to  -^  and  parallel  to  P^.    The 

introduction  of  these  forces  does  not  change  the  state  of 
motion  of  the  body.  Consider  one  half  of  P^  acting  at  B 
with  J  P^  acting  at  O  in  the  same  direction.  These  two 
forces  are  equivalent  to  a  single  force  P^  acting  at  A  in 
the  direction  P^,  The  remaining  J  of  P^  at  B  with  the 
J  P^  at  C  form  a  couple,  of  moment  PJb^  which  tends  to 
produce  rotation  about  the  center  of  gravity  A,  The 
motion,  then,  imparted  to  M^  may  be  considered  as  con- 
sisting of  a  translation  and  a  rotation. 

Considering    the    motion    of    M^    and   calling  P  the 
variable  pressure  between  M^  and  ifc^,  we  may  write 

M^f  dv  =  j^Pdt  (see  Art.  170), 

Ph 

and  since  rotation  also  occurs,  and  d(o  =  6dt  =  ,^,^  dt 

(see  Art.  103),  we  may  also  write 

J(^j,M^fd(o==bfpdt. 

These  equations  become  upon  integration 

M^V^fPdt, 
^M,a>,^f/Pdt. 
Considering  now  the  motion  of  il!^,  we  may  write 


JU^PLIBD  MKCHAnWb  for  SNGIUXXBa 
which  gives 

Klimiiiatiiig  I  Pdt  from  these  equations,  we  have 

6r=&'s-i. 


i\M 


cqiiHtions  are  aufficioiit  to  determiQe  P'and  tty 


Problem  2S5.  If  tlifi  UoiHes  are  both  inelaatic,  find  tlie  kinetie 
t'[iBrj{j'  lust  ill  direct  ecci-iitrie  impact. 

Problem  386.  Supptvn  A/,  td  l>e  a  bar  of  steel  j  iti.  in  diamekf 
and  'i  ft.  V»\g,  nnd  mipiKise  Mt  to  be  u  liammer  weighing  3  lb.  aad 
tlinl  its  velocity  nl  Uil-  lime  ot  impact  is  20  ft.  per  second,  fiud  Fuii 
u,  if  llie  liiiiimipr  Hlrikes  10  in.  from  the  center  of  the  rod. 

Problem  287.  \M  ^^^  lie  a  square  stick  of  timber  4"  x  4"  K  Iff 
uiid  let  .1/,  hv-  a  lO-lk  lianimi-r  having  a  velucity  at  the  time  of  impMt 
of  10  fl.  per  BBGond.  If  the  impact  takes  place  4 
p  ft.  from  the  center,  find  V  and  Wi- 


176.  Center  ot  FercaBdon.  —  We  have 
seun  tliiit  the  motion  of  M^  in  direct  eccen- 
tric impact  may  be  cooBidered  as  being 
made  up  of  a  rotation  combined  with  a 
translation.  As  a  matter  of  fact,  however, 
the  motion  that  actually  occurs  is  a  rota- 
tion about  an  instantaneous  center.  Wu 
shall  now  find  such  center  of  rotation, 
called  center  of  pErcussion  (see  Art.  lOH). 
'^''-  ^^  Let  M^,   Fig.   201,  be  the  body  under 

deration  and  let  P  be  the  force  cauaed  by  the  impact 
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and  h  the  distance  of  P  from  the  center  of  rotation  B. 
We  have  shown  in  the  preceding  article  that 

when  Fand  m,  are  the  velocities  of  the  body  at  time  of 

greatest  pressure.     Now   F=Mi(A— S),  since  D  is  mo- 
mentarily at  rest.     Therefore 


80  that 


(A  -  &)6  =  k^ 


The  quantities  6  and  ij  iire  usually  known,  so  that  k  may 
readily  be  computed. 

Problem  ZS8.  A  right  circular  oone  of  steel,  radius  of  whose 
base  is  6  in.  and  altilude  S  in.,  ia  supported  as  a  pendulum  by  an  axis 
through  it3  vertex  parallel  to  the  base.  It  is  struck  with  a  3-lb.  ham- 
mer with  a  velocity  of  10  ft.  per  secornl,  at  the  center  of  percussion. 
Find  V  and  cu  at  time  of  greatest  pressure. 

Problem  289.  A  man  strikes  a  blow  with  a  steel  rod  1\  in.  in 
diameter  and  4  ft.  long,  by  holding  the  rod  in  the  hand  and  striking 
the  farther  eud  against  a  stone  iu  such  a  way  as  bo  cause  the  rod  to  be 
under  flexure.  Wliere  should  he  grasp  the  rod  in  order  that  he  may 
receive  no  shock? 

177.  Ohliqne  Impact  of  Body  against  Smooth  Plane.  —  Let 
M  (Fig.  202)  he  a  sphere 
moving  toward  the  plane 
indicated  with  a  velocity 
at  impact  of  v,  the  direc- 
tion of  motion  making  an 
angle  a  with  the  vertical 
to  the  plane.     After  im- 


pact  the  body  AT  rebounds  witli  a  velocity  Wj  in  the  direc- 
tion, raakiug  au  angle  ff  with  the  vertical  AM.  Since 
the  plane  is  considered  smooth,  tho  effect  of  the  impact 
will  be  all  in  the  direction  of  AB  and  the  impulsive  forca 
after  impact  will  be  e  times  what  it  was  before  impact. 

Summing   horizontal  and  vertical  components  of  the 
velocities,  we  have 


t',  sm  a  =  v  Bin  a 


'jCoa/S=  CD  COS  OS. 


I 


Dividing,  we  Ijavo 

tan  j9  =  -  tan  a 

e 

and  squaring  and  adding, 

So  that  if  n  and  e  are  known,  «|  and  /3  may  be  determined. 
If  the  body  is  perfectly  elastic,  c  =  1,  /3  =  a,  and  «j  =  tr. 
If  the  body  is  inelastic,  so  that  e  =  0,  /9=  -,«,  =  «  sin  ft 
it  then  moves  along  the  plane  with  a  velocity  usina. 

178.  Impact  of  Botatiag  Bodiee.  —  Suppose  two  bodies 
Jl/j  and  3/1  revolve  about  two  parallel  axes  Oand  0^  (Fig. 
203)  in  Bueh  a  way 
that  impact  occurs  at 
a  point  along  the  line 
DE.  Let  the  point  at 
which  impact  occurs  be 
distant  r^  from  0  and 
rj  from  0^  It  is  evi- 
dent that  the  kinetic 
energy  of  M^  is  J 1,^^^  and  that  this  is  equal  to  the  kinetic 
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energy  of  an  equivalent  mass  iUf  situated  at  a  distance  r^ 

from  0,  since  JiUf  i;2  =  1^  iff' rgWg.     Equating  these  values 
for  kinetic  energy,  we  have  for  the  equivalent  mass  iUf' 

the  value — ^-^'     Likewise  the  equivalent  mass  of  ilf^  at 


4>*2 


2  ___« 


M  k 
the  point  of  impact  is  —^^     The  impact  of  the  two 

rotating  bodies  M^  and  Jfj,  then,  may  be  considered  by 
considering  the  impact  of  their  equivalent  masses  along 
the  line  DE,     From  Art.  171,  we  have 

and  v!^  =  V(l  +  e^  -  e^v^, 

where  V=i — ^}       ^f'^'i  if  the  bodies  are  moving  in  the 

M^  +  M^  ^ 

same  direction,  and  a  similar  expression  with  v^^  say,  nega- 
tive, if  they  are  moving  in  opposite  directions. 

Let  ©2  be  the  angular  velocity  of  M^  before  impact. 

Let  ©1  be  the  angular  velocity  of  M^  before  impact. 

Let  ©2  be  the  angular  velocity  of  J^  after  impact. 

Let  ft)/  be  the  angular  velocity  of  M^  after  impact. 
Then  we  may  write 


®2^2  =  ^2'  ®l^l  =  ^1'  ®2^2  =  ^2'  ®1^1  =  ^r 


so  that 


0,   2    '  ^01 


Problem  290.     Suppose  the  moment  of  inertia  of  M^  is  3000  Mid 
•M  angular  velocity  before  impact  one  radian  per  second ;  that  of  Mj 


i 
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3^5 


15,000  and  its  angular  velocity  zero.    Let  Tj  =  2  ft.  and  rg  =  3  ft.  and 
6^  =  6^  =  0. 

Then  ct>j=  .311  radian  per  second. 
0)2=  —  'SOT  radian  per  second. 

The  kinetic  energy  lost  due  to  the  impact  is 

Problem  291.  A  well  drill  is  shown  in  principle  in  Fig.  204. 
The  drill  is  supported  by  a  cable  that  passes  over  a  pulley  C  and  is 
attached  to  a  friction  drum  A .  When  A  is  held,  the  drill  is  raised  by 
the  operation  of  M^  and  M^  Suppose  that  7  is  300  and  cd^  =  3 
radians  per  second ;  I^  =  200  and  Wg  =  0 ;  r^  =  2  ft.  and  rg  =  6  ft. 
Assume  gj  =  gg  =  h  Find  (oj  and  Wg*  What  kinetic  energy  is  lost 
due  to  each  impact  ? 


Fig.  205 


Problem  292.  The  moment  of  inertia  of  the  trip  hammer  M^t 
illustrated  in  principle  in  Fig.  205,  is  100,000 ;  that  of  ikf,  is  60,000. 
If  Tj  =  3  ft.,  r2  =  10  ft.,  0)^  =  2  radians  per  second,  m^  =  0,  and  e^  =  e^ 
=  i,  find  cDj  and  Wg.  What  is  the  kinetic  energy  lost  due  to  each 
impact  ?    What  is  the  kinetic  energy  of  the  hammer  ? 
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HYPERBOLIC  FUNCTIONS 


X  _\       yt—X 


cosh  X  =    ■  ^ 

2 

pX         P^"^ 

sinh  X  = 


tanha;  = 


2 

sinh  a;  _  ^  —  «"* 
cosh  a;      e^  +  ^"* 
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t 

\ 

I 
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1 
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.1193776 

.5006292 

.05 

.0012503 

0500208 

.55 
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ioo 

.1864652 

.6366636 

^H 

,11 
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3.^ 

HYPERBOLIC  FUNCTIONS 
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X 

Gosh  a; 

Rinh  X 

X 

Gosh  a; 

Sinhx 

2.01 
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30,8706981 

9.840S127 

.ooioigGig 

DM 

»01H( 

HUH250[»1 

30.8868904 

i!JM42B3a 

.001048318 

9BS 

eaoao 

B70M83MTB 

30.l)«»743 

9.8IT6930 

J»1Q47130 

BBfl 

»:iim 

«737a2«16 

30.91924117 

0.8B11280 

XX>I04(IO»t 

IBT 

91W4a 

87'H67493 

30.»3MiaH 

9.8545817 

.001D449S3 

9m(» 

879217912 

30.9515751 

9,8579929 

il01043Bll 

B9» 

UlUUHl 

(W1W4079 

ao.9ffn25i 

9.8614218 

Xl01042Ta3 

BHO 

saiflno 

sfummn 

30.nt(;Wf!B8 

D.8648483 

.001041067 

961 

923fl21 

imaxom 

31.0000000 

9.8682724 

JI0IO40B83 

935444 

WI027T128 

31.0161248 

9.87ieMl 

.001039001 

927;W9 

898WHa47 

31.0322413 

9.8751136 

.001038423 

«H 

939296 

«9M4i:i44 

3I.04»34!« 

9.8785305 

.001037»4 

963 

»3132fl 

«98e:i3i2o 

31JK14441I1 

9.S8I94C1 

.001030269 

066 

W13l»t 

00H2rtli9B 

31,0809400 

9.8S63674 

.001035197 

yrt 

9:eoN9 

9042310(W 

31.0860236 

9.8887673 

.001034126 

937034 

9070:ni£l3 

31.112W84 

9.8921749 

.001033058 

»» 

9aa!«i 

31.1287648 

9.S9S5801 

.001031903 

tffO 

940900 

g]2W3ooo 

31.1443230 

9.8989830 

.001O3O»38 

ITl 

»2841 

91M986I1 

31.1608739 

9.9U23835 

.001029866 

373 

9M7S4 

918330048 

31,1769145 

9.1)057817 

.001028807 

94«72« 

!ai«r7317 

31.1039479 

9.9091776 

J»103n49 

mi 

iwunn 

934010434 

31.2089731 

9.9125713 

.ooiooeoH 

9T5 

mmn 

9aS8H137B 

31.2249il00 

9.9159034 

JKUOSBCtl 

932576 

930714176 

31,2409987 

».919a513 

.001031590 

WT 

9M5MI 

932S74833 

31,2569992 

9.9227379 

.001023541 

•J78 

95(H84 

93M41383 

31,272IWia 

9.9261222 

JM1033I95 

ura 

BflSMl 

9:«31373!( 

31.2889767 

9.939S042 

.001031450 

oso 

960400 

941192000 

31.3049517 

9.9328839 

.001030408 

944076141 

31.3209195 

9.9382613 

.001019388 

Hffi 

9(54334 

81.33U87flB 

9.93B6363 

.001018330 

BH3 

9flH289 

9i!W63087 

31.352«;!0S 

fl.M300!l2 

.0O101?294 

AM 

9682.16 

a527lSH04 

31.3687743 

9.9463797 

.001010200 

t)8S 

!ff022r. 

9^5671629 

31.38-17097 

».9#97179 

.0OIO1522S 

986 

958580206 

31.4O0U:(69 

9.9531138 

.001014199 

987 

974169 

1I61S0!«W 

31,416556! 

9.9664775 

.001013171 

988 

ffTSm 

964430272 

31,4324673 

9.9598389 

.001012146 

969 

978121 

967361669 

31,4483704 

9.9631981 

.001011122 

990 

9S0100 

31.4642654 

9.9665549 

.001010101 

Ml 

982081 

97:!342271 

31,4801520 

9.9699095 

,001009082 

993 

984064 

976191488 

31.49603IB 

9.9T32619 

.001008065 

986049 

979l4Hfi57 

31.5119025 

9.9760120 

.001007049 

99t 

SSS03G 

982107784 

31,5277655 

9,9799599 

.001U.)fi03ii 

9*1 

990033 

31.5436206 

fl.9833055 

.00l00r«25 

99S 

992016 

98S047936 

31  .,'i.""jiM677 

9.9866488 

-OOUXMOIO 

997 

9M000 

991026973 

3I,57,i31Ki8 

9.9899900 

.OOlOKMIO'.t 

998 

9960(H 

994011992 

3i.r.i\u:m 

0.9933289 

.inioo'incH 

999 

998001 

99700299i» 

31.0069613 

9.««0«o6 

,001001001 

^ 

1 

^M 

^^^H 
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TABLES 

FOR  CONVERTING  UNITED  STATES 

WEIGHTS   ANE 

'  MEASUIiES 

METRIC  TO  CUSTOMARY 

WEIGHTS 

Hilligrams 

drams 

Grams 

Kil(^ams 

Tonnes  to 

Tonnes  to 

lo. 

to 

to 

to  Avoirdapois 

to  Avoirdupois 

let  Tons  of 

dross  Tons  of 

1 

Grains 

Troy  Onnces 

Ounces 

Pounds 

2000  Pounds 

2210  Pounds 

.01543 

.03215 

.03527 

2.20462 

1.10231 

.98421 

2 

.03086 

.06430 

.07055 

4.40924 

2.20462 

1.9()841 

3 

.04630 

.W)645 

.10582 

6.61387 

3.30693 

2.96262 

4 

.06173 

.12860 

.14110 

8.81849 

4.40924 

3.93682 

6 

.07716 

.16076 

.17637 

11.02311 

5.61156 

4.92103 

6 

.09259 

.19290 

.21164 

13.22773 

6.61387 

6.90524 

7 

.10803 

.22506 

.24692 

15.43236 

7.71618 

6.88944 

8 

.12346 

.25721 

.28219 

17.63698 

8.81849 

7.87365 

9 

.13889 

.28936 

.31747 

19.84160 

9.92080 

8.85785 

1  Kilogram  =  1543 

2.36639  Grai] 

as 

LINEAR   Ml 

EASURE 

millimeters 

Centimeters 

Meters 

Meters 

Kilometers 

Kilometers 

No. 

to  64tbs  of  an 

to 

to 

to 

to 

to 

1 

Inch 

Inches 

Feet 

Yards 

Statute  MUes 

lautical  Miles 

2.61968 

.39370 

3.280833 

1.093611 

.62137 

.53969 

2 

5.03936 

.78740 

6.561667 

2.187222 

1.24274 

1.07919 

3 

7.55<)04 

1.18110 

9.842600 

3.280833 

1.86411 

1.61878 

4 

10.07872 

1.67480 

13.123333 

4.374444 

2.48548 

2.16837 

6 

12.69840 

1.96860 

16.404167 

6.468066 

3.10685 

2.69796 

6 

15.11808 

2.36220 

19.6^5000 

6.561667 

3.72822 

3.23756 

7 

17.63776 

2.756<K) 

22.965833 

7.656278 

4.34959 

3.77715 

8 

20.15744 

3.14960 

26.246667 

8.748889 

4.97096 

4.31674 

9 

22.67712 

3.543:50 

29.627500 

9.842500 

5.69233 

4.85633 

1 

TABLES 

FOR  CONVERTING   UNITED  STATES 

■ 

■WEIGHTS  AND  MEASURES 

I 

CUSTOMARY  TO  METRIC 

1 

WEIGHTS 

CniM 

.Tni*n«i 

li>ir4)H> 

Mrdir^i     i>(T«H*r 

SrmTMitl 

■ 

K 

U 

1* 

•■<>r« 

rtinditg     ^   »MiroMli 

nKirHri. 

w 

■nutn-i 

ana. 

UBnrw 

lilvniu 

U  Toinn 

I.T«ia 

«4.Ttl«l3 

Rl.llKUS 

28.3495.-1 

.45359 

.90718 

].6i6nfi 

iM.smu 

ffii.9M|lli 

50.09906 

.90718 

1.81 437 

3.03a» 

iw.3i»tja 

!>a,aiwi 

Hfi.WXSS 

1.3U078 

2.72108 

3.0*814 

amt-iiPwiT 

inAixa 

ll3.:ii«ll 

i.8i4:n' 

3.(EMT4 

4.06HH 

333.1>M9II 

lBa,BlT40 

141,74763 

2.26798 

4.5.'tfl93 

e.08024 

■ 

([ 

a8«.7!«BI 

IHU.daUKH 

170,09716 

2.7S1S5 

0.44311 

6.D»G28 

T 

«3,BiK!43 

S17.73«I7 

19H.44(»B 

3,17515 

6.3S02'.) 

7.11333 

B1B.3013H 

348.82786 

326.73021 

3.02874 

7.a5748 

8.1283B 

1 

» 

BIH.19026 

279.93133 

2S5.14S74 

4.08233 

8.16460 

9.14442 

1  Avolrdui«ia  Pound  -  4S3.B!I!M277  Grams 

LINEAR  MEASURE 

MtkitrM 

larkn 

F«l 

1u4, 

inibri«lB« 

■Hthdn- 

It. 

iHit* 

U 

U 

1* 

t» 

u 

lUlteUr. 

CraduUn 

■Mim 

Itttn 

lilmrign 

""-•"n 

1 

.36688 

2J»4001 

.304801 

.914402 

1.60936 

1.85325 

3 

-TftlTB 

6.08001 

.Hoiieoi 

1,828804 

3.21Sfifl 

3.70860 

1,19063 

7.02002 

.914402 

2.743208 

4.82804 

B.6S9I9 

4 

1.587aO 

lO.lSffla 

1,219202 

3.657607 

6.43739 

7.41300 

6 

1.08*38 

12.70003 

1.524003 

4.572009 

8.04674 

9.26625 

2.38125 

15,24003 

1.828804 

6.48S111 

9.05608 

ii.iia» 

7 

2.77M13 

17.T8004 

2,133604 

6,400813 

11.2fi54K 

13.il7376 

8 

.■i-lTSOl 

20.32004 

2.438405 

7.315216 

12.87478 

14.82800 

_^ 

3,.'J71S8 

22.860M 

2.7432ai 

8.22iW16 

14.48412 

16,B7925 

1  Nnutk-al  Mile    =  1853.25  Meten 

1  Gunt^r's  Cbain  =      20.1168  Meters 

— 

1  Fh thorn              =       1,M29  Meters 

J 

^H 

B                                    J 

1 

^^^ 

^^H 

■ 

INDEX                   ^^H 

Centrifugal  force,  146. 

Acceleration,   124,  125,  131,  143,  170, 

171,  172. 

Cireniar  pendulum,  148. 

angalar,  170. 

Coefficlect  of  friction,  261. 

normal,  144. 

1T3. 

Angular  yelocily,  169,  19(i. 

Compound  pendulum,  ISS. 

Appendix  I,  Hyperbolic  Fnnctions,  3,'!9. 

ConcLirrent  forces,  D. 

App«ndii  11,  LogarithmH  of  NumberB, 

345. 

in  apace,  14. 

Appeadii     III,   Trigonometric    Fuuc- 

Conical  pivot,  301, 

Uons,  a«J. 

Conuecring  rod,  212. 

Appendix  IV,  Squarea,  Cubes, etc. ,359. 

Conservation  ot  energy,  234. 

Appendix  V,  ConvetaloQ  Tablefl,  380. 

Converaiou  Tables,  381. 

Attractive  force,  132, 136. 

Cords,  and  pnlieys,  113. 

flesible,  111. 

Ball  bearings,  280. 

uniform  load  along  cord,  117. 

Bearinga,baU,  280. 

uniform  load  borizontally,  114. 

roller,  '279. 

Couples,  BO.  53,  54. 

Creeping  of  belts,  293, 

CDEffieient  ot  friction,  292. 

Cubes,  Cube  Roots,  etc.,  3B9. 

creeping  of.  292. 

Curvilinear  motion,  143. 

friction  (If.  288. 

Cycioidal  pendulum,  IM. 

Bliff nesa  of,  2M. 

Body,  freely  falling,  120. 

D'Alembert's  principle,  177. 

projected  upward,  126. 

Direct  central  imiMict,  316,  319. 

Direct  eccentric  impact,  328. 

Brake  friction,  306,  307. 

Displacement,  4. 

Brake  Bhoea,  friction  ot,  310. 

Dry  surfaces,  friction  of,  263. 

Brake  shoe  testing  machine,  292. 

Duiand's  rale.  46. 

Car  on  single  rail,  221. 

tranamiasion,  291. 

Catenary,  118. 

Center  of  gravity,  27,  32. 

Eccentric  Impact,  328. 

Elasticity  of  roaterialB,  3M. 

Ellipse  of  inertia,  32. 

Ol  rail  aeetioQ,  4fl. 

Ellipsoid  of  inertia,  105. 

Energy,  233. 

of  T-aectioQ,  30. 

and  work,  229. 

of  u-aecti<in,  30. 

conaervation  ot,  234. 

Center  of  perenssion,  187,  330. 

ot  body  moving  In  atialgbt  line,  3^ 

m 

■ 

^^^S^^^^^^^^^^ISDEX^^^^^^^^^^^l 

Kinetic  energy  of  roliinp  bodira.  21* 

■             Bent  at  ineniu,  191. 

L»WB  of  Mctloo,  362,  att 

FmllUvbodira.  138. 

of  motion.  1?7. 

n»t[rtYot.WB. 

Length  of  corf.  116, 12.'. 

r\raihlea-nla,lH. 

Locomotire  cotmierbalaan..  4ft 

^        F<nce.  1,0,311.63. 

LocomoliTB  Bide  rod,  211. 

^L          mumeuior.  IT.  18. 

Li^rithniB  ol  Nnmben.  M5.                        , 

H          i««Uel,  -JO.  S. 

Lulicicants.  testing  <>[.  Wd, 

H       puinpHiof.?. 

Loliricated  a<irfac«.  Irietiaa  ol.  SL 

^B          tuigentUl  BOd  oortdtl,  146. 

Maaa,  3. 

Moment  or  foree.  17,  18. 

^H          triangle  at.  IS. 

Momeut  ot  inertia.  BS,  71. 

^f         oniu  ot.  1. 

^       Friction,  an. 

grspbical  metliod,  85.                      -^^ 

greatett  and  leaM.  T6.  ».           ^^M 

l»w»of.dryiiurt««i.3H3. 

>U('lin(<d  a.Tis.  74.  Ida.                   ^^M 

laws  »r.  lubrl»M]  durrncea.  3&I. 

^             ot  bBlw,  aw.  2S3. 

ot  angle  seotioo.  83.                         ^^H 

mL           of  bnkt  Rho«.  310, 

ofcircularBrea,  W».                      ^^H 

^M           ot  piToU.  SUB. 

ot  circttlar  cooe,  9S.                      ^^M 

■          of  worn  beariag,  3»T. 

of  eOiptical  ana.  81.                    ^^M 

H           nilllKg.  ZTZ. 

^H       Frlirlloa  br>k«,  3011.  307. 

of  rectangle,  T8.                            ^^^1 

^H       Friction  gesn,  a<S. 

ot  triangle.  TB.                             ^^H 

^H        Fticlion  wheel!.  Z74, 

parallel  aie«.T2;  901                   ^^H 

^B       Geiirs.  trlctloD,S8S. 

polar.  71.                                      ^^H 

^H       Gnvlty.  center  of  (ne  Center  of  grsT- 

right  prism.  90.                            ^^M 

■ 

Simp»>n-s  role,  88.                       ^^M 

soUd  of  rtrolnaon,  «r.                  ^H 

^m        Orroscopic  action  eiplainrd,  231. 

tiiin  pUtes.  Kl.                              ^^H 

Motion,  caniliaekr.  143.                  ^^H 

IwIt  Utroneb  atmnepben.  131.^^1 

eanli.  319.                                     ^^H 

^M       Iniwct,  313. 

^H          dlnot  cpDtnl.  ■Instlr.  319. 

harmonir.  133.  ^^M 
in  fircle.  146.                                     ^^^1 

^B         rutattnic  b«li«t,  333. 

^H          Mnaloa  wn)  n>nipnc«i..Ki.  330. 

in  stralgfatliDe,  133.  ^^H 
>><nm>-:<  la«B  ot,  1?7.  ^H 
«.  iMUned  plue.  128.                J^H 

twislicd  eniv«,  16S.                    ^^^1 

^K      Ilw»i.«d  plww.  motion  on.  BS. 

NFWtan's  laws  of  moll**.  tSl.       ^^^| 

XoB-oneiintBl  (oicea.  BG,  03.       ^^^| 

^H       •ttpMUot.Mft. 

FMaDelforNS,»t3£.                    ^^| 

^H       MMnM««t.«kIL 

^H       (M»HxMWMotlMntaJ. 

^^^  lHtn*M««.L 

BteftociKnbr.  U&                    ^^H 
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Percussion,  center  of,  187,  330. 

Pile  driver,  240. 

Pivots,  friction  of,  299. 

Plane  of  rotation,  220. 

Polar  moment  of  inertia,  77, 

Power,  233. 

Precessional  moment,  222,  225. 

Principal  axes,  104. 

Principal  moment  of  inertia,  104. 

Product  of  inertia,  75. 

Projectile,  156,  160, 162. 

Pulleys  and  cords,  113. 

Reciprocals  of  i^umbers,  359. 
Rectilinear  motion,  123. 
Relative  velocity,  139. 
Representation  of  force,  5. 

of  couples,  51. 

of  moment  of  inertia,  72. 
Repulsive  force,  134. 
Resistance,  of  roads,  277. 

train,  312. 

varies  as  distance,  134. 
Rigid  body,  2. 

free  to  rotate,  197. 
Roller  bearings,  279. 
Rolling  friction,  272. 
Ropes  and  belts,  stiffness  of,  294. 
Rotating  body,  reactions  of  supports, 

181. 
Rotation,  about  axis,  one  point  fixed, 
216. 

axis  fixed,  247. 

axis  not  a  gravity  axis,  201. 

and  translation,  173,  208. 

fly  wheel,  204. 

in  general,  175. 

locomotive  drive  wheel,  200. 

rigid  body,  179. 

sphere,  185. 

symmetrical  bodies,  198. 

Side  rod  of  locomotive,  211. 
Simple  circular  pendulum,  148. 
Simpson's  rule,  41,  43. 


Specific  gravity,  3. 
Spherical  pivot,  302. 
Spinning  top,  218. 
Squares,  square  roots,  etc.,  359. 
Steam  hammer,  244. 
Stiffness  of  belts,  294. 
Suspension  bridge,  114, 120. 

Tangential  and  normal  acceleration, 

144. 
Tangential  and  normal  force,  146. 
Testing  of  lubricants,  270. 
Theorems  of  Pappus  and  Guldinus,  47. 
Top,  spinning,  218. 
Torsion  balance,  192. 
Train  resistance,  312. 
Translation  and  rotation,  173,  208. 
Translation  of  rigid  body,  178. 
Transmissibility  of  force,  8. 
Transmission  dynamometer,  291. 
Trigonometric  Functions,  349. 
Twisted  curve,  motion  in,  165. 

Uniform  motion  in  circle,  146. 
Unit  of  force,  1. 

of  moment  of  inertia,  71. 

of  power,  233. 

of  weight,  2,  3. 

of  work,  230. 

Variable  acceleration,  131, 172. 
Varignon's  Theorem  of  Moments,  18. 
Velocity,  123,  142, 169. 
relative,  139. 

Work,  combined  rotation  and  transla- 
tion, 254. 

graphical  representation,  230. 

motion  uniform,  257. 

units  of,  230. 

variable  force,  238. 
Work  and  energy,  229. 
Work-energy  relation  for  any  motion, 

257. 
Worn  bearing,  friction  of,  297. 
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Text-Books  on  Mechanics 


TBAHELIII  and  MACNIITT  —  The  ElemeQla  of  Meobatiias.  A  Text-Book 
for  CoDeges  and  Technical  Schools,  By  W.  S.  FRANKLIN  and  Barry 
MaCNUIT  of  Lehigh  Univetsiij.  Cloth.  Svo,  xi  +  iSj  faffu,  $i.so  ml. 

practical  things  of  life,  to  eullivale  Euggesliveness  wilhoul  loss  of  exactitude. 

DUFF  —  Elemenltlry  Expeiimental  Hechanica.  By  A.  Wilmer  Dciff,  D.Sc^ 
(EJin.),  Professor  of  PhysicB  in  tlie  Worcester  PolylBchnic  Institute.  New 
York,  1903.  ClsIA,  2&J  pagts,  $rA>  nel, 

IE  COHTE  — An  Elementax;  Treatise  oil  tlie  Meohanica  ol  Maehlnstr. 
With  special  reference  10  Uie  Mechanics  of  the  Sleam  Engine.    By  Ji.SEPH  N, 
LeConte,  Instmelor  in  Mechanical  EUigineeting,  University  of  California;    , 
Associate  Member  of  the  American  Institute  of  Electrical  Engineers,  etc. 

Clelh,  imna,  Jj.aj  ntt. 

SLATE  — ThaPrincipleB  of  Medutnics.  An  Elementary  Exposition  lot  Students 
of  Physics.  By  FREDERICK  SLATE,  Professor  of  Physics  in  the  University  of 
California.  Cloth,  iimo.  $i.go  net. 


the  needs  of  college  students  1  second,  to  bring  the  in 

with  the  actual  alage  of  their  training ;  and,  third,  to  aim  continually  al  treating 

mechanics  as  a  system  of  organised  thought,  h 

culture  value. 

ZIWET  — Elemants  of  Theoretical  Mechanica.  By  Alexandek  Ziwet,  Jun- 
ior Professor  of  Matheinnlies  in  the  University  of  Michigan.  Revised  Edition 
of  "An  Elemenlary  Treatise  on  Theoretical  Mechanics,"  especially  designed 
for  stuijents  of  engineering.  Cloth,  Svo,  $f.oo  art. 

"  t  can  state  without  hesitation  or  qualification  that  the  work  is  one  that  is 
unexcelled,  and  in  every  way  surpasses  as  a  lext-book  for  class  tise  all  other 
works  on  this  subject;  and,  moreover,  I  find  the  students  all  giving 
highest  praise  for  the  ole,ir  and  Interesting  manner  in  which  the  subject  Is 
treated."  — M.  J.  McCuK,  M.S.,  C.E.,  University  of  Notre  Dame,  Ind. 
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ABBOT  — Probl«ni«  of  Uw  Fttaun*  Canal:  Including  Climaiolosr ol 

3  of  IliP  River  Chftgcra,  Cm  at  Ihe  C 

Ilie  Plum  lot  llie  Walenvay,  with  Ut 
V  L.  Ahiiot,  U.S^.    New  Edilk 


,.  Pi.y-.its  ana  Hyata 
Divide,  nnil  .1  Discussion  ot  Uie 
iSvotoiJaw.    ByHtig,-G«i.  Hej 


BA1I70BD— Moving  LoadaonBailway  DnderbridgH.    Inclu< 

of  HcncUiig  Mominis  and  Shearing  Korcei  and  Tables  of  Eqiiivalent  UiriS 
Lire  Loads.     By  i-lARKV  Bahford.  ClatA.  Svo.  diagrams.  %tJJ 

BDTHTOII  — Application  ot  tbe  Kinetic  Theory  to  Qaaea,  Vapott,  P 
Liquid!,  and  the  Tbeory  of  SolntioD*.    By  William  Pincky  BovnivI 
L'nivrisHy  of  Orcgao.  ChtM,  ftm.  10  +  iSS  p,i£is.  H60 

OESB  — Pbotograph;  tor  StndentB  ot  Fh;Bics  and  fniemiBtx?.  By  Loul 
DUHR,  M.A..  S.a,  Associ;iIfi  Prot-^sor  of  Pliysio!,  ^fasSJL■llus^^tl5  InstHuW  ' 
Tcehnology.  CMA.  cr^wi  Si'o.  gj^ 

DDlIBAVEn  —  SeU-Instmction  in  the  Practice  and  Theory  o(  HavigatiK 
Ry  ilic  Dili  of  Dunravcn.  Kilra  Muiicr.    Enlargcil  and  revifededilioQ.   Tl 
volumes  and  supplemem.  TAi  let.  fSM 

HALIOCK  and  WADE  —  OnUinei  of  tbe  BTolvtion  of  Weight!  and  Ki 

urea  and  the  Hatric  Systam.    ny  VVii.i.iam  Hai.lock.  Ph.D..  Prafessoiif 
Physics  in  Columbia  Universily.  and  HERBERT  T.  Wadf. 

Cloik.  Sub,  304  page!,  unth  iHmfmlioiii,  $iji;  Mit 
HATCB  and  TALLERTINE  —  The  Weightc  and  HeaBttru  of  L 

Commerce.    Tables  and  Equivalents.    By  F.  H.  Hatch.  Ph.D..and  P.H 

V.M.i.L.vrtNh:,  CMA.  crimm  Svo,  sq  fjgis,  {Jb  M 

Mining  Tables.  Crinvii  S^,  gt^  M 

BEEVE  — The  Thirmodynamios  of  E«at-Bngine«.    By  Sidkev  A.  fttxii 

U'otcester  I'olylechnic  Instilute.  CM*,  iimo.  xi  +316  pagii,  li£a  M 

SOTEEBIT  —  Verbal  Hotes  and  Bketchas  for  Sarins  Enginoers.    By  J.  V 

SoTliEHN.    Fifth  Edidon,  rcviied  and  enlarged. 

Ctalh,  Svo,  xxi  +  4JI  pages,  illustrated,  $i£o  M 

TATLOB— Besistance  of  Ships  and  Screw  Fropnlsion.    By  D.  W.  Tavw 

NavaJ  Constructor,  United  Slates  Navy.     New  Mition. 
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